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ABSTRACT 

According to the Australian Business Roundtable, the total annual cost caused by natural 

disasters in Australia, e.g. hail, storms, floods, earthquakes, and bushfires, will reach $39 billion 

by 2050. Similarly, manmade disasters could also result in massive loss of lives and economy. 

For instance, nearly 3,000 people perished in the 9/11 terrorist attack which also caused a direct 

economic loss of approximately US$135 billion. A large amount of ammonium nitrate 

accidentally exploded in Beirut’s port in August 2020, killing at least 218 lives, wounding more 

than 7,000 and causing municipal services totalling US$15 billion in losses. For effective life 

and economy protection, the construction industry has been confronting an increased challenge 

of the escalating demands to protect structures against blast loads and fragment impacts from 

explosions. The common approaches for structural protection are based mainly on the 

properties of materials, e.g. energy absorption and strength, which usually lead to cumbersome 

and bulky structures. Furthermore, such protective structures absorb incident energy due to 

large irreversible plastic deformation, thus, they are incapable of resisting multiple attacks. 

Therefore, it is necessary to propose a new type of protective structures for better structural 

protection. 

The concept of local resonant meta-materials and meta-structures has recently been proposed 

for mitigating dynamic loading effects on structures. Intensive research has been devoted to 

developing meta-materials, e.g., meta-concrete made by completely or partially replacing 

natural aggregates with engineered aggregates, i.e., local resonators. It has been demonstrated 

that the local resonators can be designed to have the desired frequency bandgaps in which the 

stress waves could not propagate through, therefore achieving the objective of structural 

protection. Although this mechanism has been examined in recent years, most previous works 

have concentrated on investigating the performance of meta-materials. Very limited study has 

investigated the performance of meta-structures, and no experimental work has been 

undertaken to validate the mitigation performance of dynamic loading effects of meta-structures 

subjected to impulsive loading. This research develops a novel protective structure with the 

meta-truss bars, named “meta-panel” for mitigation of blast/impact loading effects. The 

proposed meta-structure consists of local resonators which convert and trap blast and/or impact 

energy to kinetic energy through local vibrations of the resonators, hence reducing the loading 

energy transmission to the protected structures. This proposed design opens a door for a new 

approach to structural protections from the traditional means of either strengthening and/or 
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energy absorption through large plastic deformations of sacrificial structures. Additionally, 

under extremely intensive loading, more energy can be absorbed through the combined 

mechanisms of plastic deformation and the local vibrations, therefore enhancing the protective 

effectiveness of the proposed structure. 

This dissertation comprising eight chapters investigates the structural performances of the 

proposed meta-panel subjected to blast and impact loads. In particular, Chapter 1 presents an 

overview of research objectives and methodologies while a theoretical reinvestigation of the 

bandgap formation in meta-materials associated with the effective negative mass and stiffness 

is presented in Chapter 2. This chapter discusses contemporary research gaps and provides 

insightful interpretations regarding the inconsistencies in the literature. The influences of the 

critical parameters on the bandgap characteristics of the meta-truss bar are studied in Chapter 

3. The shear stiffness of all multilayers, which is usually neglected in most previous studies, is 

considered to predict the bandgaps of the meta-truss bar with higher accuracy. Chapter 4 

investigates the impact mitigation capacity of a proposed meta-panel with single resonators 

utilized as a protective structure. The primary objective is to minimize the applied force to be 

transmitted to the protected structures. Compared to the conventional panels, the meta-panel 

exhibits superior performance with an increased impact energy absorption capacity and a 

substantial reduction in the deflection of the facesheets and the transmitted force. 

To increase the width of the bandgap of the meta-panel for more robust blast loading 

mitigations, Chapter 5 proposes a new design of meta-panel by combining multi-types of 

resonators. It is revealed that a wide bandgap can be achieved through the combination of the 

bandgaps of multi-types of resonators, resulting in a significant blast-resistant enhancement of 

the proposed meta-panel. To further improve the bandwidth and hence enhance the protective 

effectiveness, a new dual-resonator meta-panel is proposed in Chapter 6. The dual-meta panel 

has the capability of generating wider bandgaps compared to the single-resonator type, leading 

to higher effectiveness in dynamic loading mitigation. In Chapter 7, the bandgap of the meta-

truss bar and the impact mitigation effectiveness of the proposed meta-panel are experimentally 

verified. It was experimentally proven that the meta-panel exhibited superior impact resistance 

compared to the conventional sandwich panels. Finally, the key findings and recommendations 

for further research needed for practical applications of the proposed meta-panel for structural 

protections against blast/impact loads are summarized in Chapter 8.  
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CHAPTER 1. INTRODUCTION 

1.1 Preamble 

Human nature is incredibly intelligent and resilient, and more importantly, humans are unique. 

Thousands of novel ideas, products and magnificent projects are established globally every day 

- genuinely owing to human creativity. The instinct of humans to feel safe and protected is one 

of the fundamental necessities for human creativity to occur. Thus, although global non-

violence is the fundamental prerequisite of human life and ideal heaven, increasing risks of 

terrorist activities and unpredictable natural disasters have caused tragic consequences in 

fatalities and economic losses in recent decades. For instance, the years 2014-2016 witnessed 

more casualties reported by terrorist attacks in Europe than in previous years. The deadliest 

attack of this period was the November 2015 Paris attack, among which 130 people were killed 

[1]. The immediate costs of terrorist acts include not only the property destruction and the short-

term economic depression, but also the costs related to the continuing risk of terrorism and 

psychological trauma. As reported, over 18 years from 2000 to 2018, terrorism has cost 

approximately $855 billion to the global economy [2]. The exposure to blast threats has 

extended beyond the war zones to civilians due to the use of carry-on explosive detonation on 

civilian targets by terrorism. Similarly, accidental explosions, for example the accidental 

explosion occurred in Tianjin, China (Figure 1-1a) in the August of 2015 owing to an 

overheated container of nitrocellulose claimed 173 human lives and injured hundreds of others 

and caused more than $15 billion economic losses [3]. 

Apart from the high-intensity pressure generated when an explosion is detonated, the explosion 

also results in substantial fragments and flying debris, i.e. window glass, bricks, and rock. These 

high-velocity flying fragments are also a major cause of structural damage, which potentially 

induce wall penetration, window breaking, structure collapse and can fatally inflict human 

injuries. Besides, other typical examples of impact-induced damage, e.g. hail storms and 

impacts from runway debris, have also been alarming concerns for the safety of humans and 

structures. These impact events are known to cause considerable loss of livelihoods, and are 

one of the significant contributors to total damage to economic assets, unemployment and 

financial crisis (Figure 1-1b). For example, a devastating hail storm wrecked a significant 

number of warehouse buildings and caused serious structural failures in Sydney, in April 2015 



2 

[4] while another hail storm in 2019 ravaged a large amount of damage to roofs and vehicles, 

resulting in subsequent harm to the societies. 

 

Figure 1-1. The devastation of buildings due to (a) blast explosion [3] and (b) hail storm 

impact [4] 

From the aforementioned issues, it is, therefore, deemed necessary to develop protective 

structures to protect the structural members exposed to these disastrous threats. Absorbing 

incident energy from blast/impact events through large deformation, hence minimizing 

transmitted energy to the protected structure is the primary approach of the conventional 

protective structures, which nevertheless has the inherent problems that the largely deformed 

protective structures lose their ability to resist the subsequent attacks. The evolution of 

engineering structures and materials has indicated a different trend toward enhancing the 

performance and adaptability of the current generation of protective structures. The key route 

to achieving these protective design of structures is the employment of innovative materials, 

geometric and functional hierarchies. The conventional applications by adopting thick solid 

monolithic structures [5] and porous materials [6] exhibit some limitations since they are bulky 

and cannot resist multiple loads effectively.  

Hence, the utilization of sandwich panels for impact and blast protection has currently been a 

promising solution due to its lightweight characteristics. Sandwich structures were used as 

sacrificial claddings that are installed outside the existing structures for protection [7]. In this 

engineering application, the back facesheet of the panel is attached to the protected structure 

while the whole panel deforms under the applied loading to absorb energy and thus, the internal 

forces transferred to the protected structure are mitigated. In particular, a sandwich panel is a 

combination of two thin facesheets made of metal or composite laminates and lightweight 

cellular foam or lattice cores. Sacrificial structures have been proven not only light in weight 

with ease of installation but also of being efficient energy absorbers. It was indicated that 
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advanced sandwich structures have superior characteristics of absorbing blast/impact energy 

over monolithic plates. For demonstration, the overviews of dynamic responses of sandwich 

structures were investigated by Yuen et al. [8] while Xue and Hutchinson [9] examined the 

influences of core geometries on the performance of metallic sandwich panels. In brief, 

sandwich structures are classified by the core topologies, namely cellular material cores (e.g. 

polymer foams or hexagonal honeycombs) and periodic lattice cores (e.g. tetrahedral hollow 

truss or pyramidal solid truss). The primary energy absorption mechanism of these sandwich 

panels depends significantly on plastic deformation to mitigate dynamic damage. Recent 

developments in the fabrication process have led to the exploration of numerous core topologies 

for blast/impact-resistant sandwich structures. However, these conventional sandwich panels 

exhibit one major drawback, i.e. excessive plastic deformation under incident loading makes 

them unusable for repeated loads. 

To overcome the limitation of the conventional sandwich panels which leverages the 

deformation mechanism, some scholars have attempted to solve the problem in an innovative 

approach, which attenuates stress wave propagation using the locally resonant mechanism, 

hence leading to the loading mitigation. The stress wave filtering efficiency is primarily affected 

by the dominant frequencies of the incident loading. Various types of loading have very 

different frequency contents, therefore it is ideal to design a structure which can effectively 

filter stress waves with a broad range of frequency. For instance, the dominant frequencies of 

impact load are usually less than 5 kHz [10], while those of blast loading are normally up to 50 

kHz [11]. In recent decades, the revolution of man-made materials having the capability of 

manipulating wave propagation due to their exceptional properties beyond the limitations of 

naturally available materials has attracted a significant amount of research. These novel 

materials labelled as meta-materials [12] comprise heavy cores coated with a soft coating layer. 

It should be noted that the prefix “meta” comes from the Greek preposition and means 

“beyond”, indicating that the characteristics of these materials are beyond what can be seen in 

nature. The local resonant phenomenon of these cores absorbs the incident energy through 

vibration and thus forms its unique characteristics which have not been seen in conventional 

materials. The origin of this meta-materials concept stemmed from the electrodynamics fields 

[13], and it has subsequently extended to other branches of physical engineering applications, 

i.e. acoustics [14, 15], elastodynamics [16, 17], and thermodynamics [18, 19]. At its early stage, 

researchers have only focused on achieving the favourable negative effective density of 

materials [20] while the demonstration of the wave manipulation functionalities has rapidly 
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evolved accordingly. Not until recently, the meta-materials-based concept has been adopted in 

the context of engineering structures named meta-structures. Instead of relying only on large 

plastic deformation of materials for energy absorption, the new generation of protective 

structures would absorb energy by a combination of two mechanisms, i.e. plastic deformation 

and local resonance. Accordingly, this new generation of protective structures, e.g. meta-

structures or meta-panels, is expected to reach a higher loading mitigation efficiency. However, 

this class of application remains very limited and no experimental study has been conducted 

yet with respect to their effectiveness in mitigating stress wave propagations subjected to 

blast/impact loads. It is also a lack of experimental verification regarding their unusual physical 

properties in bandgap formation. Therefore, this dissertation intends to fill this research gap by 

analytically, numerically, and experimentally investigating the protective performance of meta-

panel against impact and blast loads, which will boost its engineering application in the 

structural engineering and construction. 

1.2 Research objectives 

The primary objective of this research is to develop a new form of sandwich structures named 

“meta-panel” with structural characteristics beyond those of natural materials, which provides 

potential applications in the field of protective structures. The meta-panel consists of two 

facesheets and meta-truss bars which comprise solid cores coated with soft layers and 

embedded inside the hollow tubes. These cores in the meta-truss bar are also known as 

resonators which will vibrate out-of-phase to absorb incident energy. The meta-panels are 

expected to yield better dynamic performances and higher energy absorption capacity compared 

to their conventional counterparts due to its effectiveness in impact and blast mitigation. Three 

main approaches including analytical analysis, numerical simulation and experimental study 

are carried out in this dissertation in which the specific research tasks are summarised as follows: 

 1. Analytical study is firstly conducted to provide an in-depth analysis of the bandgap 

formation of the meta-materials and a comprehensive analytical approach for bandgap 

determination. Besides, an improved analytical spring-mass model is proposed to 

accurately represent the realistic performance of a meta-truss bar which could generate a 

broader low-frequency bandgap that is under-predicted by the conventional model. 

 2. A novel concept of meta-panel as protective claddings for enhanced energy absorption 

and blast/impact loading resistance is developed by adopting the meta-material concept. 
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Its dynamic performances are numerically compared with the conventional sandwich 

panels to examine the effectiveness of the proposed panel in suppressing impact/blast 

loading effects on protected structures. To further achieve the improved performance of 

the proposed meta-panel, a new design is proposed by utilizing properly tailored 

arrangements of the inclusions, leading to a significantly improved protection 

effectiveness against blast/impact loads. 

 3. Experiments are carried out for further verification and examination of the bandgap 

formation and dynamic behaviour of the proposed meta-panel. Their transient responses 

and energy absorption capacity are evaluated and compared with the existing designs, i.e. 

sandwich panels with hollow-truss bars and solid-truss bars to verify their blast/impact 

mitigation effectiveness. 

1.3 Research outlines 

This dissertation consists of eight chapters. The contents of the seven chapters following the 

introduction in Chapter 1 are summarised below: 

Chapter 2 presents a theoretical analysis of meta-materials, validated against numerical and 

experimental data to clarify the bandgap formation mechanism and inclusively interprets 

inconsistent bandgap observations which were reported in the literature. The obtained results 

facilitate meta-material applications in practice by providing a comprehensive approach for 

bandgap determination. A detailed design guideline of the meta-truss bar for blast/impact 

resistance is also provided as a representative example. 

Chapter 3 proposes a new analytical spring-mass model using the local resonance mechanism 

and considering the shear stiffness of all multilayers, which has been neglected in previous 

studies in the literature. In this chapter, the analytical derivations are performed to demonstrate 

the more accurate bandgap predictions of the proposed model compared to the traditional model 

which neglects the internal shear stiffness. The results prove that the low-frequency bandgap of 

the proposed analytical model is broader and more accurate than the traditional model 

predictions. 

Chapter 4 proposes the novel meta-panel as a sacrificial layer against impact loading by 

leveraging the coupled mechanisms of energy absorption including plastic deformation and 

local resonance. The superior performance of the proposed panel is exhibited by a significant 
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increase in energy absorption and a remarkable reduction in the facesheet deflection and the 

reaction force, i.e., the force transmitted to the protected structure, as compared with its 

conventional counterparts. Furthermore, a parametric study has been performed to investigate 

the influences of the truss bar thickness, the material properties, and the impact velocity on the 

transient responses or the protective effectiveness of the meta-panel. 

Chapter 5 further examines the enhanced blast mitigation capacity of the proposed meta-panel 

with multiple types of resonators. The proposed structure demonstrates its blast-resistant 

enhancement as compared to its uniform arrangement of resonators owing to the existence of a 

full bandgap covering the entire range of loading frequencies in the transmission band. A 

parametric study is conducted to comprehensively examine the influences of the arrangement 

and shape of resonators on the blast mitigation effect of the proposed panel and identify its 

recommended designs. 

Chapter 6 proposes a new design of the dual-meta panel in which the internal resonator is 

embedded inside the external resonator to broaden its bandgap ranges, leading to the blast-

resistant enhancement. The finite element (FE) models utilizing Ls-Dyna are built to examine 

the dynamic behaviour of the proposed panel against blast loadings. The proposed dual-meta 

panel has a better ability for blast–wave mitigation due to the wider bandgap generation 

compared to the traditional panels. The influences of facesheet thickness, initial boundary 

conditions, and blast loading profile on the behaviour of the proposed panels are also performed 

through parametric studies. 

Chapter 7 presents the experimental investigations regarding the effectiveness of the meta-

panel under impact loading and the effects of impact velocity on its dynamic performance. The 

experimental results from the impulse hammer excitation test are compared with the analytical 

solutions to validate the exceptional properties of the meta-truss bar in terms of bandgap 

regions. Afterwards, the dynamic behaviour of the meta-panel under the pneumatic gas gun test 

is experimentally observed, which clearly showed that the meta-panel outperformed its 

traditional counterparts. Furthermore, the influences of impact velocity on the effectiveness of 

the meta-panel are examined and the determination of the critical factors on the behaviour of 

the meta-panel is assessed through in-depth discussion. 

Chapter 8 summarises the main findings of this dissertation, as well as recommendations for 

future works. 
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In general, this dissertation is compiled from the technical articles that have been published or 

prepared for publication during the PhD program. Each chapter from Chapter 2 to Chapter 7 is 

constituted by one technical journal article. The published technical articles are formatted 

according to Curtin University’s requirements.  
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CHAPTER 2. A REINVESTIGATION OF SPRING-MASS MODEL FOR 

META-MATERIAL BADNGAP PREDICTION 

Abstract1 

Meta-concrete and meta-truss bars are a new type of material and structure with favourable 

characteristics that cannot be found in nature. Meta-materials/meta-structures possess the 

ability to manipulate wave propagation in certain frequency ranges, termed as bandgaps. 

Application of meta-materials/meta-structures for structural protection is different from the 

traditional strategies which resist the external loads by using their strength or energy absorption 

through plastic deformation, meta-materials and/or meta-structures stop incident stress waves 

from propagating through them if their frequency contents fall into the bandgaps, thus 

safeguarding the protected structures. Spring-mass models are commonly utilized to predict the 

wave propagation characteristics of local resonant meta-materials and meta-structures. It is well 

understood that the formation of bandgaps is because of the generation of negative effective 

mass and negative effective stiffness owing to the out-of-phase local vibrations. However, in 

current literature, some studies derived the bandgaps associated with only the negative effective 

mass while others derived those from both the negative effective mass and negative effective 

stiffness. There has not been a systematic study and explanations on these differences, and there 

is also a lack of understanding of the mechanics of bandgap formation, in particular the low-

frequency bandgap. This chapter presents a theoretical study to reinvestigate the formations of 

bandgaps in meta-concrete and meta-truss bars associated with the effective negative mass and 

stiffness, provides explanations of the discrepancies in the literature, and identifies the 

fundamental mechanism for the bandgap formation in meta-concrete and meta-truss structure. 

A comprehensive analysis is also provided for predicting bandgaps of meta-materials and meta-

structures, followed by a design procedure for engineering applications.  

                                                 

1 The related work in this chapter was published in International Journal of Mechanical 

Sciences with the full bibliographic citation as follows: 

N.H. Vo, T.M. Pham, H. Hao, K. Bi, W. Chen. A reinvestigation of the spring-mass model for 

meta-material bandgap prediction. International Journal of Mechanical Sciences. 

2022;221:107219. 

https://doi.org/10.1016/j.ijmecsci.2022.107219 

 

https://doi.org/10.1016/j.ijmecsci.2022.107219
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2.1. Introduction 

Blast/impact mitigations are of importance in engineering fields to prevent catastrophic 

consequences from terrorist activities and unexpected accidental explosions. For example, 

2,996 people were killed in the 9/11 terrorist attack which caused a loss of US$135 billion [21], 

while an accidental explosion at Port of Beirut claimed 218 lives, 7,000 injuries and US$15 

billion in property damage and left 300,000 people homeless [22]. Due to these escalating man-

made hazards, the need for more robust protective systems is of vital importance [23-29]. As a 

topic of particular recent interest, meta-materials have attracted rapidly increasing attention due 

to their favourable wave mitigation capacity, as well as enormous potential for various practical 

applications. The concept of meta-materials was first discussed in 1968 [30] and is an 

interdisciplinary research topic that can be applied to numerous fields, e.g. mechanics, acoustics, 

optics, electromagnetics, etc. Driven by the promising performance in the manipulation of 

vibrational energy, the meta-materials considered in this study have been regarded as candidates 

of enormous potential for many important applications in structural dynamics or vibration 

mitigation. Meta-materials are artificially engineered materials composed of internal structures 

that exhibit unusual physical properties in a specific range of excitation frequency [18, 31], 

which could not be found in nature. These particular characteristics are triggered by the wave 

interference/out-of-phase motions of the internal components leading to negative effective 

properties. Accordingly, incident waves are filtered out, or in another word, they cannot 

propagate through meta-materials if their frequency contents fall into a certain range of 

frequencies, namely the “bandgap” [32, 33] or “attenuation band” [34, 35]. This characteristic 

of meta-materials has been widely adopted in many fields, including mechanical and 

manufacturing engineering as well as civil engineering. 

Generally, meta-materials are based on two operating mechanisms to form a bandgap, i.e. Bragg 

scattering [36-40] and local resonance [41-44]. The characteristics of the bandgap zones 

generated by these two mechanisms are completely different. While engineered materials with 

periodic features termed as phononic crystals have been utilized to form a Bragg-scattering type 

of bandgap due to wave interference (Figure 2-1a), the locally resonant bandgap is attributed to 

the out-of-phase motions of the resonators (Figure 2-1b). The main limitation of phononic 

crystals stems from their dependence on the periodic spacing constant, which generates the 

high-frequency bandgap and thus is not suitable for low-frequency wave mitigations [45, 46]. 

Conversely, the underlying mechanism of locally resonant meta-material is the out-of-phase 
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motions of the local resonators, which counteracts the applied excitation on the structures [47-

51]. The bandgaps generated by the meta-materials associated with local resonance depend on 

the resonant frequency of the resonators embedded in the unit cell, thus making them suitable 

for low-frequency wave attenuation [52-55]. With this advantage, numerous local resonant 

meta-materials have been proposed and viewed as promising candidates for emerging 

applications, e.g. stress wave mitigation [42, 56], vibration suppression [57-61], and seismic 

isolation [62-65]. 

 

Figure 2-1. Schematic view of meta-materials utilizing (a) Bragg scattering mechanism [66] 

and (b) local resonant mechanism [67] 

Many attempts have been reported using the spring-mass lattice system to examine the dynamic 

behaviours of meta-materials with local resonators. With their unusual effective characteristics, 

local resonant meta-materials/meta-structures have demonstrated their effectiveness in many 

engineering applications. For example, a theoretical investigation on the bandgaps of the meta-

beam was firstly proposed by Liu et al. [68] to study its effectiveness in vibration suppression 

while the negative mass and stiffness in the spring-mass structure were observed in an 

experimental study [69]. Tremendous efforts have also been made to enhance the wave 

attenuation of engineered concrete-like materials, i.e., meta-concrete which provides a 

promising solution for protecting concrete structures. Mitchell et al. [70] analytically and 

experimentally studied the effect of the design parameters on the performance of the meta-

concrete. Subsequently, the influences of the geometries, dimensions, and material properties 

of resonant engineered aggregates on the prescribed bandgap region were numerically and 

experimentally investigated by Xu et al. [71-73]. Most of the previous studies on meta-materials 

or meta-structures for structural protection are based on the spring-mass model for analytical 
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derivations as shown in Figure 2-2. However, the simplifications in establishing the spring-

mass model in previous studies are not necessarily the same, which led to different predictions 

of bandgaps.  

 

Figure 2-2. Schematic view of the discrete spring-mass model adopted for meta-concrete and 

meta-truss bar in the meta-panel functioning as sacrificial cladding to protect the main 

structures from blast loading 

The generations of bandgaps in meta-materials and meta-structures for stopping wave 

propagations depend on the negativity of the effective mass and stiffness. Besides, apart from 

solely considering the negative effective mass and negative effective stiffness, researchers have 

also considered the bandgap formation differently by substituting the negative effective 
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stiffness by the negative effective modulus [74-79]. It should be noted that there is a reciprocal 

relationship between the negative effective stiffness and the negative effective modulus. In 

deriving the bandgaps of meta-materials and meta-structures using the simplified spring-mass 

model, the parameters of the spring-mass model need to be properly determined, otherwise 

inaccurate bandgaps would be derived. There were a few spring-mass models proposed for 

meta-materials/meta-structures, i.e. for meta-panels [41, 42], meta-materials in acoustic field 

[80, 81], and meta-concrete [73, 82]. Theoretically, for a typical single degree of freedom 

(SDOF) spring-mass model, there should be two bandgaps when the negative effective mass 

and negative effective stiffness are induced. Some previous studies [68, 83] reported two 

bandgaps while the other studies [71, 84] only obtained one bandgap even though they all 

adopted the same type of spring-mass model. A detailed review found that this discrepancy is 

rooted in the existence of the negative effective stiffness because the former studies obtained 

both the negative effective mass and the negative effective stiffness while only the negative 

effective mass was obtained in the latter studies. This variation causes confusion and may lead 

to incorrect observations and understandings of the generations of bandgaps. Therefore, this 

chapter conducts theoretical derivations to reinvestigate the frequency bandgaps of meta-

materials and meta-structures based on the simplified spring-mass model. The results provide 

a thorough understanding of the frequency bandgap generations of meta-materials and meta-

structures, and also explain the differences in the previous studies. For complete understanding, 

three methods are utilized to determine the intrinsic bandgaps, including the effective properties 

(i.e. effective mass and effective stiffness), dispersion curves and transmission coefficient. 

These three methods are used to confirm the existence of bandgaps in preventing the wave 

propagations and crosscheck the outputs. 

In addition, considering the fact that the frequency content of some popular engineering 

loading, e.g. earthquake excitation and mechanical vibration, is in low-frequency ranges (e.g. 

0.5 – 25 Hz for earthquake loading [85]), tremendous efforts have been devoted to generating 

the bandgap associated with these low frequencies [85-87]. However, by using a similar spring-

mass model, a few studies [68, 83] reported a bandgap in the low-frequency range starting from 

zero but this low-frequency bandgap is not reported in other studies [73, 84]. Vo et al. [83] 

found that the shear stiffness of the internal coating layer is responsible for widening the 

bandwidth of the low-frequency bandgap as observed in [68]. On the other hand, Jin et al. [84] 

analytically investigated the attenuation mechanism of meta-materials using the spring-mass 
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model but did not observe the bandgap in the low-frequency range. The reason for this 

discrepancy is not systematically investigated and discussed. 

As can be seen from the above review, two issues need to be clarified, i.e., (1) conditions to 

form two bandgaps in meta-concrete/meta-truss bar and (2) existence of low-frequency 

bandgap and the influences of the shear stiffness on the bandgaps. This chapter presents 

theoretical derivations, supported by experimental and numerical results to examine the 

mechanisms behind these two issues and provides explanations on why different observations 

on bandgaps were reported in the previous studies. The results in this chapter foster appropriate 

design for practical applications of meta-concrete and meta-truss bars. A detailed design 

procedure of the meta-truss bar for resisting the targeted impulsive loads, especially in the low-

frequency range is given as an application example. 

2.2. Analytical model 

As mentioned previously, the concept of meta-materials or meta-structures has been adopted in 

numerous engineering applications, e.g. meta-concrete, meta-beam, and meta-panel. The 

simplified spring-mass models are often utilized for analysis. In this chapter, a spring-mass 

model for a meta-concrete rod and a meta-truss bar is chosen as an example, as shown in Figure 

2-2. It should be noted that the considered meta-concrete rod is a periodic structure consisting 

of a finite number of meta-concrete unit cells, and in which, normal aggregates of conventional 

concrete embedded in the host matrix are replaced by spherical resonators comprising a heavy 

metal core coated with a soft outer layer; and the configuration of the meta-truss bar is a 

cylindrical hollow tube containing dual resonators suspended by soft coatings in a periodic 

arrangement. 

2.2.1 Spring-mass model for meta-concrete rod 

2.2.1.1 Conventional analysis 

A discrete spring-mass lattice system containing infinite structural components (called unit 

cells) that are connected together end-to-end to represent the meta-concrete rod is illustrated in 

Figure 2-3. In the model, the external mass (i.e. host matrix) is denoted by m1 while the internal 

mass (i.e. resonator) and the stiffness of the axial spring connecting the two adjacent outer 

masses are denoted by m2 and ka1, respectively. The internal mass is an oscillator whose 

displacement counteracts that of the external mass when the local resonant phenomenon occurs. 
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The stiffness of the axial spring connecting the oscillator and the external mass is denoted by 

ka2. It should be noted that the shear stiffness ks1 and ks2 in Figure 2-2 are equal to zero in this 

conceptualized model, as in previous studies [71, 72]. The influence of neglecting the shear 

stiffness will be discussed later. 

 

Figure 2-3. Schematic view of the simplified spring-mass model for meta-concrete 

To discuss the kinematic modelling of this system, the free vibration equation of motion of the 

external mass for the jth unit cell can be expressed as Eq. (2-1): 

             1 1

1 1 1 1 1 1 2 1 22 0
j j j j j j

a am u k u u u k u u
 

       (2-1) 

where the overdot denotes the derivative with respect to time t while u1 and u2 are respectively 

the displacements of the external and internal masses in the jth unit cell. 

The dynamic equilibrium equation for the internal mass of the unit cell j is 

      2 2 2 2 1 0
j j j

am u k u u    (2-2) 

Rewrite Eqs. (2-1) and (2-2) in the matrix form, it has 
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The harmonic wave solution for the displacement of the jth unit cell is given as Eq. (2-4) based 

on Bloch’s theorem. This theory was developed to solve differential Schrodinger equations in 

mathematics and physics. 

   j i jqL t
u Ue


  

   1j i jqL t iqLu Ue e
 

  

   1j i jqL t iqLu Ue e
    

(2-4) 

where L is the length of the unit cell, q is the wavenumber, ω is the angular frequency, i is the 

imaginary unit, and U is the displacement amplitude. 

The lattice system consisting of spring-mass unit cells is considered as an equivalent solid 

object and substituting Eq. (2-4) into Eq. (2-3) results in an eigenvalue problem of the form 

  2 0q    K M u . Solving this eigen function, the vibration frequencies can be obtained 

and the effective mass (meff) of the unit cell is derived as [84, 88]: 
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where the natural vibration frequency of the unit cell is 
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(2-5) 

As shown, the effective mass depends not only on the physical masses m1 and m2, but also on 

the natural vibration frequency of the unit cell ω0 and the excitation frequency ω. When the 

excitation frequency is larger than the natural vibration frequency of the unit cell, the effective 

mass could become negative. The underlying goal for developing the effective properties of 

this model is to establish the relationship between the frequency of the incident excitation and 

the locally resonant frequency of the unit cell. As shown in Eq. (2-5), the effective mass 

significantly changes when the incident frequency approaches the natural vibration frequency 

of the resonator and can become negative, leading to the favourable wave attenuation 

characteristics of the system. When the effective mass (meff) becomes negative, the motions of 

m1 and m2 are out-of-phase, which implies that the mechanical wave of this frequency range 

cannot pass through the system. The wave energy is transferred to local vibrations of unit cells 

and cancelled by one another due to out-of-phase motions instead of propagating through the 
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system. As a result, the wave energy with frequency coincident with the bandgaps is greatly 

attenuated. 

The physical meaning and mechanism of meta-materials associated with the negative effective 

mass on attenuating wave propagation have been documented in the previous studies [71, 73]. 

However, one major limitation of the conventional approach is that it only considers the 

effective mass negativity which exists in a very narrow bandgap region, specifically near the 

natural vibration frequency of the internal mass. This approach has been widely adopted by 

other studies for meta-concrete [73, 82]. Considering only the negative effective mass cannot 

predict the bandgap in the high-frequency range either as observed in the experimental tests 

reported by Mitchell et al. [89] as shown in Figure 2-4, in which a meta-concrete rod is similar 

to the one illustrated in Figure 2-3 was tested. In other words, only considering negative 

effective mass failed to capture the actual behaviours of meta-concrete since the experimental 

results exhibited two bandgaps while the analytical prediction gave only one narrow bandgap. 

 

Figure 2-4. Experimental transmission coefficient of the meta-concrete exhibits a high-

frequency bandgap not predicted by the conventional approach. 

2.2.1.2 Comprehensive analysis 

In response to the limitations of the conventional analysis and to gain an insightful 

understanding of the underlying physics of the negative effective properties based on the 
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analysis of the spring-mass model, a comprehensive derivation and discussion are presented in 

this section. This comprehensive derivation includes both the effective mass and the effective 

stiffness. The system containing an infinite number of periodically-arranged spring-mass units 

in Figure 2-3 is adopted in this section to study its frequency-dependent wave phenomenon. For 

double verification of the determined bandgaps from the spring-mass model, three methods 

including the effective properties, wave dispersive analysis and wave transmission are used in 

this chapter. 

2.2.1.2.1 Identification of the effective parameters 

The effective mass and the effective stiffness are the most important parameters of the spring-

mass model. In general, bandgaps are formed when these effective parameters become negative. 

As discussed above, the effective mass is given by Eq. (2-5) while the effective stiffness is 

neglected in some previous studies [72, 73]. In this subsection, the formula of the negative 

stiffness is derived to investigate its reciprocal relationship with the bandgaps. To define the 

effective stiffness from the lumped mass model, the unit cell is assumed as homogeneous and 

can be calculated as follows [68]: 
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From Eq. (2-6), it is obvious that depending on the stiffness, mass and natural vibration 

frequency, the effective stiffness could also be negative, resulting in favourable bandgaps. The 

conventional analysis which only considered the effective mass has overlooked this bandgap in 

its prediction. This chapter provides a comprehensive analysis of bandgap formation 

considering both the effective mass and the effective stiffness. The bandgaps obtained from the 

negative effective properties are cross-checked with other methods, which will be derived in 

the following sections. 

2.2.1.2.2 Wave dispersive analysis 

In addition to the direct derivation, wave dispersive analysis can be also adopted to determine 

bandgaps. Dispersion curves provide information on whether or not a wave could propagate 

through the system at certain frequency ranges. It can be used to determine the frequency stop-

bands (bandgaps) wherein the wave vector is imaginary, therefore, the plane waves experience 

rapid attenuation. To derive the dispersion curves, the solutions of the harmonic wave of the jth, 
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(j+1)th, (j-1)th unit cells in Eq. (2-4) are adopted, and their derivative functions can be obtained 

as follows: 

     2 2j i jqL t j
u Ue u
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Substituting Eq. (2-7) into Eq. (2-3), the dynamic equilibrium equation can be rewritten as: 

 

 

 

 

   2
1 2 21 1 1 11

2
2 22 2 2

2 00

00 0

j j jiqL iqL

a a a a

j j
a a

k k ku u k e e xm

k km u u





            
                          

 
(2-8) 

By applying the identity  2cosiqL iqLe e qL  , Eq. (2-8) becomes: 
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Solving Eq. (2-9), one obtains the relation between the wave number q and the angular 

frequency ω, which is called the wave dispersion relation. 
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The frequency gap between the wave dispersion curves is called the bandgap, which means 

there is no positive real solution for ω with the change of q in the bandgap frequency range. In 

these excitation frequency ranges, only exponentially decaying solutions exist. 

Eq. (2-10) can be further rearranged as: 
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(2-11) 

2.2.1.2.3 Wave transmission 

Wave transmission analysis can also be used to determine the bandgaps. The wave transmission 

coefficient of the spring-mass model, defined as the ratio between the displacements of the 

output signal to the input excitation, can be calculated as: 
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where u(j) is the displacement of the jth unit cell, and N is the total number of the unit cells. 

Rearrange Eq. (2-11) as 
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and substituting  2cosiqL iqLe e qL  , from Eq. (2-9) it has 
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By substituting the above equation into Eq. (2-12), the wave transmission coefficient can be 

formulated as follows: 
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(2-15) 

where T(j) is the transmission coefficient of the jth unit cell, and N is the total number of the unit 

cells. 

2.2.2 Spring-mass model for meta-truss bar 

It was mentioned previously that the meta-concrete and meta-truss bar adopted a similar 

concept but their characteristics are slightly different. The cores in the meta-concrete are usually 

spherical while the core in the meta-truss bar is often cylindrical. Accordingly, the shear 

stiffness between the core and the mortar matrix in meta-concrete with spherical units is 

minimum owing to the point contact, but the shear resistance between the matrix and the 

cylindrical core in the meta-truss bar is considerable owing to the surface contact, therefore 
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needs to be considered in the spring-mass model. The analytical analysis in this chapter shows 

this shear stiffness governs the low-frequency bandgap. 

To investigate the wave propagation in the meta-truss bar, especially in the low-frequency 

range, an equivalent spring-mass system with the shear spring stiffness of a continuum unit cell 

is proposed and illustrated in Figure 2-5. It should be noted that, to straightforwardly compare 

the bandgap mechanism between this model (i.e. the model considering the shear stiffness) and 

the model adopted for meta-concrete without considering the shear stiffness, the meta-truss bar 

in Figure 2-5 is selected as a representative. Besides the axial spring stiffnesses ka1 and ka2 

respectively connecting the external mass with its adjacent unit cell and with the internal mass, 

this model considers the two shear spring stiffnesses, i.e. ks1 and ks2. 

 

Figure 2-5. Schematic view of the simplified spring-mass model for meta-truss bar 

Using the analytical model established in Figure 2-4, one can derive the equations of motion of 

the unit cell jth as 
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Rewrite Eqs. (2-16) into a matrix 
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Similar approaches are utilized to determine the effective parameters. The effective mass and 

the effective stiffness of the system are derived as [83] 
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where the natural vibration frequency is defined by
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Based on the Bloch-Floquet theory, in which the motion must satisfy the Bloch periodicity 

condition, the dispersion relation can be obtained as 
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Using the transmission equations of the starting and ending unit cells, the displacement 

transmission coefficient of the entire system can be expressed as 
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where 
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2.3. Verification and discussion of mechanisms for bandgap generation 

In this section, the spring-mass models used to predict the bandgaps of meta-concrete and meta-

truss bar are verified and discussed. From the above analytical derivations, it is expected that 

the meta-concrete has two bandgaps while the meta-truss bar has one additional bandgap in the 

low-frequency range due to the contribution of the shear stiffness. For validation, the 
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experimental data from the previous study [89] and the numerical results are utilized to verify 

the analytical models. 

2.3.1 Spring-mass model for predicting bandgaps of meta-concrete 

A number of experimental tests reported in the literature, e.g., results shown in Figure 2-4 from 

[89] illustrate that meta-concrete structure has two bandgaps although many studies overlooked 

the second bandgap and the discussions concentrated mainly on the first bandgap associated 

with the negative effective mass. This section analytically demonstrates meta-concrete has two 

bandgaps and presents methodologies on how to determine them. The periodic meta-concrete 

rod (shown in Figure 2-6) consists of three components, including the matrix (mortar), soft 

coating (nylon) and spherical inclusion (lead). Each part within the model is assigned with the 

appropriate properties as given in Table 2-1, where ν denotes Poisson’s ratio, while ρ and E 

respectively represent the density and elastic modulus. Details of the considered structure have 

been reported in previous studies, which is therefore not repeated herein for brevity. According 

to the previous explanation, the considered meta-concrete rod is conceptualized as a spring-

mass model. 

 

Figure 2-6. Schematic view of a meta-concrete rod used for modal analysis 

Table 2-1. Elastic material properties for all components 

Materials Mortar Lead Nylon 

ρ (kg/m3) 2,500 11,400 1,150 

E (GPa) 30 16 1 

ν 0.2 0.44 0.4 
 

To reveal the true relationship between the effective parameters and the bandgaps in the 

frequency band structure, the formations of the effective mass and effective stiffness are derived 

in Section 2.2 using the Floquet-Blochs theory. The effective mass and effective stiffness of the 

considered model are examined in detail, which will be used as the foundation for the 
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explanation of the bandgap formation in the system. Figure 2-7 shows the effective mass and 

effective stiffness of the considered model calculated analytically over the frequencies of 

interest. As expected, the effective mass of the model becomes negative at a narrow frequency 

band from 17.5 kHz to 26.4 kHz (blue-shaded area), due to the out-of-phase motions of the 

resonator and the host matrix. It is worth mentioning that the wave manipulation capacity is 

significantly influenced by the local resonance of the resonator which is defined in Eq. (2-5) by 

0 2 2/ 17.5ak m   kHz. Figure 2-7 shows that considering the effective mass for 

determination of the attenuation band can only predict a portion of the first bandgap (blue-

shaded area, [17.5 – 26.4]), i.e., under-predicts the first bandgap width. The first bandgap 

actually consists of the blue-shaded area caused by negative effective mass and the red-shaded 

area induced by negative effective stiffness, i.e. [13.5 – 17.5] kHz.  

Figure 2-7 shows a second bandgap in the red-shaded area, i.e. [> 35.9] kHz, also due to the 

negative effective stiffness. As illustrated, when the vibration frequency approaches the 

resonant frequency, the effective stiffness dramatically decreases to negative values in a narrow 

frequency region, then jumps to high positive values after passing the resonant frequency. 

Afterwards, the effective stiffness returns rapidly to zero before becoming negative again when 

the vibration frequency is large. The mechanism for forming a portion of the 1st bandgap of the 

effective stiffness is attributed to its negative values when approaching the local resonant 

frequency of the resonator, and its 2nd bandgap is generated when vibration frequency is large, 

leading to the negative value of the effective stiffness. This result can explain the high-

frequency bandgap of the considered model as observed in the tests. 

 By combining the results in Figure 2-7, two observations can be found. Firstly, there are two 

bandgaps induced by both the effective mass and effective stiffness, which is different from 

previous studies on meta-concrete where only one bandgap was reported. Secondly, the first 

bandgap consists of two portions induced by the negative effective mass and negative effective 

stiffness. Accordingly, the width of the first bandgap should be wider than the case when only 

the effective mass is considered as in previous studies [73, 82]. 
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Figure 2-7. Effective parameters of the spring-mass model to show the theoretical bandgap 

regions of meta-concrete 

To further elaborate the mechanism of the considered model and verify the frequency band 

structure given by the effective properties, the real and imaginary parts of the dispersion curves 

produced by using the periodic spring-mass model are illustrated in Figure 2-8. The blue line 

in the figure denotes the real part while the corresponding imaginary part is represented by the 

red line. As shown, the imaginary part of the wavenumber in the complex frequency band is 

not equal to zero [Im(qL) ≠ 0] at the two regions of frequencies (shaded areas), indicating 

complete bandgap frequency regions. In other words, the frequency band structure of this model 

exhibits two bandgaps [Re(qL)=0] and two passbands [Re(qL) ≠ 0]. It is clear that the bandgaps 

in Figure 2-8 match well with the frequency bandgaps derived above based on the negative 

effective mass and stiffness, i.e., the first bandgap from 13.5 kHz to 26.4 kHz and over 35.9 

kHz for the 2nd bandgap. These results indicate that once the effective properties become 

negative, the corresponding wavenumber would become complex, resulting in wave attenuation 

and eventually preventing wave transmitting through the system. 
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Figure 2-8. Complex frequency band structure of the dispersion curves of the spring-mass 

model to show the theoretical bandgap regions of meta-concrete 

In addition to the wave dispersion curves, the wave transmission can also be utilized to study 

the mitigation characteristics of wave propagation in meta-concrete. As shown in Figure 2-9, 

the low transmission of the system is observed in the frequency ranges coincident with the 

negative effective properties in Figure 2-7. These observations demonstrate that both methods 

yield the same results. To further validate the bandgaps obtained in the above derivations, the 

tunable wave transmission coefficients from the experimental results and those obtained above, 

as well as the bandgaps derived by considering only the negative effective mass are compared 

in Figure 2-9. As shown, the experimental results also gave two bandgaps as denoted by grey-

shaded areas. The bandgap associated with the negative effective mass (i.e. conventional 

analysis) represented by the red-shaded area only captures a portion of the 1st bandgap of the 

experimental result (grey-shaded area), demonstrating again that considering the negative 

effective mass alone is insufficient to obtain the complete bandgaps of meta-concrete. 

Meanwhile, the combined bandgaps associated with both the negative effective mass and 

negative effective stiffness match well with the experimental results (Figure 2-9), which 

confirms the validity of the above analysis and the need for considering the negative effective 

stiffness in deriving the bandgaps. In particular, a sharp wave transmission dipping at 17.5 kHz 

is found in both the analytical derivation and experimental test, which is caused by the local 
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resonance of the resonator. The bandgaps due to the local resonator obtained from the analytical 

derivation agree well with those observed in the experimental tests. In the experimental tests, 

the obtained frequency bandgaps are from 12.5 kHz to 23.5 kHz and >34.5 kHz, respectively 

for the 1st and the 2nd bandgap while the corresponding ranges from the analytical derivation 

are 13.5 kHz to 26.4 kHz and >35.9 kHz. It should be noted that there are some slight variations 

between the experimental result and the theoretical results. This is because, as discussed above, 

in theoretical derivation the model is assumed to be homogeneous with idealized material 

properties, and an infinite number of unit cells connected by springs, i.e., no boundary 

reflection, while the tested specimen in the experiment has a finite length with only 8 unit cells 

and the specimen material properties are inhomogeneous. 

 

Figure 2-9. Bandgaps obtained from experimental test, prediction considering both the 

effective mass and effective stiffness, and prediction considering only the effective mass 
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Besides, as observed from the experiment in Figure 2-9, the transmission coefficients in the 

low-frequency bandgap are smaller than those in the high-frequency bandgap. It is attributed to 

the fact that the number of unit cells in the considered structure has a significant effect on the 

high-frequency bandgap while it has limited influence on the low-frequency bandgap, which is 

in close proximity of the local resonant frequency (i.e. 17.5 kHz). Specifically, as proven in the 

previous study [89], when increasing the number of unit cells from 8 units to 36 units, the 

transmission coefficient in the low-frequency bandgap is unchanged while those of the high-

frequency bandgap decrease to a converged value. The above results indicate that both the 

effective mass and effective stiffness need to be considered in deriving the frequency bandgaps. 

The analytical results agree well with those observed in the experimental tests. 

2.3.2 Spring-mass model for predicting bandgaps of meta-truss bar 

Section 2.3.1 discusses a spring-mass model for meta-concrete which ignores the shear 

behaviour between the resonators and the host matrix. The shear stiffness can be ignored 

because of the spherical shape of the unit cells in meta-concrete which results in minimum shear 

resistance between the unit cells and the matrix. For a meta-truss bar, however, the unit cell 

usually has cylindrical shapes for easy implementation as studied in [41, 42]. When simplifying 

the meta-truss bar to the spring-mass model, the shear resistance between the resonators and 

the matrix cannot be ignored because of the large shear area of the cylindrical surface. Without 

loss of generality, the meta-truss bar (Figure 2-10) consists of eight periodical unit cells, in 

which each unit cell comprises five components including the outer tube, soft coatings, and 

resonators. For brevity, details of the meta-truss bar are not presented herein but can refer to a 

previous study by Vo et al. [41]. The material properties are summarized in Table 2-2. 

 

Figure 2-10. Schematic view of the meta-truss bar used for modal analysis  
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Table 2-2. Elastic material properties for all components of the meta-truss bar [41] 

Materials Aluminium Polyurethane Lead 

ρ (kg/m3) 2,770 900 11,400 

E (GPa) 70 0.147 16 

ν 0.33 0.42 0.44 

From the derivations presented in Eq. (2-18), the analytical formulae for the effective mass and 

effective stiffness with respect to the vibration frequency can be straightforwardly determined. 

Figure 2-11 shows the effective mass and effective stiffness of the meta-truss bar, in which the 

bandgaps correspond to their negative values. The blue-shaded regions represent the frequency 

ranges of the bandgaps related to the negative effective mass while those associated with the 

negative effective stiffness are marked by red-shaded areas. It is observed again that the 

bandgap at the local resonant frequency does not start at the natural frequency of the local 

resonator (i.e. 10.3 kHz), but at a lower frequency because of the contribution of the negative 

stiffness. The bandgap close to the local resonant frequency is in the range of 9.3 kHz to 11.5 

kHz. Combining both the effective parameters, it is found that there are three bandgaps in this 

considered meta-truss bar. Particularly, two bandgaps in the low and high-frequency regions 

are independent of each other and are formed because of the negative effective mass and 

negative effective stiffness, respectively, while the bandgap in the middle is the combination of 

the negativity of the effective mass and effective stiffness.  

Besides, compared to the frequency band structure in Figure 2-7, the second (middle range) and 

the third (high-frequency range) bandgaps are similar as discussed above in meta-concrete, 

while the meta-concrete considered above does not have the first (low-frequency range) 

bandgap associated with the negative effective mass. This is because of the shear stiffness 

between the matrix and the unit cell in the meta-truss bar that generates this low-frequency 

bandgap from 0 – 5 kHz. This low-frequency bandgap is of great importance in the field of 

engineering applications, e.g. vibration control, seismic isolation, and mechanical harness 

because loading frequencies are mainly in the low-frequency range. This finding is of foremost 

importance since it reveals how the mechanism can be fully leveraged to achieve a wider range 

of the bandgap frequencies for which wave propagation is reduced, especially in a low-

frequency range. 
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Figure 2-11. Effective parameters of the spring-mass model with shear stiffness to show the 

theoretical bandgap regions of meta-concrete 

To construct the frequency band structure of the meta-truss bar, the theoretical dispersion curves 

obtained from Eq. (2-19) for wave propagation are illustrated in Figure 2-12. It should be noted 

that the bandgap corresponds to the frequency range when the imaginary part (the attenuation 

factor) is not equal to zero. As shown, there are three bandgaps in the frequency band structure 

of the meta-truss bar, with one additional bandgap in the low-frequency region compared to the 

model without shear stiffness. Specifically, the three bandgaps are 0 – 5 kHz, 9.3 – 11.5 kHz, 

and >13.5 kHz, which are denoted as 1st, 2nd, and 3rd bandgaps. In these frequency ranges, no 

waves can freely propagate through the meta-truss bar. The dividing points of the first and last 

branches correspond to the locations where the effective mass or effective stiffness becomes 

zero, respectively. Whereas the dividing points for the middle-frequency band are the 

combination of both the negative effective mass and negative effective stiffness. It is worth 

mentioning that the dividing points mean the starting or cutoff frequencies of the bandgaps. 

Generally, the benefits from the appearance of the 1st bandgap in the low-frequency and the 

enhancement of the second bandgap demonstrate the significance of the shear stiffness in the 

spring-mass model. 
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Figure 2-12. Complex frequency band structure of the dispersion curves of the spring-mass 

model with shear stiffness to show the theoretical bandgap regions of meta-concrete 

To further validate the above theoretical predictions, a numerical model of the considered meta-

truss bar is developed in the commercial FEA software, LS-Dyna. The transmission coefficient 

is numerically calculated and compared with the theoretical predictions. The transmission 

coefficient is the ratio between the output and the input signals of the considered meta-truss 

bar. For the numerical simulation, the input signal defined by a sweep frequency ranging from 

0 – 30 kHz is applied at one end of the meta-truss bar, and the output response at the other end 

is captured to calculate the transmission coefficient. All elements in the numerical model, i.e. 

solid hexahedron elements (SOLID 164), are meshed with a minimum meshing size of 1 mm 

after performing mesh convergence tests. Details of the mesh size sensitivity analysis with the 

same structure have been reported in the previous study [41], which is therefore not repeated 

here for brevity. For modelling contact and boundary conditions, the interfaces between the 

inclusions and coating defined by the keyword *TIED_SURFACE_TO_SURFACE are 

assumed as perfect contact while the keyword *NON_REFLECTING_BOUNDARY is applied 

at one end of the model to minimize stress waves reflection. The material properties used in the 

numerical model are the same as those in theoretical calculations given in Table 2-2. The 

transmission coefficient profiles from the analytical analysis and numerical simulation are 

shown in Figure 2-13. The bandgaps from the analytical transmission coefficient are the same 
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as those obtained from the dispersive analysis and the effective mass and stiffness. As shown, 

the bandgap regions corresponding to the wave reduction in the transmission-frequency profiles 

from the analytical prediction match very well with those from numerical simulation, further 

confirming the validity of the analytical model for predicting the bandgaps of the meta-truss 

bar. It should be noted that the locally resonant frequency of the resonator (i.e. 10.3 kHz) 

corresponds to a big dip displacement in the transmission profile. From the numerical 

simulation, the first and second bandgaps are respectively at 0 kHz to 4.1 kHz and 8.5 kHz to 

12.3 kHz while the high-frequency bandgap is greater than 14.2 kHz. The discrepancies 

between the numerical and the analytical results can be attributed to the assumption of the 

infinite number of unit cores in the theoretical derivations while only 8 unit cores are modelled 

in the numerical simulation, and likely numerical errors because of discretization. 

 

Figure 2-13. Transmission coefficient between numerical and analytical results 

The above analyses have proven the considered meta-truss bar can generate three bandgaps and 

it can mitigate stress wave propagation when the wave frequency falls within these bandgaps. 

To demonstrate the frequency-filtering performance of the meta-truss bar in the low-frequency 

range, a harmonic displacement input constituted by three frequencies, i.e. 
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 , where f1=1 kHz, f2= 3 kHz, and f3= 7 kHz, is applied to the input end of 
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the meta-truss bar to examine whether the wave could propagate through the meta-truss bar. 

The displacement at the other end is recorded as the output signal. It should be noted that f1 and 

f2 are deliberately selected to fall within the first bandgap in the low-frequency range of the 

meta-truss bar, while f3 does not fall into any bandgap. Figure 2-14 shows the Fast Fourier 

Transform (FFT) spectra of displacement-time histories at the two ends of the meta-truss bar 

(i.e. the input and the output, respectively). As shown, a significant wave reduction in the first 

bandgap is observed as expected with only the input signal at 7 kHz passing through the meta-

truss bar while the other two components at 1 kHz and 3 kHz within the first bandgap are 

effectively mitigated. Generally, the obtained results indicate that the meta-truss bar has the 

favourable ability to filter stress waves with frequency contents falling in its bandgap. 

 

Figure 2-14. FFT spectra of the input and output displacements at center points of two ends of 

the meta-truss bar 

2.3.3 Discussions 

Recall the two issues that are defined and discussed in the above sections, namely one or two 

bandgaps obtained in the meta-concrete in previous analyses by different researchers, and the 

existence of an additional low-frequency bandgap in the meta-truss bar. Based on the above 

results, these two issues are discussed here. 
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For the first issue, it is clear now that the analysis that considers only the negative effective 

mass in determining the bandgap of the meta-concrete fails to obtain the second high-frequency 

bandgap associated with the negative effective stiffness. Neglecting the influence of the 

negative effective stiffness also results in an under-prediction of the width of the first bandgap. 

Therefore both the negative effective mass and negative effective stiffness need to be 

considered in determining the bandgaps of meta-concrete. The predicted bandgaps with 

consideration of both the negative effective mass and stiffness agree well with those obtained 

in experimental tests, verifying the correctness of the proposed analytical model. 

For the second issue, it is clear that if the shear resistance exists between the unit cells and the 

matrix, a low-frequency bandgap will be generated. In such cases, the meta-structure could have 

three bandgaps for wave propagation mitigation. The formation of the low-frequency bandgap 

is of significant importance for practical applications since many loadings on civil, mechanical, 

and other structures have low-frequency contents. To facilitate engineering applications, a 

design procedure for meta-panel is presented in the appendix. 

In brief, the actual realizations of the predicted bandgaps of resonance-based meta-materials/ 

meta-structures are presented in this chapter. The results demonstrate that the analytical model 

can accurately predict the experimental bandgaps of the meta-concrete, including one widened 

middle bandgap compared to the conventional analysis and another bandgap in the high-

frequency range. It is found that at the resonance frequency, a merging bandgap from both the 

negative effective mass and negative effective stiffness is formed, corresponding to the out-of-

phase motions of the resonators. In addition, the meta-truss bar is proven to possess the bandgap 

in the low-frequency range due to the shear stiffness between the soft coating layers and the 

truss tube. With such unique capabilities, physically realizable waveguide at different 

frequencies can be programmably designed for meta-materials/ meta-structures for numerous 

practical engineering applications. 

2.4. Conclusions 

This chapter presents an in-depth analysis of the bandgap formation in meta-concrete and meta-

truss bars. The effective mass and effective stiffness, the wave dispersion relation, and the 

transmission coefficient are analytically derived to quantitatively determine the bandgaps of the 

considered structures, which are validated by experimental study and numerical simulation. The 

following conclusions can be drawn. 
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1. Two bandgaps exist in meta-concrete structure, in which the first bandgap is formed by the 

negative effective mass and the negative effective stiffness while the negative effective stiffness 

further creates another bandgap in the high-frequency range. 

2. The shear stiffness between the cores and the surrounding host matrix governs an additional 

bandgap in the very low-frequency range in the meta-truss bar. This bandgap only appears when 

the shear behaviour between the cores and the host matrix is considerable. 

3. This work also provides a detailed design in the appendix for programmable waveguides of 

the meta-panel consisting of meta-truss bars, which can be employed for designing the meta-

panel for mitigation of dynamic loading effect.  
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Appendix 

A. Design guide for meta-truss bars with targeted bandgap regions 

Based on the above analytical solutions, a design method of meta-truss bars with the desired 

target bandgaps is proposed in this section.  

The proposed design flowchart is illustrated in Figure 2-14. It starts with the parameters of the 

expected loading F(t) on the considered structure. This loading can be a recorded impact load, 

blast load or load given in a design code. The next step is to determine the frequency content 

of F(t) using the Fast Fourier Transform (FFT). From the FFT spectrum of the design load, the 

desired bandgaps, BGi=[fi1-fi2], can be determined to ideally cover the entire or primary 

frequency ranges that the loading energy distributed in the frequency domain for the best 

loading mitigation effect. It should be noted that the subscript i=1,2,3 indicates the first, second, 

and third bandgaps of the meta-truss bar and ideally BGi should enclose all frequency ranges 

[fa,…,fb] that loading energy distributes to achieve the maximal mitigation effect. The design 

parameters of the spring-mass model, i.e. mi and ki, are analytically calculated based on the 

theoretical bandgap starting point fi1 and cutoff point fi2, which will be discussed later in 

Appendix B.  

Next, the initial design features including geometric parameters, materials are selected as given 

in Eq. (2-23). After the initial selection of the design parameters, the bandgaps of the meta-truss 

bar are numerically evaluated using a numerical verification, e.g. using LS-Dyna. If the 

calculated bandgaps from the initial selection meet the above requirements, it shall move to the 

final step. If not, the trial and error processes are required to obtain the appropriate design 

parameters ensuring that the numerical bandgaps cover all or primary frequency contents of the 

applied loading.  

Finally, given a set of design parameters, the meta-structures can be fabricated. 
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Figure 2-15. Flowchart of the meta-structure design. 
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B. Determination of the Starting and Cutoff frequencies of a corresponding bandgap 

The bandgaps from the comprehensive analysis of the spring-mass model are presented in 

Figure 2-16. Based on the theoretical results from this chapter, the bandgaps of the meta-truss 

bar can be divided into three regions including [0-f11] for the 1st bandgap, [f21-f22] for the 2nd 

bandgap, and [>f31] for the 3rd bandgap. It is worth mentioning that the local resonant frequency 

of the resonator can be calculated by,  2 2
0

2

/ 2a sk k
f

m



 . 

 

Figure 2-16. Typical bandgap determination based on the dispersion curves is divided into 

three regions including [0-f11] for the 1st bandgap, [f21-f22] for the 2nd bandgap, and [>f31] for 

the 3rd bandgap 

To define the width of the bandgaps, the dispersion in Eq. (2-19) can be rewritten as 
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The expression of the angular frequency can be obtained by solving Eq. (2-21) as 
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where     
2

2 1 2 1 1 2 2 1 22 1 cos a s a sm qL k m k m m k m k       and 

    1 2 1 2 2 1 2 2 2 24 2 1 cosa a s s a s a sm m k k k qL k k k k k          

The starting angular frequencies of the bandgaps can be obtained by substituting qL = 0, as 

 2 1 1 2 2 1 22

1

1 22

s a s

i

m k m m k m k

m m


    
 , i = 1,2,3 

(2-23) 

where     
2
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The cutoff angular frequencies of the bandgaps can be obtained by substituting qL = π, as 
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The starting and cutoff frequencies of the bandgaps are 
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 , i = 1,2,3 and j = 1,2,3 

(2-25) 

The design parameters including internal mass, external mass and stiffnesses can be estimated 

by Eq. (2-26), where ρi and Vi are the material density and volume of the unit cell, and its length 

and radius are denoted by li and ri, respectively. 
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where E and A are Young’s modulus and the nominal cross-section area of the coating material. 
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C. Worked-out example 

A design example of a meta-panel consisting of four meta-truss bars to resist the impact force 

induced by a spherical ball with a mass of 1 kg and an impact velocity of 30 m/s is presented 

here to illustrate the above-proposed design procedure. 

 Step 1: Determination of the design load F(t). 

The impactor has a spherical shape of 20 mm radius and its weight is 1 kg. The initial velocity 

of the impactor against the structural panel is 30 m/s. A numerical model is generated in LS-

DYNA to predict the impact load on the structure. The predicted impact force-time history F(t) 

is illustrated in Figure 2-17. 

 

Figure 2-17. Peak impact force time history of the simulated impact loading 

  Step 2: Determination of the frequency contents of F(t) 

The FFT spectrum of the predicted impact force time history F(t) is calculated and shown in 

Figure 2-18. As shown, the impact loading energy distributes mainly in the frequency regions 

of [0 – 4.8] kHz, [7.5 – 8.5] kHz, and [9.7 – 12] kHz. 



40 

 

Figure 2-18. FFT spectrum of the impact force time history of the simulated impact loading 

 Step 3: Determinations of the bandwidth of the desired bandgaps to cover the frequencies 

with the most loading energy. 

The designed bandgaps are selected according to the FFT spectrum as shown in Figure 2-19 

 

Figure 2-19. Estimated bandgap widths of the designed meta-truss bar  
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BG1 = [0 – f11] kHz, BG2 = [f21– f22] kHz, and BG3 = [>f31] kHz 

where f11= 4.8 kHz, f21= 7.5 kHz, f22= 8.5 kHz, and f31= 9.7 kHz. 

 Step 4: Calculations of the design parameters 

To achieve the above desired bandgaps, the design parameters of the analytical spring-mass 

model are obtained from Eqs. (2-23), (2-24), (2-25), and they are m1=4.71x10-2 (kg), 

m2=1.55x10-2 (kg), ka1=2.3x108 (N/m), ka2=1.6x108 (N/m), ks1=3.2x108 (N/m), and ks2=2.3x108 

(N/m). 

 Step 5: Select the materials and dimensions of the meta-truss bar 

Polyurethane is selected for the soft coating while the outer tube and the resonators are made 

of Aluminium and Lead. The diameters of the internal and external resonators are respectively 

denoted by r2 and r1, which are calculated by 

2
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Thicknesses of the inner and outer coatings, i.e. t1 and t2 can be calculated by 
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 Step 6: Verification of the bandgaps of the designed meta-truss bar. 

To check the bandgaps of the designed meta-truss bar, the above procedures are applied to 

calculate the bandgap frequencies. Figure 2-20 shows the dispersion curves of the meta-truss 

bar with the above designed dimensions and material properties. As shown, the bandgaps of the 

designed meta-truss bar cover the primary frequency contents of the applied loading, implying 

the meta-truss bar is effective to mitigate the loading effects. 
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Figure 2-20. Dispersion curve of the designed meta-truss bar 

 Step 7: Performance of the meta-panel consisting of 4 designed meta-truss bars. 

The meta-panel consisting of four designed meta-truss bars is shown in Figure 2-21. Its 

performance in mitigating the impact loading effects is evaluated. The numerical model of the 

meta-panel is built in LS-DYNA and its impact response is shown in Figure 2-22.  

As shown, the designed meta-panel functioning as a sacrificial cladding exhibits its superior 

dynamic performances compared with the traditional designs. In particular, the peak reaction 

force of the designed meta-panel transmitted to the protected structure is reduced significantly 

by more than 47% compared to its conventional counterparts including the hollow-truss panel 

and solid-truss panel. It should be noted that the numerical results from the corresponding 

panels with solid-truss and hollow-truss bars from [41] was adopted herein for comparison, 

which is not presented in detail for brevity. More information about these panels can be found 

in [41]. These results demonstrate that the designed meta-panel yields better protections to 

structures as compared to the traditional sacrificial panels with solid and hollow truss bars. 
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Figure 2-21. Design of meta-panel including the schematic view of the meta-panel 

  

Figure 2-22. Comparison of reaction force of the three panels under impact loading  
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D. Determination of axial and shear stiffness of the analytical model 

With an attempt to accurately estimate the spring stiffness, the commercial software COMSOL 

MULTIPHYSICS was adopted. A constant force F which is depicted in Figure 2-23a is applied 

to the model to calculate the value of shear spring stiffness ks1 of the internal core while the 

coupled forces F were put in two directions of the model to estimate the values of ka1 as shown 

in Figure 2-23b. Similarly, the estimation of ks2 and ka2 is carried out with the same procedure 

but different dimensions. As seen in Figures 2-23a and 2-23b, the average displacements 

monitored at the surfaces are denoted as ui (i=1,2,3,4). It is noted that all edges of the outer tube 

are clamped.  The relation between stiffness and displacement of the unit model is expressed as 

[41]. 

 1 1 2 1 1a sk u u k u F   , 1 3sk u F  

 2 4 5 2 4a sk u u k u F   , 2 6sk u F  

(2-27) 

  

Figure 2-23. Outline model utilized for the calculation of (a) ks1 and ks2, and (b) ka1 and ka2 
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CHAPTER 3. MODEL FOR ANALYTICAL INVESTIGATION ON META-

TRUSS BAR FOR LOW-FREQUENCY SPATIAL WAVE MANIPULATION 

Abstract2 

This chapter proposes an analytically unprecedented model of a meta-truss bar with local 

resonators to generate a broader low-frequency bandgap. By leveraging the mass-spring model, 

a new equivalent meta-unit cell considering the elastic shear springs is developed to accurately 

predict the performance of the meta-truss bar in suppressing stress wave propagations. 

Theoretical analyses and numerical simulations are conducted to examine the effectiveness of 

the proposed model. Sensitivity analyses are also performed to investigate the influences of 

masses and spring parameters on the bandgap characteristics of the meta-truss bar. Based on 

the theoretical prediction, the system transmission coefficient is utilized to examine the 

transmissibility effect among the resonators. A three-dimensional finite element model of meta-

truss bar is also built and its accuracy in predicting the stress wave propagations is verified 

against the analytical predictions. The structural responses in the time domain and time-

frequency domain demonstrate the superiority of the meta-truss bar in the suppression of wave 

transmission as compared to that predicted by the conventional counterparts.  

                                                 

2 The related work in this chapter was published in Wave Motion with the full bibliographic 

citation as follows: 

N.H. Vo, T.M. Pham, K. Bi, H. Hao. Model for analytical investigation on meta-lattice truss 

for low-frequency spatial wave manipulation. Wave Motion. 2021;103:102735. 

https://doi.org/10.1016/j.wavemoti.2021.102735 

https://doi.org/10.1016/j.wavemoti.2021.102735
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3.1. Introduction 

In the last decade, the field of wave propagation has been revolutionized by the discovery of 

man-made materials that have the potential for wave manipulation functionalities beyond the 

limits of naturally available materials [81]. These new concepts of artificial materials are 

labeled as meta-materials due to their exciting properties [12]. It is often taken into 

consideration that meta-material is a material that contains artificial microstructures with 

unique characteristics that are not found in nature. This terminology originated from the field 

of electrodynamics, now has been extended to other branches of engineering disciplines such 

as the fields of acoustic and elastic materials [14, 90]. Meta-materials demonstrate some 

superior dynamic characteristics owing to not only the constituent compositions of materials 

but also the engineered microstructure of configurations. At its early stage, researchers 

concentrated on the achievement of unconventional values of effective index [91]. However, it 

rapidly evolved towards the demonstration of wave manipulation functionalities [92]. Previous 

studies of meta-materials exert various beneficial applications from its exceptional 

characteristics, for example, seismic protection [93, 94], sound isolation [95, 96], vibration 

suppression [97, 98], and blast/impact mitigation [99, 100]. Nonetheless, not until recently, the 

concept of meta-materials was extended to the context of manipulation of elastic waves in 

structural elements. Its application, however, still remains limited with even fewer examples of 

experimental verifications. 

Based on their operating mechanisms [101], meta-materials are often classified into two 

categories, including non-resonant and locally-resonant types. The locally resonant meta-

materials are generally made of inclusions in the form of hardcore coated with soft material 

layers, which are periodically (but not necessarily) distributed in a host matrix of dissimilar 

material [80, 102]. On the other hand, the non-resonant meta-materials are often made of 

hardcore only that are buried in a host matrix [103]. There are two mechanisms that can be 

utilized for meta-materials including Bragg scattering and localized resonance [104]. The 

bandgap behaviour of non-resonant structures relies on the phenomena of wave diffraction and 

destructive interference with each other [105], i.e. depends on the Bragg scattering effect to 

form the bandgap. On the other hand, the bandgap in localized resonances is essentially 

independent of periodicity and symmetry, but governed by the natural frequency of the 

resonators. 
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The bandgap, which is the specific range of frequencies where propagation of an applied wave 

is stopped, is the most crucial features of meta-materials [31]. Therefore, much research effort 

primarily contributed to meta-materials’ fundamental mechanism with an attempt to seek 

approaches to broaden the bandgap of meta-materials or make it tunable [106, 107]. To 

investigate the relation between the effective dynamic mass density and the oscillation 

frequency, Milton and Willis [108] proposed a rigorous model of meta-materials utilizing the 

typical motion equations for a rigid bar and Newton’s second law to simulate the dynamic 

effective mass density as a function of the resonant frequency. The single spring-mass model 

was originally introduced by Huang and Sun [92] offering the negativity of mass property over 

a specific frequency range and this model was applied to lattice systems to broaden the bandgap 

by Liu et al. [109]. Motivated by the abovementioned studies, an analytical dual-resonator meta-

truss bar which was utilized to investigate the transient response of the meta-truss structure was 

proposed by Liu et al. [68], hereafter referred as the conventional model, to further broaden the 

bandgap and improve the suppression of incident waves. Subsequently, the strategy of diatomic 

mimicking lattice systems [106] was also utilized to broaden the bandwidths of the meta-truss 

bar. Besides, to investigate the effect of damping on asymmetric elastic-wave transmission, 

Alamri et al. [110] proposed and designed the dissipative diatomic acoustic meta-truss bar 

possessing the bandwidth broadening effect. This study investigated the damping effect on the 

bandgaps of the meta-truss bar while the influences of other parameters such as mass and 

stiffness, especially shear stiffness have not been investigated. 

The conventional analytical model with dual-resonator did not fully consider the importance of 

the shear stiffness between multilayers within the meta-truss bar, i.e. the shear stiffness between 

the inner core and the coating. As will be demonstrated in the chapter, this shear stiffness affects 

the bandgap in the low-frequency range. The accuracy of the model in predicting the transient 

response is therefore compromised if the shear stiffness is neglected in the analytical model. In 

particular, as will be proven later in this chapter through numerical simulations, stress wave 

caused by an excitation with a low range frequency, i.e. 300 Hz, is successfully mitigated in the 

numerical model, while the corresponding stress wave attenuation is not captured by the 

conventional analytical model. In other words, the conventional analytical model cannot 

accurately predict the response of the dual-resonator meta-truss bar, particularly in the low-

frequency range because of neglecting the shear stiffness between the inner core and the 

coating. Therefore, it is necessary to develop an analytical model that can more accurately 

predict the response of meta-truss bar with dual-resonators. In the chapter, an additional shear 
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spring is introduced into the conventional analytical model, and the analytical results show the 

stress wave caused by the excitation with a frequency of 300 Hz is well attenuated as also 

observed in the numerical investigation, which demonstrates the accuracy of the proposed 

analytical model. 

In brief, this chapter proposes an analytical model for the dual-resonator meta-truss bar by 

adopting a locally resonant mechanism and taking the shear stiffness of all multilayers into 

consideration. The widely utilized spring-mass model, with added shear spring to connect the 

inner resonator and the soft coating, is utilized to derive the analytical solutions. In this article, 

firstly, the analytical predictions of an infinite meta-truss bar calculated by two models 

including the proposed model and the conventional one are derived and compared to 

demonstrate differences regarding the predicted bandgaps from these two models. Analytical 

results show that the proposed model predicts a wider bandgap in the low-frequency range, the 

same as the numerical model, which could not be accurately predicted by the conventional 

model. The comparisons with the numerical predictions based on a finite element analysis 

demonstrate the accuracy of the developed numerical model in this chapter. Specifically, if the 

shear stiffness is neglected, the analytical model may not accurately predict the actual response 

of the meta-truss bar. The numerical model has shown an incident wave that is mitigated but 

the existing analytical model (without considering the shear stiffness) does not prohibit this 

incident wave from propagating through the truss. Therefore, this chapter incorporates the shear 

stiffness in the analytical derivation and the derived model yields good predictions as compared 

with the numerical results, demonstrating the need to consider the shear stiffness of the inner 

resonator in the analytical model. To investigate the influence of various parameters of the 

meta-truss bar on wave propagation, a comprehensive parametric study is carried out and the 

influences of masses and spring stiffness on the behavior of the bandgap are examined. Finally, 

the superb stress wave attenuation ability of the meta-truss bar with dual resonators is 

demonstrated. 

3.2. Design of the dual-resonator model 

Without loss of generality, the example 3D meta-truss bar model utilized in this investigation 

consists of 7 unit cells in which each cell comprises of five parts: the outer tube, 2 soft coats, 

and 2 resonators as shown in Figure 3-1a. The compositions and dimensions of each unit cell 

are presented in Figures 3-1b and 3-1c, respectively. Aluminium and lead are respectively 

selected for the outer tube and the resonators, and the two soft coatings are made from rubber. 
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In the analytical model, the matrix is represented by material 1, i.e., the outer aluminium tube. 

Meanwhile, material 2 is modelled by two springs including the outside shear spring ks1 

connecting the resonator with the outer tube and the axial spring ka1 connecting the adjacent 

resonators (refer to Figure 3-3b for more details). Similarly, material 4 is modelled by the axial 

and shear springs connecting the internal hardcore mass and external hardcore mass, namely 

ka2 and ks2, respectively. The numerical analysis in the following sections indicates that the 

analytical model without considering k4 does not reflect the actual response of the meta-truss 

bar as observed in the numerical simulation presented in this chapter. Acting as resonators, 

material 3 and material 5 are represented by the external mass m1 and internal mass m2, 

respectively. It should be noted that this chapter is dedicated to investigate the dynamic 

performance of the elastic meta-truss bar under the elastic stress wave. The properties of all the 

materials are summarized in Tables 3-1, 3-2 and 3-4. These material properties are also used in 

the numerical model in this chapter. 

The inner mass and outer mass can be estimated by Eq. (3-1) where ρj and Vj  are the material 

density and volume of the jth material, and the length and radius of jth unit are denoted by lj and 

rj, respectively. 
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in which E and G are the Young’s modulus and shear modulus of the soft material, respectively. 

The values of Ai (i=1,2,3,4) which are the nominal cross-sections of the distinct segments of the 

soft layer presented in the appendix are obtained by FEA due to the shape complexity. The 

detailed calculation of the spring stiffness is also presented in the appendix. Based on the 

material properties and dimensions, the relevant estimations of equivalent mass and stiffness 

are computed as m1 = 14.2x10-3 kg, m2 = 17.7x10-3 kg, ka1 = 424,655 N/m, ks1 = 102,531 N/m, 

ka2 = 280,526 N/m, and ks2 = 61,425 N/m. 
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Figure 3-1. (a) Schematic view of 3D meta-truss bar, (b) single unit cell and (c) dimension of 

the single unit cell 

Table 3-1. Elastic material properties used in the numerical simulation [111] 

Properties 
Materials 1 and 3 Materials 2 and 4 Material 5 

Aluminium Rubber Lead 

Density ρ (kg/m3) 2,770 1,200 11,340 

Young’s modulus E (Pa) 70x109 780x103 16x109 

Poisson’s ratio ν 0.33 0.47 0.45 

3.3. Analytical models 

Firstly, the conventional 1D mass-spring chain model with locally resonant microstructures is 

briefly revisited (Section 3.3.1). Then, a shear spring is introduced into the unit cell, and an 
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unprecedented model is proposed in Section 3.3.2. The comparisons with the conventional 

model in terms of transmissibility are also made in this section. Comprehensive parametric 

studies are further carried out in Section 3.5 to analytically examine the influences of mass and 

spring stiffness on the bandgaps. 

3.3.1 Conventional spring-mass model of meta-truss bar 

A meta-truss bar can be represented in the spring-mass formation comprising of masses and 

springs [68]. An infinite 1D spring-mass system including the resonators is depicted in Figures 

3-2a and 3-2b, in which the inner mass m2 and outer mass m1 are connected to each other by an 

axial spring ka2. The shear spring with the stiffness ks1 constrains the displacement of the mass 

m1 which is periodically linked with each other by the axial spring ka1. 

  

Figure 3-2. (a) Schematic microstructure of the infinite conventional model of meta-truss bar 

and (b) Equivalent effective spring-mass model 

In this one-dimensional meta-truss bar, the internal and external mass displacements are 

denoted by u1 and u2, respectively, and the motion equations of the jth unit cell can be derived 

as follows: 

               1 1

1 1 1 1 1 1 2 1 2 1 12 0
j j j j j j j

a a sm u k u u u k u u k u
 

        (3-3) 
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      2 2 2 2 1 0
j j j

am u k u u    (3-4) 

Based on the Floquet-Bloch theorem [112], the solution of harmonic wave of the (j+n)th and jth 

unit cells can be expressed in the form of 

   j n i jqL nqL t
u Ue

  
  (3-5) 

   j i jqL t
u Ue


  (3-6) 

where U is the displacement amplitude, q is the wavenumber, ω is the angular frequency, L is 

the length of the unit cell. 

By substituting Eqs. (3-5) and (3-6) into Eqs. (3-3) and (3-4), the dispersion relation of the 

lattice system can be derived as follows: 
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Herein, the lattice system is monatomic, therefore, the following effective mass equation of the 

microstructure must be satisfied 
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(3-8) 

Based on Eqs. (3-7) and (3-8), the effective mass (meff) of the lattice system can be obtained as: 
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When the unit cell is regarded as homogeneous with the effective mass meff and effective 

stiffness keff (Figure 3-2b), the effective stiffness  can be calculated as follows [68]: 
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To define the width of the bandgap, the dispersion in Eq. (3-7) can be solved and the expression 

of the angular frequency can be obtained as follows: 
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where       
2
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Substituting qL=0, the angular frequency at the starting points of two passbands can be obtained 

as: 
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and substituting qL=π, the angular frequency at the two ending points of the passband can be 

expressed as: 
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where     
2
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3.3.2 Proposed spring-mass spring model of meta-truss bar 

As shown in Figure 3-2 and also discussed in the introduction, the conventional meta-lattice 

model proposed by Liu et al. [68] only considered the shear spring connected the external mass 

m1 and the soft layer (material 2 in Figure 3-1), and it is represented by ks1. The shear spring 

linking the internal mass m2 and the corresponding soft layer (material 4 in Figure 3-1) was, 

however, neglected. It is obvious that the inner mass and the outer mass of a unit cell bear 

similar characteristics, and the negligence of this stiffness may result in inaccurate bandgap 

predictions. It is therefore worth considering the shear stiffness of the inner mass to enhance 

the accuracy of the model. This chapter proposes an improved spring-mass spring model, in 

which besides the spring with the stiffness k2 constrains the displacement of the mass m1 to the 

matrix, the inner mass m2 is also restrained by the shear spring stiffness ks2. Figures 3-3a and 3-

3b show the corresponding analytical model.                                                  
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Figure 3-3. (a) Schematic microstructure of the proposed model of meta-truss bar and (b) 

Equivalent effective mass-spring model 

Similar to the conventional spring-mass model as shown in Figure 3-2, the equations of motion 

of the jth unit cell in Figure 3-3 can be expressed as follows: 

               1 1

1 1 1 1 1 1 2 1 2 1 12 0
j j j j j j j

a a sm u k u u u k u u k u
 

        (3-14) 
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To derive the dispersion curves, a similar strategy is adopted and the solution of the harmonic 

wave of the (j+n)th and jth unit cells can be represented by Eq. (3-5) again, and the derivative 

function of the solution can be obtained as follows 

     2 2j i jqL t j
u Ue u


 


     (3-16) 

Substituting Eq. (3-16) into Eq. (3-15), the relation between the inner mass and outer mass can 

be obtained as follows: 
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It is worth noting that the Bloch-Floquet theory consequence is adopted in this chapter, in which 

the motion must satisfy the Bloch periodicity condition. Hence, by substituting Eqs. (3-16) and 

(3-17) into Eq. (3-14), one obtains 

            2 3
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    (3-18)                                                                                                                          

By applying the identity  2cosiqL iqLe e qL   , Eq. (3-18) can be rewritten to form the 

dispersion relation as follows: 
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(3-19) 

Eq. (19) can also be rearranged into the following form 
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where 

 

2

1 2 2
1 2 2 4

2 2 2

s a a
eff

a s

k k k
m m

k k m  


  

 
 

(3-21) 

and the effective stiffness can also be conveniently formulated due to the homogeneity of the 

unit cell 
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With an attempt to find the dispersion relation for this system, the angular frequency can be 

calculated by solving Eq. (3-19) as follows: 
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where     
2
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    1 2 1 2 2 1 2 2 2 24 2 1 cosa a s s a s a sm m k k k qL k k k k k         . 

The above derivations are based on the assumption of an infinite unit cell. In practice, the 

number of unit cells is always finite. In this case, the wave transmission coefficient of the 

spring-mass chain, which depicts the displacement amplitude ratio of the last unit cell to the 

input excitation is normally defined, and it can be calculated as follows [69]: 
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From Eq. (3-20), by applying the identities  2cosiqL iqLe e qL   and rearranging the equation 

the following form can be obtained: 

        1 12

1 12
j j j

a eff ak m u k u u
 

   ,    1,2,..., 1j N   (3-25) 

     12

1 1

j j

a eff ak m u k u


  ,                      j N  (3-26) 

Substituting 
     1

/
j j j

T u u


  into Eqs. (3-25) and (3-26) gives: 
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Therefore, the wave transmission coefficient can be formulated as follows: 
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3.4. Numerical simulation 

To verify the accuracy of the proposed and conventional analytical models, a 3-D finite element 

model of the meta-truss bar is built and validated in this section. 

3.4.1 Numerical model development 

The 3-D numerical model is built to investigate the wave transmission characteristics of the 

meta-truss bar and verify its accuracy against the analytical predictions by utilizing commercial 

software LS-DYNA (Figure 3-1). Contact definitions, the prevention of reflected waves, 

material models, and simulation of prescribed displacement are presented in this section. In this 

chapter, all elements are modelled by solid elements and the minimum meshing size is 0.2 mm 

after a convergence test. To define the property of aluminium considering the plastic 

deformation, *MAT_JOHNSON_COOK is utilized while *MAT_ELASTIC material model is 

applied to simulate the dynamic behaviour of rubber elements due to their distinguished 

properties [111].  

The Johnson-cook material model requires an equation of state in order to initialize the 

thermodynamic state of the material [113]. The elastic and plastic material properties are 

summarized in Tables 3-1 and 3-2, respectively. In this chapter, the equation of state of the 

Johnson-cook model is defined by the card *EOS_LINEAR_POLYNOMINAL in which the 

pressure and initial relative volume are denoted by coefficients C0-C6 and V0, respectively. The 

parameters for the equation of state are presented in Table 3-3. Furthermore, for simulation of 

the lead core, the material properties as implemented in *MAT_PLASTIC_KINEMATIC, are 

given in Table 3-4 [114]. The contact between the metals and rubber is modelled by the 

keyword *TIED_SURFACE_TO_SURFACE and the keyword *CONTACT_INTERIOR is 

utilized for the rubber to eliminate the negative volume issue which often occurs due to large 

deformation of soft materials.  

Additionally, to eliminate the stress wave reflection at the end surface, the keyword 

*NON_REFLECTING_BOUNDARY is applied at one end. In the numerical model, the far-

end of the outer tube is fixed in all directions while the excitation is defined by the 

*PRESCRIBED_MOTION_SET card, which is applied to the entire near-end surface.  
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Table 3-2. Johnson-Cook material parameters for aluminium [111] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

modulus (GPa) 

A 

(GPa) 

B 

(GPa) 

C m n Tm 𝜀̇ 

2,770 0.33 70 0.369 0.675 0.007 1.5 0.7 800 1 

Table 3-3. Equation of state for aluminium used in the numerical simulation [113] 

C0 

(Pa) 

C1 

(Pa) 

C2 

(Pa) 

C3 

(Pa) 

C4 

 

C5 C6 E0 

(Pa) 

V0 

(m3/m3) 

0 74.2x109 60.5x109 36.5x109 1.96 0 0 0 1 

Table 3-4. Plastic kinematic material parameters for lead [114] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

modulus (GPa) 

SIGY 

(MPa) 

ETAN 

(MPa) 

BETA SRC SRP FS VP 

(1/s) 

11,340 0.45 16 20 50 109 109 1 0 1 

3.4.2 Numerical model verification 

Based on the Bloch-Floquet theory and the derivation from Eq. (3-28), a visible manifestation 

of the theoretical transmittance of the proposed model is shown in Figure 3-4. To verify the 

model, the meta-truss bar comprising of 7 unit cells described above is built in LS-DYNA. The 

model is used to simulate wave transmissions of the meta-truss bar. The transmittance is defined 

by a ratio between the output and the input signals of the structure. Figure 3-4 shows the results 

from the conventional model, the proposed model, and the numerical simulation. It can be seen 

that both conventional and the proposed models capture three bandgaps, and the corresponding 

ranges are [0-289.5], [645-995] and [1,945-5,000] Hz from the conventional model, and [0-

375] Hz, [700-1,100] Hz and [1,945-5,000] Hz from the proposed model. The numerical 

simulation also gives three bandgaps in the range of [0-375] Hz, [895-1,400] Hz and [1,965-

5,000] Hz. These results indicate that generally speaking, both the conventional and the 

proposed model can predict the frequency bandgaps, but compared with the results from the 

numerical simulations, the proposed model yields more accurate results than the conventional 

model, especially for the 1st bandgap in the low-frequency range. For example, the proposed 
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model predicts the same 1st bandgap as compared to the numerical model, whereas the 

conventional model substantially under-predicts the upper frequency of the first bandgap, i.e., 

289.5 Hz and 375 Hz, i.e., a substantially narrower first bandgap by the conventional model. 

These results demonstrate that neglecting the stiffness k4 into the conventional analytical model 

leads to inaccurate predictions of the bandgap width at the low-frequency range. The 

comparison also shows that a certain discrepancy exists between the analytical and numerical 

predictions, especially for the second bandgap. This is because the theoretical results are based 

on the infinite number of unit cells, while the numerical results are obtained from the finite 

number of cells (7 in this chapter). Moreover, the estimations of the spring stiffness and lumped 

masses in the analytical derivations may also contribute to this variation. 

  

Figure 3-4. Transmittance profiles of meta-truss bar obtained by the proposed model, 

conventional model, and numerical simulation model 

3.4.3 Accuracy of the proposed analytical model 

The above results show that the inclusion of k4 in the proposed model has almost no influence 

on the third bandgap because the third bandgap is mainly controlled by the external mass and 

axial stiffness which will be discussed in the following section. For the second bandgap, the 

lower bound of the proposed model results in a slightly higher value, while its influence on the 

upper bound is negligible. The most evident effect of the proposed model is on the first bandgap, 

and the inclusion of k4 widens the bandgap in the low-frequency range. As shown, the first 
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bandgap expends from [0-289.5] Hz to [0-375.0] Hz. This result is expected, since the first 

bandgap is related to the local resonance frequency of the inner mass m2 which is defined by

 2 2 2/a sk k m   , and the inclusion of k4 results in an increase in the stiffness in the 

conventional model. Moreover, the bandwidth of the first bandgap in the low-frequency range 

is determined by two points including the constant value at zero and a certain value that is 

linearly dependent on the local resonance frequency. Therefore, introducing the shear stiffness 

of the internal mass k4 increases the stiffness of the internal coating layer and resonant 

frequency ω accordingly, which leads to the increase of the first bandgap range by the reciprocal 

relationship between the first bandgap and the resonant frequency. This manifestation indicates 

that the proposed analytical model with considering the shear stiffness of the soft coating leads 

to a wider bandgap estimation in the low-frequency range than the conventional model, which 

implies the proposed analytical model would have wider practical applications for stopping the 

low-frequency wave propagations. It is worth mentioning that, besides varying the stiffness, the 

low-frequency bandgap can also be changed by altering the resonator’s geometry since it is 

related to the local resonance as discussed above, and will be further discussed in the following 

investigations. 

To further demonstrate the higher accuracy of the proposed analytical model in predicting the 

bandgap in the low-frequency range compared to the conventional model, the analytically 

predicted bandgap is compared with the result from the numerical analyses. As discussed above, 

the inclusion of k4 most evidently changes the bandgap in the low-frequency range, therefore 

only the first bandgap is investigated in this section. For the other two bandgaps, more detailed 

discussions will be given in Section 5. However, it is worth noting that the soft material layer 

(material 4 in Figure 3-1) is modelled by the solid elements in the numerical simulation, which 

means the contribution from the shear stiffness of this layer (i.e. k4) is considered in the 

numerical model. In the numerical simulation, the meta-truss bar presented in Section 3.2 is 

subjected to a displacement time history with two frequency components u(t)=10-4[sin(2πf1t) + 

sin(2πf2t)], where f1=300 Hz and f2=500 Hz. Figure 3-5a shows the displacement time histories 

of the excitation at the input and output end of the meta-truss bar. It can be seen that f1 is 

deliberately designed to fall within the first bandgap of the proposed model but beyond that of 

the conventional model, while f2 is within the passband range of both the models. Figure 3-5b 

shows the Fourier spectrum of the output data. The numerical results have shown that only one 

input signal with the frequency of 500 Hz passes through the meta-truss bar while the 

conventional model predicts both input signals pass through the structure. This observation 
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shows that the predictions of the conventional model and numerical model are different. 

Meanwhile, the proposed model predicts only the signal with the frequency of 500 Hz can pass 

the meta-truss bar while the other one with the frequency of 300 Hz is filtered out, which 

matches well with the numerical results. This result demonstrates again that neglecting the shear 

stiffness k4 in the conventional model leads to inaccurate estimation of the bandgap width in 

the low-frequency range. 

 

Figure 3-5. (a) Displacement time histories and (b) FFT spectrum of the input and output of 

the meta-truss bar 

3.5. Sensitivity of the bandgap characteristics to mass and stiffness based on the proposed 

analytical model 

The accuracy of the proposed analytical model has been verified against the numerical 

simulation and thus it is utilized to investigate the mitigation effects of the meta-truss bar. It is 

worth mentioning that the sensitivity analysis of those parameters has not been presented in the 

literature yet. 

3.5.1 Effect of mass on bandwidth and bandgap position 

Herein, the attenuation effect of mass including the inner and outer masses on the overall 

bandwidth of the meta-truss bar is investigated utilizing the proposed analytical model. Based 

on the Bloch-Floquet theorem, the analytical dispersion curves for the meta-truss bar are 

obtained and featured in Figure 3-6 through the theoretical calculation of Eq. (3-19). It should 

be noted that to calculate the theoretical starting and ending frequencies of the passbands the 

conditions qL= 0 and qL=π are applied to Eq. (3-23). It can be seen that there is an unequivocal 
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manifestation from the figure showing that there are two passbands including the first passband 

at the frequency range of approximately 375–700 Hz and the second passband at a relatively 

higher frequency range of 1,000–1,945 Hz. 

 

Figure 3-6. Non-dimensionalized dispersion curves obtained by the proposed analytical model 

The bandgap behavior of the meta-truss bar is affected remarkably by the peculiar nature of 

local resonators consisting of the internal mass and external mass. Therefore, it is pivotal to 

examine the influence of the resonator on the meta-truss bar bandgap with respect to critical 

masses by utilizing the proposed model. Figures 3-7a and 3-7b show the two integral features 

of the locally resonant meta-truss bar, i.e. the effective mass and the effective stiffness, by 

varying the internal mass m2 (0.5α, α and 2α, where α= m2). It is obvious that the bandwidth 

and the position of the first two bandgaps (Figure 3-7a) associated with lower frequency are 

affected by the mass m2 while the third bandgap (Figure 3-7b) with higher frequency resulting 

from the stiffness remains unchanged. The analytical results also indicate that the inextricable 

relationship between the position of the bandgap and the local resonance frequency is a function 

of m2. Figure 3-8a clearly exhibits that the location of the first two bandgaps drastically shifts 

to the left with an increase of the internal mass. On the contrary, it is clear that the negativity 

of effective stiffness which forms the third bandwidth shown in Figure 3-7b remains unchanged, 

irrespective of the changing value of m2. 
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Figure 3-7. Effect of the internal mass m2 on the bandgap characteristics (a) effective mass 

and (b) effective stiffness 

Figures 3-8a and 3-8b show the influence of the outer mass m1 on the effective mass and 

stiffness, respectively. The other parameters are exactly the same as those in Table 3-5. 

Primarily, the bandgap position which is determined by the local resonance frequency has not 

exerted any effects by varying the value of m1. An increase of m1 results in a reduction in the 
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first and second bandwidths in which the effective mass becomes negative as shown in Figure 

3-8a but increases significantly the third bandwidth which results from the negativity of the 

effective stiffness (Figure 3-8b). In general, the negativity of the effective mass and effective 

stiffness relates to the bandgap region of the system in terms of wave propagation. 

The above analytical results clearly indicate that the bandgaps could be controlled by varying 

the values of the internal mass m2 and external mass m1 to achieve the desired optimal wave 

manipulation. Moreover, the outer mass m1 is more sensitive to the third bandgap associated 

with higher frequency while the inner mass m2 shows a more significant influence on the first 

and second bandgaps which are located in a lower-frequency region. It is noted that the 

sensitivity can be qualitatively predicted by analyzing the relationship between m1 and m2 with 

meff and keff in Eqs. (3-21) and (3-22), considering that meff is related to the first and second 

bandgaps while keff governs the third bandgap. As shown in Figures 3-7 and 3-8, in which the 

value of m1 is varied 10 times while that of m2 is only varied 2 times to show the variation in 

the bandgap characteristic. This observation indicates that the internal mass which significantly 

influences the local resonance frequency of the meta-truss bar is more sensitive, compared to 

the external mass, in terms of the bandgap characteristics in wave propagation. 
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Figure 3-8. Effect of the internal mass m1 on the bandgap characteristics (a) effective mass 

and (b) effective stiffness 

3.5.2 Effect of stiffness on the bandwidth and bandgap position 

The proposed model includes the additional parameter ks2 which represents the shear stiffness 

of the inner core while the other factors that affect the bandgap ka2, ka2, and ks1 remain the same. 

The effect of the stiffness ks2 on the bandwidth and the bandgap position is investigated in this 

section. Figure 3-9 illustrates the typical wave dispersion relations of the meta-truss bar with 

respect to different values of ks2. From Figure 3-10, the following three primary findings can 

be summarized: (1) the internal resonance frequency is affected considerably due to the 

contribution of the stiffness ks2; (2) dissimilar to the conventional model, the characteristic of 

the bandgap generated by the proposed model has a wider frequency bandgap at low-frequency 

range, for instance, the upper bound of the first bandgap increases from 375 Hz to 655 Hz by 

varying ks2 from α to 10α; and (3) the bandgap in the high-frequency range mostly formed by 

the negativity of the effective stiffness remains unchanged regardless of the varying ks2. 

Analogously, the effects of the parameters ka1, ka2, and ks1 on the bandgap behaviour are 

examined and the results are shown in Table 3-5. It is clear that increasing the shear spring 

stiffness ks1 narrows the frequency region of the third bandgap, but results in a surge of the other 

two bandgaps. On the other hand, for the axial stiffness ka1 and ka2, while increasing the stiffness 
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exerts no effect on the first bandgap, it narrows the third bandgap and results in an increase and 

stability on the second bandgap by increasing ka1 and ka2, respectively. In summary, the third 

bandgap associated with high frequencies is more sensitive to the stiffness ka1, ka2 and ks1, while 

the axial stiffness exhibits no influence on the first bandgaps. 

 

Figure 3-9. Dispersion relations of meta-truss bar embedded with the resonator with varied 

values of ks2 

Table 3-5. Meta-truss bar characteristics with varied stiffness ka1, ka2, and ks1 

Stiffness Value 1st Bandgap 2nd Bandgap 3rd Bandgap 

ks1 α 0 – 375 Hz 700 – 1,100 Hz 1,945 – 5,000 Hz 

5α 0 – 550 Hz 700 – 1,250 Hz 2,100 – 5,000 Hz 

10α 0 – 620 Hz 700 – 1,610 Hz 2,305 – 5,000 Hz 

ka1 α 0 – 375 Hz 700 – 1,100 Hz 1,945 – 5,000 Hz 

5α 0 – 375 Hz 700 – 1,100 Hz 3,500 – 5,000 Hz 

10α 0 – 375 Hz 700 – 1,100 Hz 3,945 – 5,000 Hz 

ka2 α 0 – 375 Hz 700 – 1,100 Hz 1,945 – 5,000 Hz 

5α 0 – 375 Hz 1,400 – 2,100 Hz 2,700 – 5,000 Hz 

10α 0 – 375 Hz 2,000 – 2,900 Hz 3,305 – 5,000 Hz 
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3.6. Transient response of meta-truss bar based on numerical simulation 

The above analytical derivation and solution are valid for the meta-truss bar with some 

assumptions, i.e., infinite unit cells and harmonic wave solution. In practice, a meta-truss bar is 

applied with a finite number of unit cells. Deriving an analytical solution for the structural 

response of such meta-truss bar is not straightforward. To surmount this limitation of the 

analytical solution, a finite element model of the meta-truss bar is built in LS-DYNA to 

investigate the stress wave propagation in the structure. In this section, the transient response 

of the meta-truss bar under harmonic excitation is further examined with two cases including a 

sweep excitation [1-5,000] Hz in Section 3.6.1 and a dominant frequency at 500 Hz in Section 

3.6.2. The stress waves in the time domain at the far end are captured to demonstrate the 

exceptional characteristics of the meta-truss bar. 

3.6.1 Transient response to sweep excitation 

 

Figure 3-10. Sweep excitation input profiles in time-domain 

Figure 3-10 shows the sweep excitation at one end of the meta-truss bar and Figure 3-11 depicts 

the movement vector of each part of the entire structure at a typical instant. Figure 3-11a shows 

the displacement contour of each component of the 3D meta-truss bar in which local resonators 

m1 and m2 do not have synchronized motions due to the local resonant mechanism that the 

hardcore acts as an oscillator. Specifically, the interaction of these two resonators (resonator 1 

in white color and resonator 2 in yellow color) includes the in-phase motions (Figure 3-11b) 
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and the out-of-phase motions (Figure 3-11b) working as energy absorbers can significantly 

mitigate the stress wave propagating through the structure. 

 

Figure 3-11. Snapshots of the interaction displacement (a) 3D meta-truss bar, (b) cross section 

of unit 1 at t = 4.299 ms, and (c) cross section of unit 1 at t = 6.449 ms 

To more explicitly show the wave attenuation effect of the meta-truss bar leveraging the locally 

resonant mechanism, the Z-stress waves at different section of the meta-truss bar including the 

input section, the middle section and the output section of the aluminium outer tube element 

(3rd layer in Figure 3-1) and outer rubber element (2nd layer in Figure 3-1) are compared in 

Figures 3-12a and 3-12b, respectively. It can be seen that the amplitudes of the element close 

to the input excitation (input section in the figure) are largest, followed by the amplitudes at the 

middle section while the smallest amplitudes belong to the element at the far-end position (the 

output section). In particular, the maximum amplitudes of the stress waves at the three sections 

of the aluminum outer mass are -1.4x106 N/m2, -0.5x106 N/m2, -0.3x106 N/m2, respectively, and 

the corresponding results in the external layer of rubber are -1.7x106 N/m2, -0.8x106 N/m2, -

0.4x106 N/m2. It is evident that both figures exhibit the stress wave attenuation observation 

from the beginning to the end of the meta-truss bar subjected to the sweep frequency excitation 

which has the dominant frequencies falling into its bandgap regions. 

In general, the transient responses of the meta-truss bar significantly rely on its frequency band 

structure which are affected by its geometric design. By adopting the local resonance 

mechanism, the designed meta-truss bar successfully exhibits its stress wave attenuation 

phenomenon by mitigating the stress waves propagating from the input section to the output 

section.  
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Figure 3-12. Stress waves time histories at different sections of the meta-truss bar at (a) outer 

mass aluminium and (b) outer coating 

To further validate the proposed model, the continuous wavelet transform (CWT) is applied to 

analyze the output displacements in the time-frequency domain. In this chapter, a Gabor 

wavelet transform is chosen as the mother wavelet function owing to its multiresolution analysis 
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capability. Figure 3-13 depicts the multi-frequency CWT profiles of the far-end surface data in 

the case of sweep excitation. As shown, no energy exists in the output signal within three 

frequency ranges which are shaded in the figure, which mean the three bandgaps are formed. 

These bandgaps are well agreed with the analytical results as discussed above. 

 

Figure 3-13. Transient response profiles of the output displacement obtained by the CWT 

method in the time-frequency domain under the sweep excitation 

3.6.2 Transient response to a single frequency inside the passband 

The dynamic response of the meta-truss bar is further studied by applying a prescribed 

displacement with a frequency that falls outside the bandgap range. In the numerical simulation, 

a frequency of 500 Hz is chosen. By applying a similar procedure, the stress waves of an 

element in the lead core (5th layer in Figure 3-1) and the inner coating (4th layer in Figure 3-1) 

at the input end, middle part and output end of the model are compared in Figures 3-14a and 3-

14b, respectively. It can be seen that no wave attenuation occurs because the wave frequency 

is outside the bandgap of the meta-truss bar. In other words, the stress wave can propagate 

through the meta-truss bar without any internal obstructions, there is no prominent change in 

the stress amplitude. 
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Figure 3-14. Stress waves time histories at different sections of the meta-truss bar subjected to 

harmonic excitation with frequency in the passband at (a) lead core and (b) inner coating 

Figure 3-15 depicts the multi-frequency CWT profiles of the far-end surface subjected to a 

single frequency excitation (i.e. with the frequency of 500 Hz).  As shown in Figure 3-15, the 

dominant frequency of the transmitted signal remains unchanged at 500 Hz, which means no 
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wave attenuation phenomena occurs in this area. This is because 500 Hz is within the passband 

of the meta-truss bar as discussed above. 

 

Figure 3-15. Transient response profiles of the output displacement obtained by the CWT 

method under the excitation with a single frequency of 500 Hz 

3.7. Conclusions 

In this chapter, an analytical spring-mass model is developed to improve the accuracy of the 

commonly used analytical model for the dynamic behaviors of the meta-truss bar. In the 

proposed model, one more spring representing the shear stiffness between the most inner core 

and the corresponding coating is taken into consideration. From the analytical and numerical 

investigations, the following conclusions can be drawn: 

1. The proposed model results in a broader low-frequency bandgap for the meta-truss bar, while 

this low-frequency bandgap width is under-predicted by the conventional model owing to 

neglecting the shear stiffness of the second-layer coating connecting the inner and outer mass. 

2. Parametric studies reveal that the first two bandgaps can be broadened by either increasing 

the internal mass m1 or decreasing m2 while the third bandgap remains unchanged irrespective 

of the value of m2 but increases with m1. 

3. Increasing the axial stiffness ka1, and ka2 has no effect on the first bandgap but narrows the 

third bandgap. Increasing shear spring stiffness ks1 narrows the third bandgap, but widens the 
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other two bandgaps. Increasing the shear stiffness ks2, which is neglected in the previous study, 

has no effect on the bandgap in the high-frequency range but widens the bandgap in the low-

frequency range. 

In general, the investigated meta-truss bar with dual resonators exhibits excellent performance 

on stress wave mitigation so that it possesses a great potential to be deployed in protective 

structures or energy absorbers. The proposed analytical model can predict the performance of 

the meta-truss bar with a high level of accuracy in the low-frequency range.  
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CHAPTER 4. IMPACT LOAD MITIGATION OF META-PANELS WITH 

SINGLE LOCAL RESONATORS 

Abstract3 

This chapter investigates the influence of design parameters on the impact mitigation capacity 

of a new meta-panel that leveraged the coupled mechanisms of plastic deformation and local 

resonance to absorb energy from impact loading. The main objective is to minimize the force 

to be transmitted to the protected structures through mitigating the stress wave propagation by 

using local resonators. The meta-panel demonstrates the capability of filtering out the stress 

wave induced by impact loading with frequencies falling in its bandgaps. A numerical model 

is built and verified by the analytical solution with a good agreement in terms of the predicted 

frequency bandgaps. The meta-panel shows a substantial reduction in the mid-span deflection 

of the facesheets and an increase in the impact energy absorption as compared with the 

conventional sandwich panels. The peak reaction force of the meta-panel transmitted to the 

protected structure is also reduced significantly by more than 47% compared to its conventional 

counterparts. Furthermore, parametric studies are conducted to investigate the effects of the 

thickness of the hollow-truss bar, core material properties, and impact velocity on the meta-

panels impact-resistant behaviour.  

                                                 

3 The related work in this chapter was published in Engineering Structures with the full 

bibliographic citation as follows: 

N.H. Vo, T. Pham, K. Bi, W. Chen, H. Hao. Impact Load Mitigation of Meta-panels with Single 

Local Resonator. Engineering Structures. 2022; 265: 114528. 

https://doi.org/10.1016/j.engstruct.2022.114528 

https://doi.org/10.1016/j.engstruct.2022.114528
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4.1. Introduction 

When structural elements, e.g., beams [115], columns, and joints [116] are subjected to impulse 

loading, their failure/wreckages might cause major loss of human life and economy. It is, 

therefore, deemed important to develop protective systems to protect critical structures exposed 

to these threats. Amongst many mitigation strategies, the deployment of sacrificial cladding as 

a shock attenuator has attracted intensive researches due to its protective functionality and 

excellent behaviour [117, 118]. Sacrificial claddings often consist of two components, namely 

the outer facesheets and the inner core [119, 120]. While distributing the load more uniformly 

is the function of the outer facesheets, the inner core often deforms and absorbs most of the 

energy from the incident loading via plastic deformation, leading to load mitigation on the main 

protected structures. Many studies have proven that sandwich panels functioning as sacrificial 

claddings have a significantly higher dynamic resistance compared to the monolithic plates with 

the same mass per unit area [121]. 

Regarding the dynamic mitigation, much effort has been devoted to exploring different forms 

of protective sandwich panels as sacrificial cladding. Relatively new materials that possess the 

protective capabilities against dynamic loading have been explored by a few researchers such 

as aluminium foam panels by Hanssen et al. [7], double-layer foam panels by Ma and Ye [122], 

and honeycomb core by Hazizan and Cantwell [123], etc. Besides, the superior behaviour of 

the lattice-truss panels under impact loading has also been explored [124, 125]. These studies 

proved that the lattice core-based sandwich panels outperform their conventional counterparts 

such as honeycomb sandwich panels regarding impulsive energy absorption capacity and 

mitigating effect. Besides, the space provision of the lattice sandwich structures is generally 

wider compared to honeycomb structures, which can be utilized for other purposes, e.g. heat 

transfer [126, 127], energy absorbers [128], and sound isolation [129, 130]. Generally, the main 

mechanism of these types of sandwich panels is based on plastic deformation to absorb energy 

from the incident loading [23, 29]. 

More recently, increasing attention has turned to filter incident loading using the local 

resonances as energy absorbers, e.g. meta-truss bar [41, 83], meta-concrete [73, 82] and meta-

materials [33] resulting in the loading mitigation effect. It is worth mentioning that the prefix 

“meta” originates from the Greek preposition, which meant “beyond”, implying these 

favourable structural behaviour are superior to other natural counterparts [41]. To filter incident 

loading, Liu et al. [68] proposed the novel meta-truss bar comprising of single and dual 
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resonators. Investigations have been carried out to manifest the potential of the meta-truss bar 

in creating bandgaps to stop wave propagation. For practical applications, the wave propagation 

mitigation of the meta-structures has been demonstrated in meta-sandwich beam by Chen et al. 

[131]. The results showed that the local resonance of the embedded resonators in the meta-

sandwich beam was activated when the frequencies of the incident loading fall into its 

bandgaps, thus trapping wave energy to attenuate stress wave propagation. Also, it has been 

proven that the bandgap is programmable by varying the resonator designs and thus allowing 

for tailoring the attenuation properties as required by practical applications [132]. A meta-

foundation that can both attenuate seismic waves and withstand static loads was proposed by 

La Salandra et al. [133]. That study investigated the influence of both geometrical and 

mechanical properties of a foundation inspired by meta-material concept on its dynamic 

performance as well as its capabilities of bearing gravity loads. Furthermore, the structural 

configuration of lattice core sandwich panels and the exceptional characteristics of the meta-

truss bar to form a meta-panel, resulting in the impact/blast mitigation and higher energy 

absorption of the panels have been studied [41, 42]. In general, studies on applying meta-truss 

bar in engineering structures are very limited and no systematic studies have been reported to 

determine the integral influence that affects the transient response of the meta-panel in 

literature. In particular, the effects of the design parameters including material properties and 

truss-bar thickness, as well as the impact velocity on the protective effectiveness of the meta-

panel have not been well investigated. Given the above considerations, there is thus a strong 

need to further study of this promising field towards practical applications. 

The impact behaviour of the meta-panel with single resonators functioning as sacrificial 

cladding (Figure 4-1) are examined in this chapter. It should be noted that the meta-panel adopts 

the coupled mechanisms of absorbing strain energy through plastic deformation of the outer 

tube and local resonance of the inclusions. The optimization analyses are carried out to enhance 

its mitigating effect through comprehensive parametric studies. The impact performances of 

the meta-panel are simulated using finite element software LS-DYNA to evaluate its impact 

mitigation capacity compared to those of the conventional panels. The numerical transmission 

coefficient is verified against the analytical results for validation. In this chapter, the dynamic 

responses of panels with various designs are evaluated through the criteria including the energy 

absorption capacity, the central deflections of the facesheet, and the boundary reaction forces. 

Furthermore, parametric studies have been conducted by varying each parameter to investigate 

the effects of the truss-bar thickness, the material properties, and the impact velocity on the 
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transient responses or the protective effect of the meta-panel. This chapter not only numerically 

and analytically demonstrates the dynamic mitigation mechanism of the meta-panel subjected 

to impact loads, but presents several favourable findings, which are beneficial for engineering 

applications. Experimental tests will be carried out in near future to further verify the 

performance of meta-panels designed according to these findings. 

 

Figure 4-1. Schematic illustration of the protection of meta-panels against impact loading 

4.2. Geometric configuration 

For the investigated structure, two thin facesheets are bonded to four meta-truss bars to form a 

symmetric meta-panel as sketched in Figure 4-2a. The distinctive feature of this design lies in 

the meta-cores made of meta-truss bars that consist of 7 unit cells (Figure 4-2b). With this 

configuration, the unit model comprises three components, i.e. the outer tube, the soft coat, and 

the resonator, whose dimensions are depicted in Figure 4-2b while their materials are shown in 

Figure 4-2c. To endure large deformation, polyurethane (PU) is selected for the soft coating 

while aluminium 1060 and lead are respectively chosen for the outer tube and the resonator. 

The two facesheets connected rigidly to the outer tubes to form an integral structure are also 

made of aluminium 1060. The mechanical properties of all components are tabulated in Table 

4-1. 
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Figure 4-2. Schematic diagrams of (a) the meta-panel under impact loads, (b) meta-truss bar, 

and (c) unit cell 

 Table 4-1. Elastic material properties used in the numerical simulation [111] 

Materials Density ρ (kg/m3) Young’s modulus E (GPa) Poisson’s ratio ν 

Aluminium 1060 2,770 70 0.33 

PU 900 0.147 0.42 

Lead 11,400 16 0.44 

Steel 7,850 210 0.29 

4.3. Analytical predictions of the bandgaps 

The design can be conceptualized as the monotonic unit cells as shown in Figure 4-3, which are 

analytically described using the spring-mass model. The outer tube represents the matrix in the 
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model while the resonator is represented by the mass of m1. The soft coating is modelled by 

two springs including the axial spring and the shear spring, i.e., ka1, ks1, respectively for the soft 

coating. Without loss of generality, the mitigation effects on stress wave propagation of the 

meta-truss bar are examined by analyzing the performance of elastic stress wave propagation 

in the idealized meta-truss bar model. 

 

Figure 4-3. Equivalent effective spring-mass model 

The mass of the resonator m1 (with an outer radius, r) can be calculated as  

2

1m r l  (4-1) 

where ρ is the material density, r and l are the radius and length of the resonator. 

The stiffness of the equivalent springs is estimated using the following equations: 

3 1
1

1

a

E A
k

l
 , 3 2

1

2

s

G A
k

l
 , 

 
3

3

32 1

E
G





 

(4-2) 

where G3 and E3 respectively denote shear and Young’s modulus of the soft coating while 𝜗3 is 

Poisson's ratio. The determination of the nominal dimension for calculating the equivalent axial 

and shear spring stiffness, i.e, Ai and li (i=1,2), ka1 and ks1 are not straightforward due to the 

shape complex geometry. Instead of calculating these equivalent geometrical dimensions, in 

this chapter, the equivalent stiffness ka1 and ks1 are numerically calculated. It should be noted 

that the investigation on the relationships between the numerically determined stiffnesses with 

their theoretical values when varying the thickness l1 and l2 demonstrates that both numerical 

and analytical solutions yield similar estimations of stiffnesses for the considered meta-truss 

bar, as proven in previous studies [42, 134]. The estimated mass is given by m1 = 7.16x10-2 kg 

while the axial and shear stiffness are ka1 = 57,375 kN/m, ks1 = 35,498 kN/m, respectively. 



80 

The characteristics of the meta-truss bar are determined by a process of deduction starting with 

applying the equation of motion and ending with the negative effective properties, as well as 

the dispersion relation and transmission coefficients. The equation of motion for the jth unit cell 

can be derived as: 
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(4-3) 

in which u1 represents mass displacement. 

The displacement for the harmonic wave of the jth unit cell is expressed as: 
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where ω and L respectively denote the angular frequency and the distance between two adjacent 

unit cells. U and q stand for the wave amplitude and wave number, respectively. 

Substituting Eq. (4-4) into Eq. (4-3), the dispersion curve is expressed: 
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To simplify the model, a homogeneous unit cell [68] consisting of an effective mass connected 

by an effective stiffness as shown in Figure 4-3 can be derived and expressed as: 
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where meff  and keff are the effective mass and effective stiffness, respectively. It is worth 

mentioning that the underlying goal for developing the effective properties of the investigated 

parameters including mass and stiffness in the analytical model is to establish the relationship 

between the frequency of the incident force and the locally resonant frequency of the system. 

In the local resonant phase, there is a relative and out-of-phase motion between the resonators 

and the outer tube. This induces a change in the vibration properties of the system, meaning 

that the effective parameters for the dynamic response are different from their physical 
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parameters owing to the local vibrations. The negative effective mass and stiffness are triggered 

with incident frequencies falling into the bandgaps of the meta-truss bar, leading to the 

favourable wave attenuation characteristics of the meta-system. 

The dispersion relation in Eq. (4-5) is solved to define the width of the passband as: 
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The starting point of the passband can be obtained by substituting qL=0: 
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and the ending point of the passband can be expressed by substituting qL=π, as: 
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The transmission coefficients of the entire system can be given: 
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Based on the above derivations, Figure 4-4a depicts the analytical dispersion relation of the 

meta-truss bar whereas the effective parameters are also obtained and shown in Figure 4-4b. It 

is observed that the theoretical first bandgap of the meta-truss bar is at [0 - 3,500] Hz, which is 

generated by the negative effective mass (as shown in Figure 4-4b) while the value of effective 

stiffness becomes negative leading to the second bandgap at [> 9,500] Hz. It is shown that the 

bandgaps can be generated by both negative effective mass and stiffness. 
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Figure 4-4. (a) Dispersion curve and (b) effective parameters of the meta-truss bar 

4.4. Numerical modeling 

The bandgap frequencies of the meta-truss bar have been achieved by utilizing the analytical 

solutions, based on the one-dimensional spring-mass model. However, the above theoretical 

derivation is based on the assumption of the infinite number of unit cells under harmonic wave 

input for solving the Eigen frequency and calculating the bandgaps. It is not straightforward to 

obtain the closed-form theoretical solutions of the case with a finite number of cells, boundary 

reflections, and subjected to different forms of input. Moreover, it is more difficult to derive 

the analytical solution of the structural behaviour of the meta-panel under impact load, 

especially when plastic deformation is considered. To surmount the limitations of the analytical 

solutions, a numerical investigation is conducted to evaluate the transient responses of the meta-

panel subjected to impact loading. The results obtained from the above theoretical solutions 

based on idealized conditions are utilized to indirectly verify the accuracy of the numerical 

model of the meta-panel presented in Figure 4-2 in Section 4.2. 
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4.4.1 Numerical model calibrations 

The numerical simulation is conducted by the commercial software LS-DYNA [135] to 

evaluate the transient responses of the meta-panel subjected to impact loads. This section 

presents the constitutive material models, initial conditions, element types and sizes, and 

contact definition of the numerical model. 

4.4.1.1 Constitutive material models 

Johnson-Cook material model [136] as defined in Eq. (4-12) is adopted in LS-DYNA with the 

keyword *MAT_JOHNSON_COOK material (Mat_15) to exhibit the rate-dependence of 

aluminium material. The Johnson-Cook strength model, which is a phenomenological model 

based on various experimental results, has been widely used to capture the rate-dependent 

behaviour of aluminium alloy. The model has been successfully validated to describe the 

mechanical responses of Aluminium experiencing high-rate deformation or melting process 

[113]. 

    * *1 ln 1
n

p mA B C T      
  

 (4-12) 

where the equivalent von Mises stress is denoted by 𝜎 while the equivalent plastic strain is 

expressed by 𝜀. The plastic strain rate, �̇�∗ is defined by the ratio 𝜀̇/𝜀0̇, in which 𝜀0̇ is a reference 

strain rate and is generally set to 1.0 s-1. The ratio    /r m rT T T T  defines the dimensionless 

temperature, T*, in which the material reference temperature is Tr and the melting temperature 

is Tm. Besides, Table 4-3 gives the equation of state for the Johnson-cook model, which is 

adopted by card *EOS_LINEAR_POLYNOMINAL.  

The card *MAT_MOONEY_RIVLIN_ RUBBER in Eq. (4-13) is simulated the performance 

of the PU material model while for the lead cores, the keyword *MAT_PLASTIC 

_KINEMATIC in Eq. (4-14) is chosen. It is because this material model is commonly used for 

modelling metal with bi-linear elastic-plastic constitutive relationship and isotropic or 

kinematic hardening plasticity which is defined by a hardening parameter β. In this chapter,  β 

is set to 1 which represents isotropic hardening. The steel impact ball is assumed as rigid and 

modelled by the card *MAT_RIGID. The material properties used in the numerical simulation 

are listed in Table 4-2. Soft materials have nonlinear stress-strain behaviour for relatively large 

deformations. Under such conditions, they are generally assumed as nearly incompressible. To 

model these hyperelastic materials through FE analysis, the Mooney-Rivlin model is adopted 
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on the polynomial development of total strain energy. Two Mooney-Rivlin parameters (C10 and 

C01) given in Table 4-2 are often used to describe the hyper-elastic rubber deformation. 

Table 4-2. Material properties in the numerical model 

Category Material models Parameters Value 

Al 1060 

[41] 

MAT_JOHNSON_COOK Density 2,770 kg/m3 

Poisson’s ratio 0.33 

Young’s modulus 70 GPa 

Yield stress A 0.369 GPa 

Hardening constant B 0.675 GPa 

Strain rate constant C 0.007 

Softening exponent m 1.5 

Hardening exponent n 0.7 

Melting temperature Tm 800 K 

Lead  

[114] 

MAT_PLASTIC_KINEMATIC Density 11,400 kg/m3 

Poisson’s ratio 0.44 

Young’s modulus 16 GPa 

Yield stress 20 MPa 

Tangent modulus 50 MPa 

Hardening parameter 109 

Strain rate parameter C 109 

Strain rate parameter P 1 

Failure strain 0 

PU  

[137] 

MAT_MOONEY_RIVLIN_RUBBER Density 900 kg/m3 

Poisson’s ratio 0.42 

Constant C10 21.5 MPa 

Constant C01 4.3 MPa 

The Mooney-Rivlin material model has previously been used to successfully predict the 

behaviour of PE. The Mooney-Rivlin strain energy potential is adopted as follows [138]. 
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where W is the strain energy per unit of reference volume while I1, I2, I3 are the strain variants. 

k is the bulk modulus and I3 = 1 for incompressible material behaviour; Ckm is the constant of 

the Mooney-Rivlin material.  

The input parameters defined in the *MAT_PLASTIC-KINEMATIC model are based on quasi-

static material testing. The strain rate effect is taken into consideration by using the Cowper-

Symonds model whose equation is given as: 
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where 𝜎𝑑 and 𝜎𝑠 are the dynamic yield stress and static yield stress at the plastic strain rate 𝜀̇, 

respectively. The constant strain rate parameters are expressed by Cowper C and Symonds P. 

Table 4-3. Equation of state for aluminium [113] 

C0 

(Pa) 

C1 

(GPa) 

C2 

(GPa) 

C3 

(GPa) 

C4 

 

C5 C6 E0 

(GPa) 

V0 

(m3/m3) 

0 74.2 60.5 36.5 1.96 0 0 0 1 

4.4.1.2 Modelling contacts and boundary conditions 

The model utilized to simulate the contact between the impactor and front facesheet of the panel 

is applied by the card *AUTOMATIC_SURFACE_TO_SURFACE while the contact 

definition between the metals and polyurethane is *TIED_SURFACE_TO_SURFACE to 

assume their perfect bond. Since it is assumed that the interfaces between PU and the metals of 

the meta-panel are perfectly bonded, hence no debonding analysis is carried out. Besides, the 

card *TIED_NODE_TO_SURFACE is adopted to simulate the joint between the facesheets 

and the meta-truss bars. All nodes along the perimeter of the back facesheet are fixed in all 

directions using the *BOUNDARY_SPC_SET. In this chapter, solid hexahedron elements 

(SOLID 164) are utilized to model all the elements. LS-DYNA provides two types of bulk 

viscosity coefficients namely Q1 and Q2 to treat shocks. While Q1 helps to smear the shocks 
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and also prevents the element from collapsing under high velocities, Q2, called as a linear term, 

helps to rapidly damp out the oscillations. By default, these coefficients are fixed at Q1=1.5 and 

Q2=0.06 and both are active for solid elements in this chapter [139]. 

4.4.1.3 Impactor 

The steel impactor is modelled as a rigid body. The impactor has a spherical shape of 20 mm 

radius and its weight is 1 kg. The initial velocity of the impactor against the panel is 3 m/s and 

is defined by the *INITIAL_VELOCITY_GENERATION card, which is applied to all nodes 

of the impactor. The predicted impact force-time history is shown in Figure 4-5a while Figure 

4-5b depicts the corresponding FFT spectrum. As shown, the peak impact force is nearly 10 kN 

with the dominant frequencies of impact loading up to approximately 3,000 Hz. 

 

Figure 4-5. (a) Time history of impact force and (b) frequency domain 

4.4.2 Mesh convergence study 

Typically, to secure the accuracy of the numerical simulations, a mesh convergent study is 

conducted by varying mesh sizes, i.e. 3 mm, 2 mm, 1 mm, 0.5 mm, and gradient mesh which 

represents coarse, medium, and fine meshes. Figure 4-6a shows the schematic diagram of 

gradient mesh sizes for the meta-panel, in which a uniform mesh size of 1 mm is adopted for 

the meta-truss bar while for the facesheets, the mesh sizes of 0.5 mm and 1 mm are set for the 

impact area (60 x 60 mm2 in the centre area) and the remaining area, respectively. The central 

point displacement of the front facesheet of the meta-panel and the computational cost 

corresponding to various mesh sizes are shown in Figure 4-6b. As observed, the mesh size of 

0.5 mm and gradient mesh result in similar outcomes. The mesh size is considered to converge 

at about 0.5 mm while its computational cost is greatly higher than that of the gradient mesh 
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sizes. Therefore, the gradient mesh size is utilized in the subsequent numerical simulations 

when considering both the accuracy and efficiency. 

 

Figure 4-6. Mesh convergence analysis 

4.4.3 Model validation 

The transmission coefficient from both numerical and analytical derivation is utilized for model 

validation. One end of the meta-truss bar is excited by the input signal in a form of prescribed 

displacement with a sweep frequency of [0 – 20,000] Hz while the output response is captured 

at the other end to calculate the transmission coefficient. It is worth mentioning that the 

prescribed displacement is generated by the sweep-frequency cosine function named “Chirp” 

in Matlab. Then, it is applied to the meta-truss bar model in Ls-Dyna using the keyword 

*PRESCRIBED_MOTION_SET. As shown in Figure 4-7, the numerical and the theoretical 

transmission coefficients are in good agreement, implying the validity of the model. For the 

numerical simulation, the frequency ranges of [0 - 3,600] Hz and [>9,000] Hz are respectively 

the 1st and the 2nd bandgap while the corresponding regions of the bandgap from the theoretical 

results are [0 - 3,500] Hz and [>9,500] Hz as presented above. It is observed that there are some 

slight discrepancies between the two approaches. This is because, as discussed above, the 

assumption of the infinite number of cells in the theoretical derivation of the meta-truss bar, 

while in the numerical model only a finite length of the meta-truss bar is modelled. Furthermore, 
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boundary reflections of the wave propagating in the finite length truss bar also affect the 

numerical results. 

 

Figure 4-7. Analytical and numerical transmission coefficients of the meta-truss bar 

To further validate the numerical simulation, a prescribed displacement with multi-frequency 

components [92] is excited at one end of the meta-truss bar (as shown in Figure 4-2b) to verify 

its frequency suppression capacity as follows: 
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and fn = [200; 1,000; 6,000] Hz, n = 1, 2, 3, respectively. The frequencies f1 and f2 are purposely 

chosen at low frequencies which are often in the frequency range of impact loading and also 

fall into the bandgap of the meta-truss bar while f3 is within its passband as shown in Figure 4-

7.  The input and output signals are compared by the displacement-time histories and the FFT 

spectra, which are shown in Figures 4-8a and 4-8b, respectively. It is found that only the 

frequency of 6,000 Hz can travel through the meta-truss bar whereas the frequencies of 200 Hz 

and 1,000 Hz, which fall into its bandgap as shown in Figure 4-7 are completely suppressed. 

These results indicate the filtering capacity of the meta-truss bar with frequencies falling in its 
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bandgaps. In summary, by introducing meta-cores inside the hollow truss bar, frequency 

bandgaps can be generated to effectively filter out stress waves propagating through the meta-

truss bar. 

 

Figure 4-8. (a) Displacement-time histories and (b) FFT spectra at the center points of the 

meta-truss bar 

4.4.4 Results and discussions 

The numerical model of the meta-panel (shown in Figure 4-2) is developed by using the explicit 

finite element code LS-DYNA in this subsection to demonstrate its structural performance in 

withstanding impact loading. Two conventional panels comprising solid bars and hollow bars 

as respectively shown in Figures 4-9a and 4-9b are built for comparison. These panels are 

intentionally designed with the same geometric parameters as the meta-panel, and the only 

different component among them is the truss-cores connecting two facesheets. Specifically, the 

solid-truss bar, hollow-truss bar, and meta-truss bar have the same diameter. In this chapter, the 

main aim is to examine the dynamic behaviour of the meta-truss bar in attenuating the impact 

load, therefore, the truss bar size remains the same instead of making the same weight due to 

two reasons. Firstly, if the hollow truss bar thickness and/or diameter is tailored to have a similar 

mass as the solid bar, its size could be very large which also influences its deformation and 

hence energy absorption. Secondly, to maintain the same weight, the diameters of the solid truss 

and hollow truss bar have to be greater than the meta-truss bar due to the higher density of lead 

core than the aluminium core. This results in decreasing energy absorption of these panels. 

Therefore the same size of the three sacrificial panels is considered in the analysis in this 

chapter. The structural responses including the central displacement of the facesheets, the 

reaction force-time history, and energy absorption are evaluated among these three panels to 
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validate the effectiveness of the meta-panel in mitigating the impact loading effects, which is 

described in Section 4.4.1.3. 

 

Figure 4-9. Schematic diagram of panels comprising of (a) solid-truss bar and (b) hollow-truss 

bar 

4.4.4.1 Deformation analysis 

Figure 4-10a shows the displacement of the back facesheet of the panels with solid-truss bars, 

hollow-truss bars, and meta-truss bars, respectively while their displacement contours are 

illustrated in Figure 4-44. As shown, the maximum displacement of the meta-panel is 0.31 mm, 

which is 20% and 33% lower than those of the panel with hollow-truss bars and solid-truss bars, 

respectively. This is because the vibration of meta-cores, which generates bandgaps and filters 

the incident waves within its bandgaps, results in lower impulse transferring to the back 

facesheet of the panel. The FFT spectrum of displacement response of the three panels is 

illustrated in Figure 4-10b. For the meta-panel, a reduction of the peak amplitude of the central 

displacement occurs in the 1st bandgap around 0 – 3,500 Hz, which well agrees with the 

prediction in Section 3. However, as can be noted, unlike those shown in Figure 4-8, only partial 

incident wave is mitigated within the bandgap, i.e., wave energy is still transmitted in the 

bandgap of the meta-panel although some reductions are observed as compared to the other two 

reference panels. This is because only a portion of the incident wave propagates through the 

meta-core and thus is mitigated while other portions of wave energy travel through the outer 

tube of the truss bars. In the above section 4.4.3, the incident displacement is only applied to 

the core so that it is completely filtered within the bandgap while in the meta-panel, it is a 

combination of three components, i.e, the facesheets, the outer tubes, and the meta-cores and 
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only the meta-core has bandgaps to filter out wave energy. In general, the meta-panel has a 

smaller deformation compared to its conventional counterparts, indicating its effectiveness in 

mitigating the impact loading effect for structure protection. 

 

 

Figure 4-10. Displacements of the back facesheet (a) time histories, (b) frequency spectra 
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Figure 4-11. Displacement contour of the back facesheets (a) solid-truss panel, (b) hollow-

truss panel, (c) meta-panel, and (d) deformation pattern of the meta-panel 

4.4.4.2 Energy absorption characteristics 

To obtain an inclusive comprehension of its impact mitigation, analysis on the energy 

absorption capacity of the meta-panel subjected to impact loads is conducted. Figure 4-12a 

shows the total energy while Figures 4-12b and 4-12c exhibit the kinetic energy, and the internal 

energy absorbed by each constituent of the meta-panel under impact loads, respectively. As 

shown, due to the existence of the soft coating, there is a relative movement between the lead 

cores and the aluminium tube which absorbs a significant amount of energy. This movement is 

observed because when the energy absorption by the coating and the core increases to a peak 

value, the energy in the outer tubes is at its minimum. This effect is very obvious at a late stage 

when t is larger than about 1.5 ms as shown in the figure. At the beginning of the impact, the 

energy absorbed by the core is relatively small since it takes time for the cores to be activated. 

The obtained findings reveal the damage mitigation effect to the outer tube by the impact load 

due to the local vibrations of the meta-cores which absorb energy. As shown, the hollow tube 

deformation contributes significantly to the internal energy of the meta-panel, while the motions 

of the meta-cores result in a significant amount of kinetic energy and partially to the small 

internal energy through the elastic deformation of the coatings. It is worth mentioning that the 

initial energy of the impactor is 4.5 J and entirely in the kinetic form before the impact with the 

velocity of 3 m/s. At 1.2 ms when the velocity of the impactor equals 0, it changes direction, 

implying the deformation of the meta-panel at the maximum value and the impactor starts to 

rebound. After the impact at around 1.5 ms, the velocity of the impactor slightly reduces but 

the change is very small due to the extremely short duration of the impact event so that the 

residual velocity looks constant. In general, these findings indicate that the meta-panel utilizes 

a coupled mechanism of energy absorption by combining the local resonance of the meta-cores 

and deformation of the outer hollow tubes, leading to a high energy absorption capacity. 
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Figure 4-12. (a) kinetic energy, and (b) internal energy, and (c) total energy of meta-panels 

Figure 4-13 depicts the total energy absorption of the three panels and each constituent in these 

panels to evaluate the effectiveness of the meta-panel. As shown, the total energy absorption of 

the meta-panel is the highest among these considered panels, indicating that the meta-panel has 

more advantages in terms of energy absorption capacity. This is because the meta-panel absorbs 

energy through the outer tubes and the facesheets deformation, combined with the local 

resonant of the lead cores while both the reference panels absorb energy only through plastic 

deformation of the truss bars and the facesheets. Conversely, the energy absorbed by the hollow 

truss bars is the largest compared to other panels, implying its largest plastic deformation. It is 

worth mentioning that although the total energy absorption of the meta-panel is higher than the 

reference panels, the energy absorbed by the facesheets is the smallest, indicating less damage 

to facesheets and outer tubes. Therefore, the thickness of the facesheets and the outer tubes of 

the meta-panel could be reduced to absorb the same amount of energy compared to the 

referenced panels, meaning less material consumption on the facesheets and the outer tubes of 

the meta-panel. The above findings further exhibit the superiority of the meta-panel in impact 

resistance. 
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Figure 4-13. Energy absorption of the three panels 

4.4.4.3 Reaction force and Von Mises stress response 

The objective of utilizing sacrificial cladding is to mitigate the impact load and reduce the 

transmitted force to the protected structures. The transmitted force-time history is obtained from 

the numerical simulation by plotting the reaction force exerted on the base of the structure. The 

cumulative reaction force around the boundary of the back facesheet is set as a main criterion 

for the evaluation and is taken as the sum of nodal forces distributed around the boundary. As 

shown in Figure 4-14a, the peak value of reaction force to the base structure from the meta-

panel is respectively 46.7% and 33.4% less than the corresponding of other panels with hollow 

truss and solid truss, indicating its effectiveness in reducing the transmitted force to the base 

structure under impact loads. It can be attributed to the fact that the movements of the resonator 

and the soft coating generate the bandgap which can filter out the stress from the impact load, 

resulting in a reduction in stress transmission from the impact load to the back facesheet and 

then the supports. Furthermore, spectrum analysis of reaction forces in the frequency domain 

of the three panels is illustrated in Figure 4-14b. As shown, a clear reduction of the peak 

amplitude of the reaction force of the meta-panel is observed in the 1st bandgap of 0 – 3,500 

Hz, but the reaction force in this frequency band is not completely suppressed because the outer 

tube of the truss bars can transmit a certain amount of impact load as discussed above. Overall, 
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the meta-panel outperforms the other two reference cladding panels by yielding a smaller 

reaction force which demonstrates its superiority over the two reference panels. 

 

 

Figure 4-14. Reaction force of the three panels (a) time histories, (b) frequency spectra 

 

To obtain a better realization of the working mechanism, the von Mises stress distribution 

occurring at the back facesheet is also used. The stress contours at back facesheets of all 

considered panels are shown in Figure 4-15. It is clear from the figure, the stress distribution is 
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similar for all the panels, and stress is concentrated at the connections between the cores and 

the facesheets. The results also show that the back facesheet of the meta-panel experiences the 

smallest von Mises stresses among the considered panels, followed by the hollow truss panel 

solid-truss panels, respectively. This means that the stresses transferred to the back facesheets 

are effectively mitigated by the meta-cores, implying the superior performance of the meta-

panel in terms of the stress wave mitigation capability. 

 

Figure 4-15. Von Mises stress contours at the back facesheets of (a) solid-truss panel, (b) 

hollow-truss panel, (c) meta-panel, and (d) plastic deformation of the meta-panel 

4.4.5 Parametric studies 

In this section, the effects of the crucial factors, e.g., the outer tube thickness, meta-core 

properties, and impact velocity on its transient responses under impact loading are studied. The 

meta-panels with various investigated parameters are modelled. Under impact loading, the 

optimal design is expected to enhance as compared to other designs, because of the broader 

bandgap created that covers larger regions of the targeted frequency band with most impact 

energy. For comparison, the dynamic responses of different designs of meta-panel are 

numerically evaluated. 

4.4.5.1 Effect of the outer tube thickness 

To examine the influence of the thickness of the outer tube in the meta-panel, four different 

outer tube thicknesses, i.e. 4 mm, 3 mm, 2 mm, and 1 mm, with the same inner diameter of 24 

mm (Figure 4-16) are considered. While the truss thickness is varied, other dimensions of the 

meta-panel and the impactor (Section 4.4.1.3) are kept the same in this investigation. 
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Figure 4-16. Schematic diagram of various thickness configurations of the outer tube of meta-

truss bar 

Figures 4-17a and 4-17e show the comparison of the back and front facesheet deflection of 

meta-panel with varying truss thicknesses, respectively. As expected, there is a slight decrease 

in the central deflection of the front facesheet while that of the back facesheet increases with 

the increased thickness of the outer tube. This is because the ratio of stress propagating through 

the outer tube and the meta-core in the meta-truss bar critically relies on the ratios of the cross-

sectional area and stiffness. Increasing the thickness of the outer tube leads to less stress waves 

from the impact load propagating through the meta-core, implying less efficiency of the meta-

panel. A significant reduction in the displacement of the back facesheet by decreasing the truss 

tube thickness proves its impact mitigating effect. As observed in Figures 4-17c and 4-17f the 

reaction force increases with the thickness of the outer tube increasing from 1 mm to 4 mm 

while there is a substantial reduction of the total energy absorption, accordingly. This is 

attributed to the fact that the less deflection of the facesheets and deformation of the outer tube, 

indicating less energy absorption through their plastic deformations as well as fewer stress 

waves passing through the meta-core, meaning less conversion of impact energy to the kinetic 

energy of the meta-core. The FFT spectrum of displacement and reaction force of the three 

panels are illustrated in Figures 4-17b and 4-17d. For the meta-panel, a reduction of the peak 

amplitude of the central displacement and reaction force occurs in the 1st bandgap at 

approximately 0 – 3,500 Hz, which well agrees with the prediction in Section 4.3. In summary, 

the reaction force, which is a critical criterion in designing sacrificial claddings, is significantly 

affected by the truss thickness and it is suggested to utilize a thin outer tube in practice. 

Therefore, the recommended configuration of the meta-panel should possess a relatively thin 

outer tube to fully leverage its protective performance as a sacrificial cladding. 
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Figure 4-17. Effects of the outer tube thickness (a-b) displacement of back facesheet in time 

histories and FFT spectra, (c-d) reaction force in time histories and FFT spectra, and (e-f) 

displacement of front facesheet and energy absorption 

4.4.5.2 Effects of meta-core properties 

The influence of the meta-core properties including coating modulus (Ec) and core density (ρc) 

on the dynamic responses of the meta-panel under impact loads are examined in this section. 
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The geometry of the panel and the impactor used in this section is the same as in Section 4.2 

and Section 4.4.1.3. 

4.4.5.2.1 Effect of coating modulus (Ec) 

To investigate the effect of the stiffness of the soft coating on the impact mitigating behaviour 

of the meta-panel, the coating modulus of Ec1 = 1.47x101 MPa, Ec2 = 1.47x102 MPa, Ec3 = 

1.47x103 MPa are considered, which represent very soft, medium, and hard polyurethane 

materials [84]. In this section, only the soft coating modulus of the meta-core is changed while 

all other parameters are kept the same as defined in Section 4.2. 

The displacement and velocity-time histories of core 1 with different Young’s modulus of the 

coating are respectively shown in Figures 4-18a and 4-18c while their corresponding dominant 

frequencies are depicted in Figures 4-18b and 4-18d. It is observed that the smaller the coating 

modulus, the larger displacement of the lead core would be. It is because the role of the soft 

coating in the meta-core is to allow relative movement of the lead core, accordingly, it would 

be easier to vibrate in the softer coating. Figure 4-20f depicts the energy absorption of each 

constituent in the meta-panel corresponding to the three elastic moduli of the soft coating. It is 

seen that the lead core has the highest energy absorption when Ec2 = 1.47x102 MPa although 

the displacement of core 1 with  Ec1 = 1.47x101 MPa is the largest among all considered cases. 

This is attributed to the fact that with the very soft coating, the energy transmitted to the core is 

small even though the movements of the cores are ample but their vibrations are more slowly 

compared to the case with medium elastic modulus. On the other hand, with the very hard 

coating, i.e., Ec3 = 1.47x103 MPa, the core is difficult to vibrate and the displacement of core 1 

is relatively small, leading to small energy absorption by the meta-core.  

Hence, to obtain the optimal performance of the meta-core of the meta-panel in mitigating 

impact loading, it is necessary to carry out a proper analysis to determine the optimal elastic 

modulus of the soft coating. The best performing soft coating in this chapter is a polyurethane 

(PU) with an elastic modulus of 1.47x102 MPa. This result is consistent with other meta-related 

structures such as meta-concrete [84]. 
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Figure 4-18. Dynamic responses of core 1 (a-b) displacement of core 1 in time histories and 

FFT spectra, and (c-d) velocity of core 1 in time histories and FFT spectra 

When changing the coating elastic modulus, the displacement of the front facesheet of the meta-

panel is the same initially but becomes different subsequently as shown in Figure 4-19e. This 

is because the stress waves induced by the impact loading propagate orderly from the front 

facesheet to the back facesheet. Irrespective of the coating modulus, the front facesheet always 

resists the impact loading firstly, therefore, its displacement is not affected by the coating 

modulus of the meta-truss bars. Nonetheless, the front facesheet displacement becomes 

different after the first peak response because changing the coating stiffness is equivalent to 

changing the supporting stiffness of the front facesheet, and the supporting stiffness influence 

vibration responses of the facesheet. As shown in Figures 4-19a and 4-19c, the smallest 

displacement at the back facesheet and the reaction force is observed when the coating elastic 

modulus is medium while the very soft and very hard coating is less effective in mitigating the 

stress wave propagation from the impact loading. The FFT analysis of displacement and 

reaction force response shown in Figures 4-20b and 4-20d indicates a reduction of the peak 

amplitude of the central displacement and reaction force that occurs in the predicted bandgap. 



101 

These results, again, indicate that a properly selected elastic modulus of the meta-panel is 

necessary to achieve its optimal performance in mitigating the impact loading effect. 

 

Figure 4-19. Effects of the coating modulus (a-b) displacement of back facesheet in time 

histories and FFT spectra, (c-d) reaction force in time histories and FFT spectra, and (e-f) 

displacement of front facesheet and energy absorption 
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4.4.5.2.2 Effect of core density (ρc) 

To investigate the influence of the core density on the performance of the meta-panel, three 

core material densities, i.e, ρc1=11,400 kg/m3, ρc2=7,850 kg/m3, and ρc3=2,770 kg/m3, which 

correspond to lead, steel, and aluminium, respectively, are considered herein. Other parameters 

such as the geometries of the panel and the impactor used in the model are the same as those 

defined above. 

Figure 4-20 depicts the transmission coefficient of the meta-truss bar when the core densities 

are different. As shown, the region of the passband which is the range of frequency where the 

stress wave can propagate through becomes wider with the decreasing core density. In other 

words, the heavier the density of the core is, the narrower passband the meta-truss bar would 

have, implying the more effective of the meta-panel. For instance, the passband width changes 

from [3,500 - 9,500] Hz to [7,500 - 19,000] Hz by changing ρc1 to ρ3, while the frequency 

passband of the case ρc2 is [4,600 - 12,000] Hz. The reason causing changes in the passband 

range is that increasing the core density increases the mass of the core, resulting in a decrease 

in the upper bound frequency of the 1st bandgap and an increase in the lower bound frequency 

of the 2nd bandgap, which leads to a narrower passband width. Therefore, it can be concluded 

that the passband of the meta-truss bar is sensitive to the variation of the core density and it 

decreases with the rising core density when the core size and the coating are unchanged.  

 

Figure 4-20. Transmission coefficients of the meta-truss bar with different core densities 

 



103 

However, it is observed from Table 4-4 that the transient responses of the meta-panel are not 

prominently affected by the considered core densities. It is because although there is an increase 

in the bandgaps of the meta-core when increasing the core density, the dominant frequency of 

the impact loading as described in Figure 4-5 ranging from [0 - 3,000] Hz falls in the 1st bandgap 

of all the considered cases. In general, increasing the core density results in a narrower 1st 

bandgap but a broader total region of the bandgap range of the meta-core while it has a limited 

effect on the transient performances of the meta-panel within the studied range of impact 

loading. 

Table 4-4. Effect of core density on displacements, reaction force, and energy absorptions 

Core 

density 

Displacement (mm) Reaction force (kN) Energy absorption (J) 

Front 

facesheet 

Back 

facesheet 
Fz Facesheets 

Outer 

tubes 

Coating 

+ Core 
Total 

ρc1 0.61 0.32 15.0 0.82 0.65 0.95 2.42 

ρc2 0.61 0.33 15.3 0.82 0.65 0.91 2.38 

ρc3 0.61 0.34 15.4 0.82 0.65 0.87 2.34 

4.4.5.3 Effect of impact velocity 

As reported in previous studies [140, 141], the impact velocity has a significant influence on 

the performance of the sandwich panels. In this chapter, the impact is performed by an impactor 

having the same mass but different velocities resulting in different impact energies. Four impact 

scenarios with various velocities but the same mass are considered. The range of impact energy 

levels is attained by utilizing four different impact velocities, i.e. v1=1 m/s, v2=5 m/s, v3=20 

m/s, and v4=30 m/s with a constant impactor mass of 0.5 kg. As shown in Figure 4-21a, 

increasing impact velocity results in a higher impact force peak, but has limited influence on 

the duration of the impact loadings [142]. It should be noted that although the dominant 

frequencies of the impact forces of the considered examples are still in the 1st bandgap of [0 - 

3,000] Hz, increasing impact velocity results in more impact force energies in the higher 

frequency range that fall into the passband of the meta-panel. The impact energy in the 

bandgaps of the investigated meta-truss bar is determined by the shaded area (Abandgap) as shown 

in Figure 4-21b. Besides, Table 4-6 gives the impact energy percentage corresponding to each 

bandgap which is estimated by the ratio between the energy in each bandgap and the total 

impact energy (Atotal). Lower velocities lead to more percentage of energy in the bandgaps, i.e, 
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100.0%, 80.9%,75.5%, and 70.2% respectively for the loadings v1 to v4, indicating the meta-

panel is less effective in alleviating the impact load-induced from the high velocity. 

 

 

Figure 4-21. Impact loading with various velocities, (a) time-histories, and (b) FFT 

The structural responses of the meta-panel under impact loads with various velocities are given 

in Table 4-6 while Figure 4-22 depicts the deformation contour of the meta-panel with various 

velocities. As shown, transient behaviour of the meta-panel depend on the impact loading 
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impulse and the frequency band structure. Specifically, rising the loading impulse leads to the 

increase of the facesheet displacements, the energy absorption, and the reaction forces of the 

meta-panel. The case with velocity v1 corresponds to the highest proportion of impact energy 

being absorbed by the coating and the core at 37.1% of the total energy as shown in Table 4-5, 

followed by 34.6%, 30.9%, and 28.7% respectively for the impact case with velocity v2, v3, and 

v4 even though there is an increase in the total energy absorbed owning to the increased impact 

energy from v1 to v4. This is attributed to the decrease in the proportion of the impact energy 

from case v1 to case v4 falling in the bandgap, indicating the more percentage of the impact 

loading falling in the bandgaps, the more effective of the meta-panels in impact mitigation. 

 

Figure 4-22. Undeformed and deformed contour of the meta-panel under various impact 

velocities 

Table 4-5. Proportion of impact energy with various velocities in the bandgaps 

Impact 

velocity 

1st bandgap 2nd bandgap 
Total 

% 
Abandgap

Atotal

 % 
Abandgap

Atotal

 % 

v1 
502,861

502,861
 100.0% 

0

502,861
 0.0% 100.0% 

v2 
2,232,767

3,109,261
 71.8% 

283,731

3,109,261
 9.1% 80.9% 

v3 
8,004,936

12,410,755
 64.5% 

1,373,717

12,410,755
 11.0% 75.5% 

v4 
10,410,843

19,118,717
 54.4% 

3,026,258

19,118,717
 15.8% 70.2% 
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 Table 4-6. Effect of impact velocities on the transient response of the meta-panels 

Impact 

velocity 

Displacement (mm) Reaction force (kN) Energy absorption (J) 

Front 

facesheet 

Back 

facesheet 
Fz 

Face-

sheets 

Outer 

tubes 

Coating 

+ Core 
Total 

v1 0.14 0.11 3.0 0.046 0.030 0.045 0.121 

v2 0.67 0.34 17.5 1.210 0.830 1.080 3.120 

v3 2.61 1.33 64.4 18.38 10.90 13.15 42.43 

v4 4.01 1.86 84.8 30.48 23.69 21.81 75.98 

4.5. Concluding remarks 

In this chapter, the transient responses of the sandwich panel with the meta-truss core leveraging 

the coupled mechanisms of plastic deformation and local resonance are investigated and 

compared with the conventional panels with solid truss and hollow truss core. The influence of 

key parameters on its mitigating effectiveness under impact loads is investigated using 

validated numerical models. Through these investigations, the following conclusions can be 

drawn: 

1. Compared with the solid-truss and hollow-truss panels, the meta-panel exhibits excellent 

impact-resistant performances. Specifically, there are considerable decreases in the peak 

displacement of the back facesheet (33%) and the reaction force (up to 47%) of the meta-panel 

compared to the traditional panels subjected to the same impact load. 

2. Utilizing a fairly thin outer tube can lead to enhanced dynamic responses of the meta-panel. 

The effectiveness of the meta-panel is highly sensitive to the modulus of the soft coating. The 

properly selected coating can lead to better energy absorption capability of the meta-panel. 

Also, increasing the core density can lead to a broader bandgap region of the meta-core. 

3. The impact velocity significantly affects the performance of the meta-panel because it 

changes the primary frequency band of impact energy distribution. Increasing impact velocity 

results in a higher impact force peak and more impact energy distribution in the higher 

frequency range. The meta-panel is the most effective in mitigating the impact loading effect 

when the primary frequencies of impact energy fall into the bandgap of the meta-panel. 

In general, the results from this chapter demonstrate that the meta-panel can be more effective 

for structure protections than the conventional claddings with hollow and solid truss cores. It 
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has a great potential to be deployed in protective structures or energy absorbers. However, 

further investigations need to be carried out to study the effects of possible debonding between 

the soft coating and the metals, core materials, different core materials, core shapes, and coating 

materials on the performances of the meta-panel subjected to impact loading of different 

characteristics, and also to carry out laboratory and/or field tests to experimentally verify the 

performances of the meta-panels.  
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CHAPTER 5. BLAST RESISTANT ENHACEMENT OF META-PANELS 

USING MULTIPLE TYPES OF RESONATORS 

Abstract4 

A new design is proposed for the meta-panel that consists of three components including two 

thin facesheets bonded to meta-truss cores to enhance its blast resistance and energy absorption 

capacity. The meta-truss core comprising solid inclusions with coated soft layers exhibits 

exceptional wave-filtering properties by activating the local vibration of the inclusions, leading 

to the negative effective mass and stiffness of the meta-truss core in the corresponding 

frequency bandgaps, hence reducing the wave propagations. When frequencies of the applied 

loading fall within the bandgaps, the loading effects are not able to be transferred or 

significantly mitigated by the meta-truss core. In this chapter, the result from a previous 

theoretical derivation of wave propagation in an idealized meta-truss bar is used to validate the 

numerical model. Then, analyses of the meta-truss core configurations, e.g. the inclusion 

arrangement and inclusion shape on its bandgap regions and the transient responses of the meta-

panel are carried out with the verified numerical model. It is revealed that a complete wave 

attenuation design can be achieved by utilizing properly tailored arrangements of inclusions, 

leading to a significantly improved protective effectiveness of the panel against blast loading. 

The results present a base for the optimal design of the meta-panel for structural protections 

against blast loading.  

                                                 

4 The related work in this chapter was published in International Journal of Mechanical 

Sciences with the full bibliographic citation as follows: 

N.H. Vo, T.M. Pham, H. Hao, K. Bi, W. Chen, N.S. Ha. Blast resistant enhancement of meta-

panels using multiple types of resonators. International Journal of Mechanical Sciences. 

2022;215:106965. 

https://doi.org/10.1016/j.ijmecsci.2021.106965 

 

https://doi.org/10.1016/j.ijmecsci.2021.106965


109 

5.1. Introduction 

Increased terrorist activities and unexpected accidental explosions in recent years have caused 

catastrophic consequences and imposed great threats to public security and the economy 

worldwide. Ever-increasing demands to protect engineering structures used for both civil and 

military applications have led to the development of sandwich panels functioning as sacrificial 

claddings [118, 141]. Sandwich panels consisting of two thin facesheets and low-density cores 

are widely utilized as energy absorbers due to their superiority in stiffness-to-weight ratio and 

crashworthiness [26, 143]. By installing on the surface of the protected structures, the role of 

the traditional panels is to absorb energy through plastic deformation and reduce the load 

transmission to the structure behind the cladding, thus protecting the main structures [48, 144]. 

The wide variety of sandwich structures stems largely from the diversity of sandwich core 

topologies and the variation of the component materials. While many different topologies of 

the cladding core including honeycomb [145, 146], auxetic structures [147, 148], corrugated 

[149, 150], and bio-inspired [28, 29] have been intensively studied, sandwich core materials 

also range widely from stochastic cellular materials (i.e. metallic [151-154] and polymeric 

foams [155, 156]) to periodic lattice materials [157, 158]. Specifically, metallic lattice 

structures have been proposed with various topologies such as pyramidal [159, 160], tetrahedral 

[161, 162], and hollow truss [161, 163]. The dynamic performance of sandwich structures 

having metallic cores has been investigated extensively, both experimentally and theoretically. 

For instance, Liu et al. [164] performed experimental and numerical investigations of the 

responses of hollow cylinders with metallic foam core panels subjected to air blast. The 

simulation results well captured the deformation patterns of the sandwich panels observed in 

the tests. For applications under impact and blast loads, investigations on the transient responses 

of sandwich panels have shown great energy absorption capacity compared to the monolithic 

panel as sacrificial claddings [165, 166]. 

Recent attention has been directed to the field of locally resonant meta-structures [41, 83], 

which are the hybrid of meta-material-based concepts with optimal lattice topology. It is worth 

mentioning that the prefix “meta” originates from the Greek preposition, which meant 

“beyond”, implying these favourable structural behaviours are superior to other natural 

counterparts. These novel engineering structures are expected to possess the ability to generate 

exceptional wave propagation mitigations in frequency ranges called “bandgap” [167, 168], 

leading to unique wave attenuation properties not found in nature [169, 170]. Such properties 
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are activated due to the presence of specially designed man-made structures [111]. A bandgap 

is a frequency band in which incoming waves cannot propagate due to the activation of local 

resonance within the inclusions [83, 171]. Potential practical applications in engineering fields 

by generating favourable bandgaps of these structures including dynamic load mitigation [100, 

172], vibration control [60, 173], sound isolation [95], and seismic isolation [54, 94], etc. 

Multiple techniques have been employed to explore the unique characteristics of these 

structures. For instance, a local resonant structure that utilizes steel balls coated with silicone 

and covered in an epoxy cube was proposed by Liu et al. [174], which demonstrated that when 

the frequency of the excitation force is close to the local resonance frequency, the effective 

mass becomes negative. This unusual property originates from the interaction between the 

propagating waves and the resonance of the steel balls. For instance, Li et al. [111] proposed 

meta-lattice sandwich panels with single-resonators, which show the blast attenuation and high 

energy absorption owing to the local resonance of the internal resonator with soft coatings. 

They also carried out experimental investigations on the wave-filtering characteristics of the 

meta-truss bar for validation [110]. It was demonstrated that the performance of the meta-panels 

is superior to that of the solid counterparts with the same mass due to the coupled mechanism 

of absorbing strain energy through both plastic deformation and local resonance. Subsequently, 

to enhance the dynamic performance of the meta-panel against blast loads by broadening its 

bandgap regions, the dual-meta panel was proposed [41]. The theoretical results showed that a 

dual-meta panel has wider bandgaps than those with single-resonators, indicating it can filter 

wave energy in wider frequency ranges and thus has higher protection efficiency. However, 

despite all these recent works on mitigation wave propagation, the relevant research on the 

effectiveness of the meta-panel on structural protection against impact and blast loading, 

especially blast loading, is still very limited. Therefore, further study of the meta-truss core to 

achieve the most effective dynamic loading mitigation performance of meta-panels for 

structural protection is needed. 

This chapter systematically performs numerical investigations on the behaviours of meta-panel 

subjected to blast loading and proposes a new design of the meta-panel with multiple types of 

meta-cores as a sacrificial cladding against blast loading (see Figure 5-1). To validate the 

accuracy of the numerical model, the meta-truss bar used to form the meta-panel is firstly 

modelled numerically. The theoretically derived results of an idealized meta-truss bar in a 

previous study are used to verify the numerical model in terms of the bandgap regions and 

transmission coefficient. The verified model is utilized to build the numerical model of the 
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meta-panel and perform a series of parametric studies to investigate the influences of the 

inclusion arrangement and inclusion shape on the effectiveness of the meta-panel on wave 

propagation mitigation. The best performing designs are identified to maximize the blast-

resistant performance of the meta-panels. In-depth discussions on the influences of critical 

parameters on the bandgap regions and the dynamic behaviours of the meta-panel are also 

given. This chapter numerically and analytically demonstrates the dynamic mitigation 

mechanism of the proposed meta-panel under blast loads. The obtained results provide 

interesting findings which can be used for various engineering applications. 

 

Figure 5-1. Schematic diagram of the meta-panel functions as a sacrificial cladding 

5.2. Meta-panel configurations 

The configuration of the meta-panel shown in Figure 5-2a consists of two identical aluminium 

facesheets with the dimension of 120 mm × 120 mm and the meta-truss cores. The meta-truss 

bar with resonators (see Figure 5-2b) considered in this chapter comprises 6 modules in which 

each module (shown in Figure 5-2c) has three components including the outer tube, soft coating, 

and resonators. While the tube and resonators are made of aluminium, polyurethane (PU) which 

can experience large plastic deformation is selected for the soft coating. It should be noted that 

tungsten is also used to make resonators in the parametric analysis in this chapter to investigate 
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the influences of resonator core materials on meta-panel properties. The dimensions and 

materials are chosen to preserve the bandgap-generating behaviours at large strain for the meta-

panel, which is important for structures under extreme loading threats. Also, its structural design 

could be tailored to adapt to different loadings by adjusting geometrical parameters. The 

influences of different parameters will be compared in Section 5.5.2. All material properties 

used in the numerical model in this chapter are listed in Table 5-1. 

 

Figure 5-2. (a) Schematic view of the meta-panel, (b) a unit cell, and (c) meta-truss bar 
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Table 5-1. Material properties of the meta-panel [111] 

Materials 
Material properties 

Density ρ (kg/m3) Young’s modulus E (GPa) Poisson’s ratio ν 

Aluminium 2,770 70 0.33 

Polyurethane 900 0.147 0.42 

Tungsten 19,300 411 0.28 

5.3. Programmable negative properties 

To quantify the bandgap regions of the meta-truss bar induced by the resonant feature of the 

meta-core, the dynamic effective mass meff and effective stiffness keff  using a one-dimensional 

spring-mass model (Figure 5-3) with internal resonators can be expressed as follows 

 

Figure 5-3. The simplified spring-mass model 
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in which m1 is the mass of the resonator in the spring-mass model, ka1 and ks1 respectively 

represent the axial spring and the shear spring of the soft coating while the angular frequency 

is denoted by ω. As seen in Figure 5-4, the dynamic effective mass becomes negative in the 

frequency range of 0 kHz to 9.1 kHz and then gradually increases to positive values. Whereas 

in the frequency range of 23.2 kHz to 50 kHz, the effective stiffness is negative. It is worth 

mentioning that the interested frequency range in this chapter is only up to 50 kHz, covering 

the frequency band of common blast loads acting on structures [175]. The associated frequency 

regions where meff and keff become negative are termed as the 1st bandgap and the 2nd bandgap, 
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respectively. The resonators move out-of-phase against each other, leading to wave propagation 

mitigation in the bandgap. The incident wave within these frequency ranges can be significantly 

mitigated due to the energy being transferred and stored in the relative motions of the 

resonators. 

 

Figure 5-4. Effective parameters of the spring-mass model to show the theoretical bandgap 

regions of the meta-truss bar 

The transmission of energy of the entire system can be quantified by using the transmission 

coefficients, T, which can be computed as follows: 
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(5-3) 

where u(j) is the displacement of the jth unit cell, and N is the total number of the unit cells. 

5.4. Blasting wave characteristics 

Determining the dominant frequencies of the applied loading is the vital step for the engineering 

design of the meta-panel. It is because the negativity of the effective parameters is only 

triggered when the applied loading frequency falls into the bandgap region of the meta-panel, 

leading to its favourable mitigation performance. In this chapter, the blast load is applied on the 

front facesheet of the meta-panel. The keyword *LOAD_BLAST_ENHANCED is widely 

utilized in LS-DYNA to generate blast load via the Conventional Weapon Effects (CONWEP) 
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program, which predicts the air blast load based on empirical data from blasting tests. This 

model was also adopted in the Unified Facilities Criteria (UFC 3-340-02) in graphical form for 

designing structures to resist the effects of the explosion. The loading area definition is 

determined by the keyword *LOAD_BLAST_SEGMENT whereas the function 

*DATABASE_BINARY_ BLSTFOR is utilized to compute the blast pressure. The blast 

pressure is calculated by the equivalent amount of Trinitrotoluene (TNT), the stand-off 

distance, and the angle of incidence. The blast pressure is predicted as follows [176]: 

   2 2cos 1 cos 2cosr iP t P P       (5-4) 

where Pi and Pr are respectively the incident pressure and reflected pressure while θ denotes 

the angle of incidence. Computation of Pi and Pr is based on the scaled distance, 3/Z R W , 

in which R and W are the stand-off distance and the equivalent amount of TNT, respectively 

[177]. In this chapter, the blast charge TNT is placed perpendicularly to the centre of the front 

facesheet at a distance of 0.35 m, in which the angle of incidence θ is defined as 0. The size of 

the charge is 0.4 kg which corresponds to the scaled distance of 0.41 m/kg1/3. Figure 5-5a shows 

the reflected pressure time-history of the blast loading. To obtain the corresponding frequency 

spectrum, the blast time history is converted to the frequency domain by utilizing the Fast 

Fourier Transform (FFT) method, the FFT spectrum of the blast load is shown in Figure 5-5b. 

As shown, the peak reflected pressure is approximately 36 MPa and the dominant blast loading 

energy distributes in the frequency band up to 50 kHz. 

 

Figure 5-5. Peak reflected pressure profile of the simulated blast loading generated by 0.4 kg 

TNT at 0.35m stand-off distance (a-b) in time history and its FFT spectrum 
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5.5. Comprehensive numerical investigations 

The complete bandgap of the meta-truss bar generated by the arrangement of multiple 

resonators is proposed in the present model and its effect on the dynamic performance of the 

meta-panel is analysed in this section. The influence of the inclusion geometry on the transient 

response of the meta-panel is also numerically investigated for various shapes. In addition, the 

model validation is carried out to check the accuracy of the simulations in this section. 

5.5.1 Model development and verification 

The theoretical solution has been used to calculate the bandgap regions of the meta-truss bar 

based on the one-dimensional spring-mass model. Due to the complexity, the infinite number 

of modules and single harmonic wave input have been assumed to analytically solve the Eigen 

frequencies and calculate the bandgap regions. It is not straightforward to derive the closed-

form theoretical solutions of the complex case considering the finite number of modules, 

boundary reflections, and various input loading conditions. In addition, the structural responses 

of the meta-panel subjected to blast loading are more challenging to obtain analytically when 

considering plastic deformation. To overcome the limitations mentioned above, numerical 

simulations are performed to investigate the bandgap regions and the transient responses of the 

meta-panel subjected to blast loadings. The results obtained from the above theoretical solutions 

based on idealized conditions are utilized to verify the accuracy of the numerical simulations. 

In this chapter, commercial software LS-DYNA is utilized to evaluate the bandgap regions of 

the meta-truss bar (Figure 5-2c) and the dynamic behaviours of the meta-panel (Figure 5-2a). 

As illustrated in Figure 5-6, the entire meta-panel is modelled. In the simulation, all elements 

are meshed by the solid hexahedron elements with a minimum mesh size of 1 mm after 

performing a mesh convergence analysis. The interfaces between the inclusions and 

polyurethane are modelled by the kinematic constraint method in which the selected segments 

are tied to each other and assumed to be perfectly bonded. This contact is chosen to prevent the 

slide or detachment between the meta-cores and the soft coating which is of significance to 

activating the local resonance of the resonators. To obtain rigid connections, the contact 

between the outer truss bar and the two facesheets is also defined by the kinematic constraint 

method while the interior contact between layers of interior surfaces of polyurethane is adopted 

to eliminate the negative volume issue which often occurs due to large deformation of soft 

materials. In addition, all nodes along the facesheet edges are assumed to be constrained in all 
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three directions, which account for the peripherally clamped boundary of the back facesheet. 

The material properties used in LS-DYNA are listed in Tables 5-1 and 5-2. 

 

Figure 5-6. Schematic of the finite element model 

Table 5-2. Johnson-Cook material parameters for aluminium [111] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

modulus (GPa) 

A 

(GPa) 

B 

(GPa) 

C m n Tm 

(K) 

Tr 

(K) 

𝜀̇ 

2,770 0.33 70 0.369 0.675 0.007 1.5 0.7 800 293 1 

To verify the developed numerical model, the derived theoretical analysis of the transmission 

coefficient of a single truss bar obtained by Eq. (5-3) is calculated to compare with the 

corresponding numerical results. A meta-truss bar consisting of 6 unit cells as shown in Figure 

5-2 (c) is numerically built. The input signal is applied at one end of the meta-truss bar by a 

sweep frequency ranging from 0 – 50 kHz while the output signal is captured at the other 

opposite end. It should be noted that the clamped boundary condition is adopted on the 

peripheral edges of the truss bar to represent the practical boundary condition in reality. The 

numerical transmission coefficient of the meta-truss bar displayed in Figure 5-7 agrees closely 

with the analytical result, indicating the validity of the model. In particular, it is depicted in 

Figure 5-6 that the meta-truss bar possesses two bandgaps in the frequency ranges of [0 – 9.1] 

kHz for the 1st bandgap and [23.2 – 50] kHz for the 2nd bandgap while the corresponding ranges 

from the numerical result are [0 – 9.3] kHz and [22.5 – 50] kHz. There is a slight bandgap 
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disagreement between the two approaches and oscillations of the numerical results. This is 

because the infinite number of unit cores is assumed in the analytical derivation, while the 

numerical meta-truss bar has a finite length with 6 unit cores. In addition, each unit core is 

numerically modelled with its respective elastic material property and density instead of the 

lumped mass connected with idealized lumped springs in the analytical solution. 

 

Figure 5-7. Comparison of the transmission coefficients of the meta-truss bar including the 

analytical solution and the numerical result 

For further validation, a prescribed displacement u(t) with the amplitude of 10-4 (m) and multi-

frequency components including f1 = 5 kHz, f2 = 16 kHz, and f2 = 30 kHz,  [i.e.,u t   

      410 sin 2 x5 sin 2 x16 sin 2 x30t t t     , is applied to the input end of the meta-truss bar 

and the output end is set free. Figure 5-8 shows the displacement-time histories at the two ends 

of the meta-truss bar (i.e. the input and the output, respectively) and the corresponding FFT 

spectra. As observed, waves attenuation is observed as expected with only one input signal of 

16 kHz passing through the meta-truss bar while other signals of 5 kHz and 30 kHz, which fall 

in its bandgap are eliminated. This demonstrates that the meta-truss bar possesses the wave 

filtering capacity at the frequencies falling in its two bandgaps. Generally, the numerical models 

and analytical predictions are well matched. The numerical model in predicting the bandgaps 

and wave attenuations of the meta-truss bar is verified, which is extended to model the meta-

truss panel for the investigation of its blast mitigating performance. 
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Figure 5-8. Input prescribed displacement is excited at one end of the meta-truss bar while the 

output displacement is captured at the other end 

5.5.2 Parametric studies 

The meta-panel was found to possess superior blast mitigation capacity and outperforms other 

conventional counterparts, e.g. sandwich panels with hollow trusses and solid trusses under 

blast loading [41]. To obtain the favourable design of the meta-panel, systematic parametric 

studies with the aims of maximizing the bandgaps of the meta-truss cores and thus its blast-

resistant performance are conducted in this section. Inclusion arrangements and inclusion 

shapes are selected as parameters for investigation because with their appropriate design, the 

better wave attenuation of the meta-truss bar and the enhanced performance of the meta-panel 

can be achieved. The blast loading described in Section 5.4 is applied to all considered panels 

while the description of the meta-panel in Section 5.2 is referred as the reference. To evaluate 

the blast mitigation capacities, the critical criteria such as peak force transmitted to the protected 

structure, energy absorption, and the central displacement of the back facesheet are compared 

among the panels with different core configurations. These particular criteria are chosen due to 

the main functionality of the meta-panel as a sacrificial cladding is to absorb energies from the 

incident loadings, therefore, minimizing force transmissions to the protected structures. 

Besides, the central displacement is measured to determine the response amplitude and damage 

of the meta-panels subjected to blast loading. 

5.5.2.1 Influence of inclusion arrangement 

In this section, the meta-panel with multiple types of resonators is modelled. Under blast 

loading, its blast-resistant performances are expected to enhance as compared to the meta-panel 
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with uniform resonators, because of the complete bandgap created by its arrangement that 

covers the entire targeted frequency band with most blast loading energy. For comparison, the 

dynamic responses of the meta-panels with traditionally uniform resonators are also evaluated. 

5.5.2.1.1 Influence of multiple types of meta-core material 

While travelling through a meta-truss bar, stress waves can either propagate in the passband or 

be attenuated in the bandgaps depending on the frequency of the applied loading. A uniform 

arrangement of identical resonators, i.e., meta-cores, limits the width of the bandgaps to a 

narrow frequency range. To overcome this limitation and intensify the performance of the meta-

core, instead of utilizing the same repetitive units, the meta-truss bar with multiple types of 

meta-cores is proposed to maximize the width of the bandgap and minimize the corresponding 

passband. It should be noted that the materials and dimensions of the facesheets and outer tube 

of the meta-truss bar remain unchanged. This proposed meta-truss bar (Figure 5-9a) composes 

of two zones, denoted by Zone 1 and Zone 2. Each zone has uniform unit cells with the same 

geometry, but different resonators made of tungsten (W) and aluminium (Al), with their 

properties given in Table 5-1. 

 

Figure 5-9. Schematic diagrams of the meta-panel with different arrangements of resonators 

(a) combination of Aluminium and Tungsten, (b) Tungsten, and (c) Aluminium 

Figure 5-10 illustrates the analytical transmission coefficient of two zones of the meta-truss bar. 

The bandgap of Zone 1 corresponding to the aluminium meta-truss core is divided into a low 

(LB1) and a high (HB1) sub-band while its passband is denoted by PB1. In the frequency band 
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structure [178], which is an interval in the frequency domain comprising the bandgap and the 

passband [179], HB1 exhibits negative effective stiffness whilst the negativity of effective mass 

is reflected by LB1. Similarly, the passband of Zone 2 (PB2) corresponding to the meta-truss 

bar with tungsten core lies between the first and second attenuation bands which are denoted 

by LB2 and HB2, respectively. In theory, it is practically impossible to eliminate the passband 

utilizing a uniform arrangement of the resonator due to the existence of the passband. Given 

these properties, the combination of two or more zones with different materials in each zone 

makes it possible to minimize or even eliminate the passband if the passband of one zone falls 

into the bandgap of another zone, and vice versa. In other words, the passbands PB1 and PB2 

can be eliminated by combining two different zones in their structural arrangements. 

Specifically, PB2 falls into the low bandgap of Zone 1 (LB1), while the high attenuation band 

of Zone 2 (HB2) covers all the passbands of zone 1 (PB1). This finding agrees with those 

reported in the literature on locally resonant acoustic meta-material [31]. From the theoretical 

point of view, a properly programmable arrangement of resonators can maximize the bandgap 

width of the meta-truss bar to cover all the loading frequency bands. It means that all the 

incident waves can be completely stopped by the proposed meta-truss bar. Therefore, the meta-

truss bar can be properly designed with multiple types of resonators to have their combined 

bandgaps cover the entire frequency band of the input dynamic loadings for best mitigation of 

loading effects, hence the most effective structural protections. 

 

Figure 5-10. Analytical transmission coefficient profile of two zones of the meta-truss bar 
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The physical meaning and mechanism of wave attenuation can be well understood by observing 

wave propagation through the meta-truss bar with two types of resonators. To demonstrate this, 

a prescribed displacement consisting of three sinusoidal waves with the same amplitude but 

different frequencies, 𝑖. 𝑒. 𝑢(𝑡) = 10−4(𝑠𝑖𝑛[2𝜋𝑡] + 𝑠𝑖𝑛[2𝜋 × 4𝑡] + 𝑠𝑖𝑛[2𝜋 × 12𝑡]) is used as 

input to the truss bar. It is worth noting that the frequencies are chosen in such a way that each 

zone attenuates different frequencies. Figure 5-11 shows the longitudinal displacement profile 

at different points in the central axis of the meta-truss bar denoted by A, B, and C. These 

displacements represent the input signal, response at the end of Zone 1, and response at the end 

of Zone 2, respectively. As shown, the peak value of the displacement is sequentially reduced 

by each zone of the meta-truss bar, and two zones with different resonators can attenuate the 

three harmonics, therefore only very low values of displacement are present at the end of the 

meta-truss bar. This result agrees with the previous findings on locally resonant acoustic meta-

material from Comi and Driemeier [31]. In general, the newly proposed configuration with 

multiple types of resonators proves to be more efficient for wave filtering. 

 

Figure 5-11. Displacement-time history at three points, i.e. the input point (A), the middle 

point (B), and the output point (C) in the meta-truss bar with two types of resonators 
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To further clarify this effect, the responses at three different locations (one for each lattice 

zone), are shown in the frequency domain in Figure 5-12. After propagating through Zone 1 

(point B), only the frequencies of 1 kHz and 4 kHz are attenuated, therefore, the response has 

one peak at 12 kHz which falls into the passband of Zone 1. The second region of the considered 

meta-truss bar (Zone 2) continues attenuating the wave energy at the frequency of 12 kHz 

because it falls into the bandgap of Zone 2, leading to the complete attenuation of the input 

wave by the meta-truss bar at point C. It is noted that a small amount of energy is still 

transmitted as indicated by a small peak at 12 kHz in the signal after propagating through the 

meta-truss bar. This is because when the core starts vibrating inside the unit cell, the initial out-

of-phase vibration greatly attenuates the wave energy transmission through the unit. The reverse 

vibration of the core, however, still results in a small amount of wave energy transmission.  

 

Figure 5-12. FFT spectrum of displacement at the three considered points 
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For further demonstration, the continuous wavelet transform (CWT) [111] is adopted to analyse 

the wave propagation in the meta-truss bar at three considered points in the time-frequency 

domain. In this chapter, a Gabor wavelet transform is chosen as the mother wavelet function 

owing to its multiresolution analysis capability. Figure 5-13 depicts the multi-frequency CWT 

profiles at three locations along the meta-truss bar in the case of prescribed displacement 

excitation with multi-frequency components. As shown, the signal energy of point A is focused 

at the frequencies of 1 kHz, 4 kHz, and 12 kHz (Figure 5-13a) while there is very little energy 

exists in the output signal (point C), implying a complete wave attenuation phenomenon in 

these frequency bands (Figure 5-13c). Besides, Figure 5-13b shows the energy reduction occurs 

particularly at the frequencies of 1 kHz and 4 kHz, which fall into the bandgap of Zone 1. These 

bandgaps well agree with the analytical results as discussed above. 

 

Figure 5-13. Scalograms of displacement in the time-frequency domain at different points (a) 

point A, (b) point B, and (c) point C 

The design optimization analysis for the meta-panels considered in this chapter under blast 

loadings is evaluated by using combinations of multiple types of meta-cores. Structural 
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responses (i.e. displacement of the back facesheet and reaction force) and energy absorption 

capacity of the meta-panels with uniform resonators (i.e. aluminium and tungsten) and two 

types of resonators subjected to blast loading are compared. It is noted that the displacement is 

recorded at the centre of the back facesheet in all cases, and the absolute peak values are 

presented wherever applicable. The blast load time history generated above as shown in Figure 

5-5 is used in all the analyses. Figure 5-14 shows the simulated deformation of the meta-panel 

and displacements on the central symmetric plane of the back facesheet of the three meta-

panels. In particular, Figure 5-14(a) shows the deformation contour when the meta-panel is 

composed of the meta-truss bar with two types of cores, and those with the meta-truss bar 

having only tungsten or aluminium cores are shown in Figure 5-14b and Figure 5-14c, 

respectively. As shown, the meta-panel consisting of the meta-truss bar with two types of 

resonators results in the lowest value of the peak central point displacements of the back 

facesheet, i.e. 2.6 mm, followed by 3.4 mm and 3.7 mm, respectively for uniform resonators of 

W and Al. These results indicate that using two types of meta-core together in the truss bar 

leads to a significant reduction of the peak response of the meta-panel as compared to the case 

with the uniform meta-core. This is because the combination of these two cores results in wider 

bandgaps of the meta-truss bar, therefore, leading to more effective stress wave propagation 

mitigation. 

 

Figure 5-14. Diagrams showing deformed meta-panel and the deformation of the back 

facesheet of three meta-panels with different meta-truss bar (a) aluminium and tungsten 

resonators and (b-c) uniform tungsten and aluminium, respectively 

To further compare the dynamic response of meta-panels with different resonator arrangements, 

the time histories of the reaction force around the edges are shown in Figure 5-15. It is observed 
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that the peak reaction force is significantly affected by the resonator arrangements. When the 

two types of resonators are used in the meta-panel, it results in more reduction of the reaction 

force in comparison with the two meta-panels with the single type of resonators considered in 

the present investigation. The lowest reaction force is observed to be 140 kN in the meta-panel 

with the meta-truss bar consisting of two types of meta-cores, which is around 21% and 10% 

less than that of the panel with uniform Al and W meta-cores, respectively. This is because the 

meta-truss bar with two types of meta-cores has a wider frequency bandgap as demonstrated 

above, therefore leading to more effective stress wave mitigation, thus less stress from the blast 

load is transferred to the back facesheet and then the supports. 

 

Figure 5-15. Comparison of reaction force-time history curves between the three meta-panels 

Furthermore, to gain insight into blast response mitigation, energies absorbed by individual 

components, i.e. front facesheet, back facesheet, outer tube, and coating+core for all panels are 

presented in Figure 5-16. It is noted that the total energy imparted from the applied blast load 

to the meta-panels is converted to kinetic and internal energies. While the internal energy is 

dissipated by inelastic deformation of the facesheet and the outer tube, the kinetic energy is 

stored elastically by coating+core by their relative movements. As shown, the meta-panel with 

two types of meta-cores has the highest total energy absorption (i.e. 310 J), indicating its best 

protective effectiveness. This substantial increase in total energy absorption is mainly 

contributed by the rising in energy absorption by the coating+core (i.e. 33%) because by 

introducing two zones of resonators, the meta-core possesses a wider bandgap and filters more 
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stress waves from the blast loading, leading to more energy absorption. As a result, the back 

facesheet of the meta-panel with two types of meta-cores absorbs less energy (i.e. 14%) 

compared to the other two meta-panels with the single type of meta-core due to its less 

deformation, while the energy absorption of the front facesheet and the outer tube remains 

unchanged among the three considered panels. This effectiveness is due to the energy 

absorption associated with the motion of the resonator masses. No such energy absorption 

mechanism is available for the meta-panel with uniform resonators. Among the three panels 

investigated, the meta-panel with two types of resonators yields the best blast effect attenuation 

performance due to the merging bandgap of two different zones of resonators. 

 

Figure 5-16. Comparison of energy absorptions of different parts of the three meta-panels 

Overall, the panel with the meta-truss bar composing two types of resonators possesses better 

blast mitigation and higher energy absorption capability compared to the uniform-resonator 

panel, even the panel with the meta-truss bar made of tungsten cores, which is heavier because 

of the higher density of tungsten than aluminium. Therefore, it is crucial to choose a proper 

combination of the meta-cores for the meta-panel in such a way that it results in wider bandgaps 

for better blast protection of structures. 
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5.5.2.1.2 Influence of multiple types of meta-core size 

Besides material properties, the bandgap of the meta-core is also affected by its dimension and 

geometry [171]. Therefore the desired bandgap of the meta-core can also be achieved by 

adjusting the dimension and geometry of the core. In this section, the influences of the meta-

core size on the frequency bandgaps are investigated. Figure 5-17a depicts the proposed meta-

truss bar which consists of two types of resonators with different radii while the meta-truss bars 

with uniform aluminium resonators of 7 mm and 4 mm radius are illustrated in Figures 5-17b 

and 5-17c, respectively. Other parameters, namely the material properties, the diameter and the 

thickness of the outer tube remain unchanged in the three meta-truss bars. 

 

Figure 5-17. Schematic diagram of meta-truss bars with different sizes of resonators (a) non-

uniform resonator meta-truss bar with two sizes of resonators and (b-c) are uniform resonators 

meta-truss bar with the core radius of 7 mm and 4 mm, respectively 

Figure 5-18 illustrates the bandgaps of two meta-cores of two sizes. Same as the results 

presented above, the frequency band structure of the individual zone consists of two bandgaps 

and one passband as highlighted in blue and red, respectively. It can be seen that in the bandgaps 

denoted by LBi and HBi (i=1,2), combining the bandgaps of these two meta-cores generates a 

wider bandgap covering the entire frequency band from 0 to 50 kHz. In other words, by 

introducing two zones of resonators with different sizes, the passband PBi in the range of 0 to 

50 kHz can be eliminated, leading to complete wave attenuation. This is because reducing the 

core size by introducing Zone 2 decreases the mass of the inclusion while increasing the 

thickness of the coating mass. As the result, the value of the mass and shear stiffness 
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significantly decreases, resulting in a higher lower bound frequency and a broader range of the 

1st bandgap that completely covers the passband of Zone 1.  As a consequence, wave energy in 

the frequency band of 0 to 50 kHz would be greatly mitigated by the truss bar with these two 

types of meta-cores. 

 

Figure 5-18. Analytical transmission coefficient profile of two zones of the meta-truss bar 

with two types of resonators with the radii of 7 mm and 4 mm 

For clarification, a sweep excitation in the frequency range [0 – 50] kHz is applied to one end 

of the meta-truss bar while at the central and far ends, the vibration displacements are compared 

(Figure 5-19). It is noted that the input displacement amplitude of the excitation is high, which 

decreases at the end of Zone 1 because the bandgap of Zone 1 mitigates the transmission of 

wave energy with the frequencies falling in its bandgap. The displacement amplitude reduces 

almost to zero at the end of the truss bar because the remaining wave energy has frequencies 

mainly inside the bandgap of Zone 2. The effectiveness of the bandgap, resulting in the 

mitigation of the input excitation, is demonstrated in Figure 5-18, showing the response time 

histories at different locations of the truss bar. 
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Figure 5-19. Displacement-time history at the three points, i.e. the input point (A), the middle 

point (B), and the output point (C) in the meta-truss bar with two resonator sizes 

Figure 5-20 shows the FFT spectrum of the displacement time histories shown in Figure 5-19. 

The effect of the bandgap in filtering the wave energy is obvious. As shown, at point B after 

wave propagating through the meta-cores in Zone 1, wave energy in the frequencies in the 

bandgap of 0 – 9.1 kHz and 23.2 – 50 kHz is attenuated. After further propagating through 

meta-cores in Zone 2, most wave energy is attenuated. Figure 5-21 shows the multi-frequency 

CWT profiles of the time histories at three locations along the meta-truss bar shown in Figure 

5-19. Similar observations can be drawn again. These findings indicate that the predicted 

bandgaps of the meta-cores from the analytical results exist in the meta-truss bars, which 

effectively mitigate wave propagations. 
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Figure 5-20. FFT spectrum of displacement at the three points, i.e. the input point (A), the 

middle point (B), and the output point (C) in the meta-truss bar with two resonator sizes 
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Figure 5-21. Scalograms for displacement in the time-frequency domain at different points (a) 

point A, (b) point B, and (c) point C 

Three meta-panels with the above meta-truss bars, i.e., uniform meta-cores with the radius of  

7 mm and 4 mm (R7 and R4) and combined cores with both radii of 7 mm and 4 mm subjected 

to blast loading are considered. For illustration, the peak displacement of the back facesheet of 

the meta-panels is shown in Figure 5-22 while the reaction force of the panel around the edges 

is given in Table 5-3. As shown, the meta-panel consisting of two resonator zones demonstrates 

better performance in all criteria, with the smallest displacement of the back facesheet, the 

lowest reaction force, and the highest energy absorption among the three considered meta-

panels. In particular, the results show that the peak displacements at the centre point of the back 

facesheet of the panel with uniform resonator (i.e. R7 and R4) are 3.7 mm and 3.9 mm 

respectively, compared to 2.7 mm of the panel with meta-truss bar consisting of two sizes of 

cores. 

As expected, the meta-panel with two types of meta-cores shows a significant reduction in 

reaction force. The peak reaction force of 137 kN is around 22% and 28% less than that of the 

panel with meta-truss consisting of the uniform resonator of R7 and R4, respectively because 

of the wider frequency bandgap of the truss bar with combined cores than the meta-truss bar 

with uniform cores as discussed above. The energy absorption by “coating + core” of the meta-

truss bar with non-uniform cores is also higher, which leads to smaller energy absorption by 

the back facesheet of the non-uniform resonator panel, indicating smaller plastic deformation 

of the back facesheet and better protection of the panel. In addition, the meta-panel with uniform 

resonators (R7) outperforms its peer with R4 against blast loading. This is because the bandgap 

becomes wider with the increased mass of the resonator [71]. Overall, the panel with the meta-
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truss bar composing two types of cores with wider frequency bandgaps possesses better blast 

mitigation and higher energy absorption capability. 

 

Figure 5-22. Comparison of displacement-time history curves of the back facesheet between 

the three meta-panels 

Table 5-2. Influence of non-uniform inclusion on reaction force and energy absorption 

Inclusion 

arrangement 

Reaction force (kN) Energy absorption (J) 

Fz 
Front 

facesheet 

Back 

facesheet 
Truss 

Coating + 

Core 
Total 

Uniform (R=7 mm) 177.5 80 70 50 80 280 

Uniform (R=4 mm) 190.4 81 74 50 60 265 

Non-uniform 137.0 79 61 50 120 310 

5.5.2.2 Influence of inclusion shape 

Previous studies have investigated the inclusion configurations and their effects on the bandgap 

locations and the bandwidth of locally resonant acoustic meta-materials [71, 80, 180-182]. 

There is only limited research of this effect on the meta-truss bar and dynamic behaviours of 

meta-panels [80]. In this subsection, four regular shapes including cylinder, cuboid, pentagonal 

prism, and hexagonal prism are considered to evaluate the influence of the core geometry on 

the bandgap characteristics and the transient responses of the meta-panel made of truss bars 

with those meta-cores. The schematic diagrams of the unit cell with various inclusion shapes 
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of meta-truss bars embedded in the soft coating are illustrated in Figure 5-23. While the 

inclusion shape is different, other parameters of the meta-panel (Section 5.2) and the blast 

loading (Section 5.4) are kept the same in this investigation. It is worth mentioning that the 

mass and the length of the inclusion are respectively kept constant at 5.97×10-3 kg and 14 mm 

for all considered cases. 

 

Figure 5-23. Representation and dimensions of meta-unit cells with various inclusion shapes 

including (a) cylinder, (b) cuboid, (c) pentagonal prism, and (d) hexagonal prism 

Figure 5-24 shows the frequency band structures and the percentage of blast energy in the 

bandgaps of the meta-truss bar with different inclusion shapes, in which the bandgap regions 

are shown by solid bars while dashed line and solid line denote the complete passbands and the 

blast loading energy in the bandgap region, respectively. It is worth mentioning that the 

percentage of the blast loading energy falling in the bandgap is calculated by dividing the 

energy falling in the bandgaps by the total blast loading energy. It can be observed that the 

frequency band structures change pronouncedly for different cases, indicating the effect of the 

shape inclusion on the bandgap regions. In Figure 5-24, the lower bound and upper bound of 

the band structures are evaluated by solving Eqs. (1) and (2). As shown, the cuboid core 

generates the widest first bandgap from 0 to 10.9 kHz, while the cylinder core has a narrowest 

first bandgap from 0 to 9.1 kHz among the four considered core geometries. This can be 

attributed to the relationship between the shear stiffness (k2) which is related to the lateral 

surface area and the width of the 1st bandgap. It was reported that the 1st bandgap width 

increases with the shear stiffness [83]. Of all the considered shapes, the cuboid has the largest 

surface area in the transverse direction which corresponds to the largest shear stiffness. 
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On the other hand, there are no substantial variations regarding the 2nd bandgap width and the 

lower bound frequency of the 2nd bandgap by varying the inclusion shape. Therefore, the meta-

truss with the cuboid core has the narrowest passband and hence the best wave mitigation 

capacity, as shown in Figure 5-24. These results are consistent with those reported in the 

previous findings on locally resonant acoustic meta-material [80] and meta-concrete [71]. 

Specifically, cuboid inclusion could decrease the passband width from 14.1 kHz to 13 kHz as 

compared to the cylindrical shape. It shows that the pentagonal and hexagonal prism inclusions 

generate a narrower passband width by 0.7 kHz and 0.2 kHz, respectively as compared to the 

cylinder inclusion. Although there is no significant difference regarding the bandgap width in 

the 2nd bandgap, the shape of the inclusion could influence the 1st region of the bandgap which 

is the dominant frequency region of the blast loading, therefore is more critical to blast loading 

mitigation of the meta-panel. 

 

Figure 5-24. Frequency band structures of the meta-truss bar with different inclusion shapes 

Figure 5-25 presents the blast energy percentage in the passband of the meta-truss bar with the 

considered inclusion shapes. The blast loading energy in the passband of the meta-truss bar can 

be calculated by the area enclosed by the FFT spectrum of the blast loading in the passband as 

illustrated in Figure 5-25. As shown in Figure 5-24, the highest percentage of blast energy 
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falling into the bandgap of the meta-truss bar with a cuboid shape core is 75.5%, because the 

meta-truss bar with cuboid shape cores has the widest 1st bandgap. The maximum passband 

corresponds to the inclusion with cylindrical shape and the blast loading energy fall in this 

passband is 28.8%, followed by 27.9% and 25.5% for the pentagonal and hexagonal shapes, 

respectively. The truss bar with the cuboid cores has the least percentage of blast energy 

transmission of 24.5%. 

 

Figure 5-25. Effect of inclusion shape on blast energy percentage in the passband of the meta-

truss bar 

As expected, it can be observed from Figure 5-26 that the meta-panel with cuboid inclusion 

shows a reduction in the central displacement of the back facesheet and reaction force compared 

to the panels with other meta-truss bars. The varying inclusion geometries effectively affect the 

bandgaps, especially the 1st bandgap which covers the dominant frequency band of the blast 

loading, leading to the enhanced performance of the meta-panel. Consequently, the total energy 

absorption of the meta-panel with cuboid inclusion is the highest (i.e. 296 J) while the smallest 

energy absorption is associated with the meta-truss bar with cylindrical cores as shown in Figure 

5-27. It is worth noting that the energy absorption of other components including the front 

facesheet and the outer tube is similar among all the considered panels due to the same stiffness. 

The back facesheet of the panel with cylindrical inclusion experiences the largest deformation, 

implying higher energy absorption of the back facesheet compared to other considered cases. 

As expected, the meta-core with the cuboid inclusion absorbs the most amount of energy, in 
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which the most energy is the combination of the kinetic energy of the core and the internal 

energy of the coating. The least amount of energy absorption by the coatings and the cores 

corresponds to the cylindrical case, which is 80 J, followed by 85 J, and 90 J respectively for 

the hexagonal, and pentagonal cases. The best mitigation effectiveness of the meta-panels with 

cuboid resonators over the other resonator shapes is expected due to the smallest percentage of 

blast energy falling in its passband, as shown in Figure 5-25. For a typical blasting wave, as 

shown in the FFT spectrum, the energy associated with the low-frequency range is significantly 

greater than that in the high-frequency range. Thus, though the resonator shape does not 

significantly affect the bandgap in the high-frequency range, it enhances the dynamic 

performance of the meta-panel by attenuating more energy falling in the low-frequency range. 

Particularly, the meta-truss bar with the cuboid resonator has the widest first bandgap among 

all the considered resonator shapes, indicating its best performance in resisting blast loading. 

In general, the transient responses of the meta-panel significantly rely on the band structures of 

the meta-truss bar which are affected by the geometry of the inclusion. Although the cuboid 

shape exhibits better performance, due to the complex fabrication process and aligning with the 

cylindrical shape of the truss bar, the inclusion of the cylindrical shape is recommended for 

practical application. 

 

Figure 5-26. Comparison of displacements and reaction forces between four meta-panels 
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Figure 5-27. Comparison of energy absorption of the meta-panel embedded with various 

inclusion shapes under blast loading 

5.6. Conclusions 

In this chapter, the dynamic responses of meta-panels subjected to blast loads are parametrically 

examined. The main findings are summarized as follows: 

1. Using non-uniform inclusions in the meta-truss bar composing of multiple types of resonators 

by changing core materials, sizes, and/or geometries may significantly change the transient 

performance of the meta-panel, therefore appropriately design the core arrangements of the 

meta-truss bar would lead to better wave propagation mitigation and hence structural protection. 

2. The frequency band structure of the meta-truss core depends on the shape of inclusion and 

the cuboid inclusion is found to have the widest bandgaps among the four shapes considered in 

this chapter, therefore the meta-panel with cuboid resonator performs the best in blast loading 

effect mitigation. However, the inclusion of a cylindrical shape is recommended for practical 

application due to its easy fabrication. 
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The results obtained in this chapter demonstrate the possibility of properly adjusting the 

materials, sizes, and geometries of resonator cores in the meta-truss bar to achieve the desired 

bandgaps for effective wave propagation mitigation, hence better structural protection 

performance of the meta-panel.  
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CHAPTER 6. STRESS WAVE MITIGATION PROPERTIES OF DUAL-

META PANELS AGAINST BLAST LOADS 

Abstract5 

A dual-meta panel functioning as a sacrificial cladding is proposed and its blast mitigation 

capacity is investigated in this chapter. The proposed panel possesses the potential to generate 

bandgaps that target at a specific range of frequencies to stop stress waves propagating through 

the panel, leading to the favourable stress wave mitigation for structural protection. Aside from 

the unique stress wave manipulation capability, more energy can be absorbed by a combination 

of plastic deformation and local resonance. The effectiveness of the proposed panel is validated 

through numerical simulations. An analytical solution of wave propagation in an ideal meta 

truss bar is derived to validate the numerical model with good agreement. It is found that the 

proposed dual-meta panel exhibits an increase in energy absorption, a reduction in transmitted 

reaction force (up to 30%), and the back facesheet central displacements (up to 20%) compared 

to other conventional sandwich panels, e.g. sandwich panel with hollow trusses and solid 

trusses, in resisting blast loadings. In pursuit of optimizing the performance of the proposed 

panel, parametric investigations are also conducted to examine the influences of the facesheet 

thickness, boundary condition, and the blast load profiles including duration and intensity on 

the transient response of the proposed dual-meta panel.  

                                                 

5  The related work in this chapter was published in International Journal of Impact 

Engineering with the full bibliographic citation as follows: 

N.H. Vo, T.M. Pham, K. Bi, W. Chen, H. Hao. Stress Wave Mitigation Properties of Dual-meta 

Panels against Blast Loads. International Journal of Impact Engineering. 2021;154:103877. 

https://doi.org/10.1016/j.ijimpeng.2021.103877 

 

https://doi.org/10.1016/j.ijimpeng.2021.103877
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6.1. Introduction 

With the increasing risk of extreme incidents (e.g. explosive and ballistic attacks) worldwide, 

there are escalating demands for more robust protective structures. Whereas solid monolithic 

structures [5] and porous materials [6] are currently popular candidates for protective structures, 

the underlying drivers to refrain from using these types of structures are that they are likely to 

be cumbersome and bulky. It is, therefore, essential to promote and apply sandwich panels for 

blast-resistants [177, 183]. The use of sandwich panels attached to main structures as sacrificial 

cladding was investigated by many researchers, e.g., Hanssen et al. [7]. The role of the panel is 

to deform in such a way that it absorbs energies from the incident loadings, therefore, 

minimizing transmitted energy to the protected structure. 

Sandwich panels consist of two facesheets referred as front and back facesheets separated by a 

core, have provided promising solutions for energy absorptions from blast loadings. The core 

comprises materials categorized as cellular foam or lattice type while the facesheets are often 

made of thin metals or composite laminates. Generally, sandwich panels can be classified into 

two categories by the core topology including cellular material cores, e.g. foams [155], kirigami 

folded [143], honeycombs [145]; and periodic lattice cores, e.g. tetrahedral hollow trusses 

[161], pyramidal solid trusses [184]. Their means of energy absorption to mitigate dynamic 

damage rely significantly on plastic deformation mechanisms [156, 185]. For instance, 

substantial energy can be absorbed by aluminium foams through plastic dissipation [155], thus 

demonstrating promising potential against blast loadings. Recently, indebted to the proliferation 

of the fabrication technology, the core topology developments of sacrificial cladding in blast-

resistant structures have attracted many researchers. The experimental investigation was carried 

out to examine the response of the sandwich panel with layered pyramidal truss cores subjected 

to blast loadings by Wadley et al. [186]. The blast and impact resistance of the sandwich panels 

was comprehensively presented in a review by Yuen et al. [8]. It was found that the sandwich 

panels outperform solid facesheets of the same material and the same mass [9], indicating the 

significant advantages of the sandwich panels over monolithic facesheets in blast-resistant 

functions. 

Apart from solely applying the deformation mechanism for blast loading effect mitigation, 

researchers have approached the problem differently by filtering blast-induced stress waves 

using the localized resonance mechanism, thus resulting in the loading mitigation. These 

structures are called meta-structures [187], in which the prefix “meta” comes from the Greek 



142 

preposition and means “beyond”, indicating that the characteristics of these structures are 

beyond what can be seen in nature [188]. The primary concept of these structures is to utilize 

artificially designed and fabricated structural units to achieve the designed properties and 

functionalities. In 2016, Li and Tan [170] proposed a meta-truss bar which is a proportional 

elastic wave filter based on the unique local resonance of elastic meta-material to achieve an 

asymmetric low-frequency bandgap. Subsequently, Li et al. [111] proposed meta-lattice 

sandwich panels with single-resonators, which show the impact/blast attenuation and higher 

energy absorption owing to the local resonation of the internal resonator with soft coating. 

Regarding the dynamic resistance, sandwich structures with lattice cores show better 

performance compared to the conventional honeycomb sandwich structures [189, 190]. 

Besides, the application of the meta-material concept for blast protection has also been found 

in developing meta-concrete by Jin et al. [84], and Xu et al. [71]. However, despite all these 

recent works, the relevant research to the application of meta-materials for wave manipulation 

is still very limited, especially on the comprehensive investigations of the performance of meta-

structures under blast loadings. Therefore, further studies on this topic are deemed necessary. 

This chapter proposes a new meta-sandwich panel with dual-cores as a sacrificial cladding 

(Figure 6-1) by adopting the coupled mechanisms of absorbing strain energy through plastic 

deformation and local resonance. In this chapter, the transient responses of the proposed panel 

against blast loadings are investigated by numerical simulation utilizing LS-DYNA. The 

bandgap frequency ranges obtained from the numerical simulation are compared with the 

analytical solution for model validation. For comparison, the responses of the conventional 

panels – namely solid and hollow-truss panels are also simulated to evaluate their blast 

mitigation capacity compared to the proposed panel. The central displacements of the 

facesheets, peak reaction forces, and energy absorption are utilized to assess the performance 

of panels with different configurations. Parametric studies on the proposed panel are also 

performed to examine the effects of facesheet thickness, boundary condition, and blast loading 

profiles on its transient responses. The results prove that the proposed dual-meta panel 

possesses superior characteristics that enhance its protective effectiveness against blast loadings 

compared to its conventional counterparts. Although the physical phenomenon for mitigating 

effect of the dual-meta panel under blast loading was demonstrated in this chapter through 

numerical and analytical analysis, the results also lead to several interesting observations, some 

of which may pave the way for future work through experimental study to comprehensively 

understand and demonstrate the performance of the dual-meta panel. 
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Figure 6-1. Schematic diagram of the Dual-meta panel 

6.2. Design of the Dual-meta panel 

Without loss of generality, the proposed dual-meta panel consisting of two thin facesheets is 

connected to the meta-truss bar as shown in Figure 6-2a. The meta-truss bar element considered 

in this chapter comprises 7 unit cells (Figure 6-2c). Each unit cell has five parts including the 

outer tube, two soft coats, and two resonators as shown in Figure 6-2b. The compositions and 

dimensions of each unit cell are presented in Figures 6-2b and 6-2c, respectively. Aluminium 

and lead are respectively selected for facesheets, the tube and the resonators, while the two soft 

coatings are made from Polyurethane (PU) which can deform elastically to large strain. As a 

sacrificial cladding, the perimeter of the back facesheet is clamped whereas there is no boundary 

condition imposed on the front facesheet. All material properties are summarized in Table 6-1 

and also used in the numerical model in this chapter. 

Table 6-1. Elastic material properties used in the numerical simulation [111], [84] 

Properties 
Material 1 Materials 2 & 4 Materials 3&5 

Aluminium (Al) Polyurethane (PU) Lead (Pb) 

Density ρ (kg/m3) 2,770 900 11,400 

Young’s modulus E (Pa) 70x109 1.47x108 16x109 

Poisson’s ratio ν 0.33 0.42 0.44 
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Figure 6-2. (a) Schematic view of the dual-meta panel, (b) unit cell, and c) meta-truss bar 

6.3. Analytical method 

A spring-mass model can be utilized to analytically describe the diatomic unit cell as depicted 

in Figure 6-3a. In the model, the matrix is represented by material 1, i.e., the aluminium truss 

bar while the two masses of m1 and m2 represent the external and internal masses made of 

material 3 and material 5, respectively. The outer soft coating made of material 2 is modelled 

by two springs including the outside shear spring ks1 connecting the resonator with the outer 

truss bar and the axial spring ka1 connecting the adjacent resonators. Similarly, two springs ka2 

and ks2 are respectively introduced to describe the axial and shear springs of material 4 

connecting the internal mass and external mass. 
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Figure 6-3. (a) Schematic microstructure of infinite dual-core meta-materials, (b) Equivalent 

effective mass-spring model 

The approximate values of the inner mass and outer mass can be calculated as  

2m V r l                                        1,2   (6-1) 

where ρα and Vα are the material density and volume of the αth material while the length and 

radius of the αth unit are denoted by lα and rα, respectively. 

Besides, the stiffness of equivalent spring can be calculated as follows: 
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(6-2) 

where Young’s modulus and shear modulus of the soft material are denoted as E and G, 

respectively. Due to the shape complexity, the nominal cross-sections of the distinct segments 

of the soft layer Ai (i=1,2,3,4) presented in the appendix are obtained by FEA. The relevant 

estimations of the equivalent mass and stiffness are computed as m1 = 4.71x10-2 kg, m2 = 

1.55x10-2 kg, ka1 = 57,375 kN/m, ks1 = 35,498 kN/m, ka2 = 40,760 kN/m, and ks2 = 24,802 kN/m. 
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For an infinite lattice system in which u1 and u2 represent the internal and external mass 

displacements (as shown in Figure 6-3b). The equations of motion for the jth unit cell can be 

expressed as: 

               1 1

1 1 1 1 1 1 2 1 2 1 12 0
j j j j j j j

a a sm u k u u u k u u k u
 

        (6-3) 
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For harmonic wave solution based on the theory of Floquet-Bloch [112], the displacement of 

the jth unit cells are given as follows: 

   j i jqL t
u Ue


  (6-5) 

where the displacement amplitude and the wavenumber are denoted by U and q, respectively 

while ω is the angular frequency and L is the length of the unit cell. 

The dispersion relation can be obtained by applying the identity  2cosiqL iqLe e qL   and 

substitute Eq. (6-5) into Eqs. (6-3) and (6-4) as 
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Based on dispersion relation derivation from Eq. (6-6), the effective mass (meff) and effective 

stiffness (keff)  of the equivalent system can be derived as [68]  
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The transmission coefficients of the system, T, can be calculated as follows: 
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where the wave transmission of the jth and Nth unit cells can be expressed as 
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Based on Eqs. (6-7), (6-8), and (6-9), the analytical dispersion curve of the meta-truss bar can 

be calculated and it is depicted in Figure 6-4a, while Figures 6-4b and 6-4c show the 

corresponding effective mass and effective stiffness with respect to frequencies, respectively. 

It is evident that the first and the third bandgaps which are at [0-5] kHz and [13.5-50] kHz are 

independently formed when the effective mass and the effective stiffness become negative, 

respectively (see Figures 6-4b and 6-4c). Whereas the negativity of both of them collaboratively 

constitutes the second bandgap which is at [9.3-11.5] kHz (Figures 6-4b and 6-4c). It is worth 

mentioning that the interested frequency range in this chapter is only up to 50 kHz, covering 

the frequency band of common blast loads acting on structures [175]. 

 

Figure 6-4. Analytical solution of the bandgaps range for meta-truss bar (a) dispersion curve, 

(b) effective mass, and (c) effective stiffness  
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6.4. Numerical approach 

Owing to the complexity, the infinite unit cells and single harmonic wave assumptions have 

been applied to analytically solve the Eigen frequency and calculate the bandgaps. Since no 

study of structural responses and stress wave propagations in the dual-meta panel against the 

blast loadings has been reported yet, and it is not straightforward to derive such responses 

analytically, especially when the combined effect of material plastic deformation and meta- 

truss bar bandgaps on wave energy dissipation and absorption is considered. The above 

derivations based on idealized conditions are used in the numerical model to implicitly verify 

the accuracy of the model. The design of the proposed dual-meta panel and its dimension were 

presented in Section 6.2 and shown in Figure 6-2. 

6.4.1 Model development 

In this chapter, commercial software LS-DYNA is employed to investigate the characteristics 

of the dual-meta panel. Constitutive material models, contact definition, initial conditions, 

element sizes, and blast load modeling are also presented in this section. 

6.4.1.1 Constitutive material models 

The *MAT_JOHNSON_COOK material (Mat_15) is adopted to capture the behaviour of 

aluminium while the dynamic behaviour of polyurethane elements is simulated by 

*MAT_ELASTIC material model due to their distinguished properties [111]. The elastic and 

plastic material properties are summarized in Tables 6-1 and 6-2, respectively. To initialize the 

thermodynamic state of the material, the Johnson-Cook material model requires an equation of 

state [113] which is defined by the card *EOS_LINEAR_POLYNOMINAL in which the 

pressure and initial relative volume are denoted by coefficients C0-C6 and V0, respectively and 

is presented in Table 6-3. Furthermore, for simulation of the lead cores, the model 

*MAT_PLASTIC_KINEMATIC is used and the material properties are given in Table 6-4 

[114]. 

The Johnson-Cook material model can be expressed as [191] 

    * *1 ln 1
n

p mA B C T      
  

 (6-12) 

where the dynamic yield stress and the equivalent plastic strain are represented by   and 
p , 

respectively while 
*

0/    is the dimensionless plastic strain rate, where 0  is a reference 
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strain rate which is generally set to 1.0 s-1. The temperature    * /r m rT T T T T   is defined 

as the homologous temperature, in which Tr and Tm are the material reference and the melting 

temperature, respectively. In this chapter, the room temperature (Tr = 20 oC) is applied as the 

reference temperature [113]. In Eq. (6-22), there are five material constants including the yield 

stress determined by the quasi-static compressive strain-stress data represented by A, the 

influences of strain hardening B and n, the effect of thermal softening m, and the strain rate 

effect which is represented by C. 

Table 6-2. Johnson-cook material parameters for aluminium [111] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

modulus (GPa) 

A 

(GPa) 

B 

(GPa) 

C m n Tm 𝜀̇ 

2,770 0.33 70 0.369 0.675 0.007 1.5 0.7 800 1.0 

Table 6-3. Equation of state for aluminium used in the numerical simulation [113] 

C0 

(Pa) 

C1 

(Pa) 

C2 

(Pa) 

C3 

(Pa) 

C4 

 

C5 C6 E0 

(Pa) 

V0 

(m3/m3) 

0 74.2x109 60.5x109 36.5x109 1.96 0 0 0 1 

Table 6-4. Plastic kinematic material parameters for lead [114] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

modulus (GPa) 

SIGY 

(MPa) 

ETAN 

(MPa) 

BETA SRC SRP FS VP 

(1/s) 

11,400 0.44 16 20 50 109 109 1 0 1 

6.4.1.2 Constraint and initial conditions 

The *BOUNDARY_SPC_SET option in LS-DYNA was adopted to account for the fully 

clamped boundary along the perimeter of the back facesheet. The contact between the metals 

and polyurethane is defined by the keyword *TIED_SURFACE_TO_SURFACE and the 

keyword *CONTACT_INTERIOR option was utilized for polyurethane to model the slippage 

and contact failure between materials. Besides, the contact between the outer truss bar and the 

two facesheets is defined by the keyword *TIED_NODE_TO_SURFACE to make rigid 

connections. In this chapter, all the elements are modeled by the solid hexahedron element 
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(SOLID 164), and the minimum meshing size of 1 mm for all elements is chosen after 

performing a mesh convergence test, as will be detailed later. 

6.4.1.3 Blast load modeling 

The keyword *LOAD_BLAST_ENHANCED is widely utilized in LS-DYNA to generate blast 

load [177, 183] via the CONWEP feature. The definition of the loading area on the front 

facesheet is determined by the keyword *LOAD_BLAST_SEGMENT whereas the function 

*DATABASE_BINARY_ BLSTFOR is utilized to compute the blast pressure data. The 

transient blast pressure on the dual-meta panel is determined by the amount of Trinitrotoluene 

(TNT), the stand-off distance, and the angle of incidence. The blast pressure is computed by 

the following equation [135]. 

   2 2cos 1 cos 2cosr iP t P P       (6-13) 

where   is the angle of incidence. The incident pressure and the reflected one are denoted by 

Pi and Pr, respectively. These peak pressures are calculated by the scaled distance, 
1/3/Z R W

, in which R and W are the stand-off distance and the amount of TNT, respectively. In this 

chapter, 0.15 kg TNT is detonated at a distance of 0.35 m above the front facesheet of the dual-

meta panel, which corresponds to the scaled distance of 0.65 m/kg1/3. The reflected pressure 

time history at the center point of the front facesheet and the corresponding FFT spectrum is 

illustrated in Figure 6-5. As shown, the peak reflected pressure is approximately 13.5 MPa and 

the dominant blast loading energy distributes in the frequency band up to 50 kHz. 

 

Figure 6-5. Peak reflected pressure profile (a) Time history, and (b) FFT spectrum 
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6.4.2 Mesh convergence test 

A convergence test is necessary to be carried out to determine the size of elements in finite 

element modeling for computational accuracy and efficiency. To obtain the optimal solution, 

different mesh sizes comprise 3 mm, 2 mm, 1 mm, 0.5 mm, and 0.25 mm representing coarse, 

medium, and fine meshes are considered in the convergence test. The calculated displacements 

at the central point of the back facesheet of the dual-meta panel corresponding to the various 

mesh sizes are shown in Figure 6-6. It can be seen from the figure that the displacement 

becomes converged when the mesh size is 1 mm. Further reducing the mesh size does not 

considerably affect the predicted displacement but increases significantly the computational 

cost. The mesh size of 1 mm is, therefore, utilized in the subsequent investigations. 

 

Figure 6-6. Effect of mesh sensitivity on the maximum displacement of the back facesheet 

6.4.3 Model validation 

To validate the numerical simulation, the transmission coefficient of a single meta-truss bar 

calculated by the numerical simulation is compared with that obtained by the above analytical 

derivation. The transmission coefficient is the ratio between the output and the input signals of 

the structure. For the numerical simulation, the input signal defined by a sweep frequency 

ranging from 0 – 50 kHz is applied at one end of the meta-truss bar, and the displacement 

response at the other end is calculated to derive the transmission coefficient. The numerical 

transmission coefficient of the meta-truss bar is shown in Figure 6-7 along with the analytical 
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result. The numerical simulation shows that the meta-truss bar possesses three bandgaps at the 

frequency ranges of [0-5] kHz for the 1st bandgap, [8.1-11.8] kHz for the 2nd bandgap, and 

[13.3-50] kHz for the 3rd bandgap, while the corresponding ranges from the analytical solution 

are [0-5] kHz, [9.3-11.5] kHz, and [13.5-50] kHz as presented above. These results indicate that 

the numerical results agree closely with the theoretical transmission coefficient, implying the 

validity of the model. The slight variations in the bandgaps between the analytical and the 

oscillations of the numerical results are because the meta-truss bar is assumed continuous with 

an infinite number of unit cells connected by springs in the analytical derivation, while the 

numerical meta-truss bar has a finite length with 7 unit cells only, and each component is 

modelled with its respective elastic material property and density instead of the lumped mass 

connected with idealized springs. 

 

Figure 6-7. Transmission profiles of meta-truss bar under sweep frequency input: analytical 

analysis vs numerical simulation 

To further testify the frequency suppression capacity of the meta-truss bar, an excitation is 

generated by a prescribed displacement time history with multi-frequency components [92] as 

         4

1 2 310 sin 2 sin 2 sin 2u t f t f t f t H t        (6-14) 

where the unit-step function H(t) is defined as 
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 (6-15) 

and f1=2 kHz, f2=7 kHz, and f3=10 kHz. This excitation is applied at one end of the meta-truss 

bar to calculate the response at its other end. Figure 6-8a shows the displacement time history 

at the two ends of the meta-truss bar (i.e. the input and the output, respectively). It is worth 

mentioning that f1 and f3 are intentionally designed to fall within the first and the second 

bandgap, respectively, while f2 is within its passband range. Theoretically, only the signal with 

f2 can pass while other signals will be stopped by the meta-cores. The FFT spectrum of the input 

and output signal are shown in Figure 6-8b. As shown, only one input signal with the frequency 

of 7 kHz can pass through the meta-truss bar while the other two signals at frequencies of 2 

kHz and 10 kHz are suppressed by the meta-truss bar. 

 

Figure 6-8. Input and Output displacement at the center points of two ends of the meta-truss 

bar (a) time histories and (b) FFT spectra 

6.4.4 Results and discussions 

To further demonstrate the favourable characteristics of the dual-meta panel in resisting blast 

load, responses of the proposed dual-meta panel consisting of four meta-truss bars (shown in 

Figure 6-2) subjected to the blast loads defined in Figure 6-5 are calculated. For comparison, 

two conventional sandwich panels with solid trusses and hollow trusses as shown in Figure 6-

9a and 6-9b, respectively, are also modelled.  
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Figure 6-9. Schematic view of the panels with (a) Solid-truss bars and (b) Hollow-truss bars 

As shown in Figure 6-10, the two conventional sandwich panels have the same geometries and 

dimensions as the proposed dual-meta panel. The only difference between the three panels is 

the truss bars connecting the two facesheets. The diameter of the solid truss bar is the same as 

the meta-truss bar, and the hollow truss bar is the same as the outer hollow tube of the meta-

truss bar. It should be noted that the total weight of these three structures is not the same. To 

make the total weight of the three structures the same, the size of the solid and hollow truss bars 

need to be adjusted. Since the primary objective of this chapter is to investigate the performance 

of the meta-truss bar in mitigating the blast loading effect, the size of the truss bars is kept the 

same instead of making the weight the same in the analysis. It is because to keep the mass 

constant in the chapter, the thickness and/or diameter of the hollow truss and the solid truss 

need to be adjusted, which affects the stiffness of the core and hence the deformation and energy 

absorption of the structure. Specifically, the wall of the hollow truss will be thicker or its 

diameter larger compared to the current referenced hollow truss because the mass has to be 

increased to match the mass of the soft coats and the lead cores. Similarly, the diameter of the 

solid truss has to be increased because the density of the lead core is higher than the aluminium 

tube. This would increase the stiffness of the core and decrease the deformation and the energy 

absorption of these panels.  

This phenomenon can be seen from the results that the hollow truss panel outperforms the solid 

truss panel as a sacrificial cladding for blast resistance due to its higher energy absorption 

capacity. However, it should be noted that increasing the mass enhances the inertial resistance 

of the structure, hence the structural capacity to resist the blast load. Although the primary 

design targets of a sacrificial panel are energy absorption and load transferred to the protected 
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structure, instead of the loading resistance capacity of the sacrificial structure itself, it would be 

interesting to also compare the performance of the proposed dual-meta panel with reference 

panels having the same mass. Nonetheless, the scenario of the three panels having the same 

mass is not considered in this investigation, but it is believed that increasing the mass of the 

traditional panels with hollow truss and solid truss bars would reduce their energy absorption 

capacity and increase the loading amplitude acting on the protected structures because of the 

increased stiffness of the core.  

Figure 6-10 compares the displacement time histories at the center point of the back facesheet 

of the three panels. It is seen that the panel with solid trusses has a higher maximum 

displacement (i.e. 4 mm), followed by the panel with the hollow trusses (i.e. 3.81 mm). The 

corresponding maximum displacement of the dual-meta panel is 3.36 mm, i.e., 13.5%, and 

20.0% lower than that of the hollow truss panel and solid truss panel, respectively. It is also 

noted that there is a substantial reduction in the second negative peak displacement in 

comparison between the dual-meta panel with the panels with solid truss (i.e. 40.9%) and 

hollow truss (i.e. 52.0%). These can be attributed to the fact that the effect of meta-cores results 

in lower impulse transfer to the back facesheet of the panel. Placing the meta-cores inside the 

truss bars of the panel results in a considerable reduction of the maximum peak central 

displacement of the back facesheet compared to the conventional panel, indicating the dual-

meta panel has better protective performance. 

 

Figure 6-10. Time histories of central displacement of the back facesheet of the three panels  
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To gain a comprehensive insight into blast response mitigation, investigations on the energy 

absorption of the dual-meta panel are carried out. The total energy (Et), the kinetic energy (Ek), 

and the internal energy (Ei) absorbed by each component of the dual-meta panel subjected to 

blast loading are shown in Figures 6-11a, 6-11b, and 6-11c, respectively. It should be noted 

that, since the energy fluctuates in the time histories, the estimated energy in this chapter is its 

mean value. It is observed that the amount of energy absorbed by the meta-cores and the soft 

coating is generally higher than that of the outer hollow truss bars. The energy absorption by 

the hollow truss bars is mainly associated with its plastic deformation, while the energy 

absorption by the meta-cores and soft coatings is primarily caused by local vibrations of the 

cores.  

 

Figure 6-11. Energy time histories of each component of the dual-meta panel (a) total energy, 

(b) kinetic energy, (c) internal energy, and (d) displacement contour 

These results indicate the damage to the truss bars by the blast load is reduced because of the 

local vibrations of the meta-cores. As shown, the outer hollow tubes of the meta-truss bars 

experience plastic deformation which also consumes energy imparted to the panel (Figure 6-11 

c), whereas the relative movement of the meta-cores contributes mainly to kinetic energy 
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(Figure 6-11b) and partly to the internal energy due to the deformation of the coatings. These 

results indicate the dual-meta panel possesses the high energy absorption capability through the 

local vibration of the meta-cores, which not only protects the back facesheet of the sandwich 

structure but also reduces the damage to the outer hollow tube of the meta-truss bars. Figure 6-

11d shows the movements of each component in the panel including the two facesheets, the 

outer tube, the soft coatings, and the cores. It is worth noting that there are out-of-phase motions 

between the meta-cores and the outer tube due to the existence of the soft coatings, which 

effectively mitigate the blast loading effect on the back facesheet. For comparison, the energy 

absorptions of the two reference panels are also calculated. The total energy absorption of the 

whole panel and each component of the three panels are shown in Figure 6-12. The dual-meta 

panel shows the highest total energy absorption. Among the three panels, the panel with solid 

truss bars absorbs the least amount of energy, and in which the most energy absorption is due 

to the plastic deformation of the facesheets, indicating the least protective effectiveness. The 

panel with hollow truss bars absorbs energy through plastic deformation of the facesheets and 

the truss bars. The energies absorbed by the facesheets and the truss bars of the dual-meta panel 

are the smallest among the three panels although the dual-meta panel absorbs more energy than 

the two reference panels, indicating the smallest plastic deformation and hence the mitigation 

of damages to facesheets and outer tubes. These results further demonstrate the good 

performance of the proposed dual-meta panel. 

 

Figure 6-12. Energy absorption of the three panels  



158 

The reaction force in Z-direction (Fz) along the boundary of the back panel is also a key factor 

for the assessment of the protective effectiveness of the sacrificial panels. To evaluate this 

factor, the reaction force time histories of the three panels are shown in Figủe 6-13. It is worth 

mentioning that the investigated reaction force is the sum of the reaction forces distributed 

around the boundary. As observed, the dual-meta panel is effective in reducing the reaction 

force of the sandwich panel. The maximum reaction force of the dual-meta panel is 18.2% and 

30.1% less compared to that of the hollow truss and solid truss panels, respectively. The reaction 

force of the dual-meta panel almost stabilizes (25 kN) after the first positive peak at 2 ms while 

the second positive peaks of the reaction force of the other two panels are still large (90~115 

kN which is comparable to the first peak). The second positive peak of the reaction force of the 

dual-meta panel reduces by 72% and 78% as compared to that of the panel with the hollow truss 

and solid truss core, respectively. This is because the meta-cores filter out the stress from the 

blast loading due to the relative movement of the meta-core and the soft coating, thus less stress 

from the blast load is transferred to the back facesheet and then the supports. The reaction force 

at the supports, therefore, reduces which in turn relieves the demand on support designs of the 

sandwich panel and loading on the protected structure. 

 

Figure 6-13. Comparison of the reaction force time histories of the three panels under blast 

loading 

The effective performance of the dual-meta panel is further evaluated by analyzing the von 

Mises stress distribution of the back facesheet. Figure 6-14 shows the stress contours at the 
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back facesheet of the dual-meta panel, solid truss panel, and hollow truss panel, respectively. 

As shown in the figure, the back facesheet exhibits the stress concentration at the connections 

between the truss bars and the back facesheet since the blast loading generates the stress wave 

propagating through the truss bars. The results clearly show that the von Mises stress in the 

back facesheet of the dual-meta panel is the smallest among the three panels, while that of the 

solid truss panel is the largest, indicating again the effectiveness of the stress wave mitigation 

capability of the dual-meta panel. 

 

Figure 6-14. (a) Stress contours of 3D dual-meta panel and stress contours at the back 

facesheet of (b) Dual-meta panel, (c) Hollow truss panel, and (d) Solid truss panel 

To further compare the blast resistance of the panels with the same mass, two other conventional 

panels with hollow truss bars and solid truss bars are also considered. The masses of these 

panels are kept the same as that of the dual-meta panel and thus the diameter of the truss bars 

of these three panels are different. Geometries of these panels and the blast loading are kept the 

same as described in Section 6.4.4 except for the diameter of the solid truss bar and the thickness 

of the hollow truss bar, which are adjusted to have the same mass as the meta-truss bar. The 

solid truss bar has a radius of 25.5 mm and the hollow truss bar has the outer and inner radii of 

28 mm and 12 mm, respectively. The results show that the energy absorption of these panels 

(i.e. 74.1 J and 69.5 J for panels with hollow trusses and solid trusses, respectively) are 

significantly smaller than that of the dual-meta panel (144.5 J). Therefore, it demonstrates again 

that the dual-meta panel outperforms the same mass conventional panels. In summary, the 

proposed dual-meta panel reduces the maximum displacement of the back facesheet (up to 

20.0% for the first peak and 52.0% for the second peak) and the reaction forces (up to 30.0% 

for the first peak and 78.0% for the second peak) and absorbs more energy compared to the 

conventional panel with solid and hollow truss bars. The local vibration of the meta-cores also 

reduces the stress and plastic deformation of the truss bars and the back facesheets of the 

sandwich panel, therefore mitigating the damage to these components of the panel. These 
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results demonstrate the better performance of the dual-meta panel as a sacrificial cladding to 

resist blast loading than the conventional sandwich panels with solid and hollow truss bars. 

6.4.5 Parametric investigations 

In this section, the influences of critical parameters such as the thickness of the facesheet, 

boundary condition, blast load duration and intensity on the performance of the dual-meta panel 

are numerically investigated. This section is carried out to gain further insights into the 

performance of the dual-meta panel subjected to confined blast loading as a sacrificial cladding. 

6.4.5.1 Effect of the thicknesses of the facesheets 

Herein, the transient response of the dual-meta panel is examined with varying front facesheet 

thickness while keeping the back facesheet thickness unchanged and vice versa. Three 

thicknesses, i.e. 4 mm, 6 mm, and 12 mm, are taken into consideration. Therefore, six panels 

with different combinations of thicknesses of front facesheet and back facesheet are considered 

in this section including 4 mm (F) + 8 mm (B), 6 mm (F) + 8 mm (B), 12 mm (F) + 8 mm (B), 

8 mm (F) + 4 mm (B), 8 mm (F) + 6 mm (B), and 8 mm (F) + 12 mm (B). Figures 6-15a and 

6-15b depict the central deflection of the back and front facesheets with varying facesheet 

thicknesses. It should be noted that the above facesheet configurations are determined to obtain 

a more comprehensive and valid comparison of protective effectiveness, i.e, the panels 

experience different levels of deformation without failure. This predetermined condition also 

assumes these panels after deformation would not touch the main structure and only transfer 

the load to the main structure through their supports.  

As expected, the deflections of both the front and back facesheets decrease with the increase of 

their thicknesses. Drastic reduction in displacements by increasing the facesheet thickness 

demonstrates its significance in suppressing the blast loading of the dual-meta panel. It is noted 

that in most cases, the displacement at the central point of the front facesheet is smaller than 

that of the back facesheet due to their boundary conditions. The four edges of the back facesheet 

are restrained in all directions while the edges of the front facesheet are free. The displacement 

of the overhanging portion of the front facesheet would counteract its central point displacement 

resulting in a reduction in the displacement amplitude. As shown in Figures 6-15c and 6-15d, 

with an increase in the thickness of the front facesheet from 4 mm to 12 mm, there is an increase 

in the reaction force and a substantial reduction in the total energy absorption. This phenomenon 

happens mainly because less deflection of the facesheet means less energy absorption through 
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its plastic deformation. In brief, the reaction force is highly sensitive to the front facesheet 

thickness and it is not beneficial to use a thick front facesheet in the design of sacrificial panels. 

Regarding the influence of the thickness of the back facesheet, when changing its thickness, the 

first peak displacement of the front facesheet is the same but the second peak displacement and 

the subsequent displacement responses vary. This is attributed to the stress waves generated by 

the blast load transfer from the front facesheet to the back facesheet. Regardless of the thickness 

(thus stiffness) of the back facesheet, the front facesheet will be the first component to resist 

the blast load, its first peak displacement, therefore, is not sensitive to the thickness of the back 

facesheet. However, its second peak displacement is affected by the stiffness of the back 

facesheet owing to the reflected stress and deformation of the back facesheet. It is observed that 

the second peak displacement occurs when the panel rebounds from its first peak and it moves 

back in the opposite direction.  

 

Figure 6-15. Effects of the facesheet thickness (a-b) displacements of the back and front 

facesheets, (c) reaction force, and (d) energy absorption  



162 

Meanwhile, the reaction force and the total energy absorption are not sensitive to the thickness 

of the back facesheet. In brief, the displacement of the facesheet is highly sensitive to the 

stiffness of the facesheet, due to the correlation between the stiffness and the displacement. 

While the thickness of the back facesheet only affects its displacement, reducing the front 

facesheet thickness results in smaller reaction forces and absorbing more energy. From Figure 

6-15, it can be seen that the two good combinations are 4 mm (F) + 8 mm (B) and 8 mm (F) + 

4 mm (B) since they absorb more energy compared to the total amount of materials. However, 

the combination of 8 mm (F) + 4 mm (B) exhibits a much higher reaction force than that of 4 

mm (F) + 8 mm (B). Hence, the optimal design of the dual-meta panel as a sacrificial cladding 

should have a fairly thin front facesheet and a thick back facesheet to fully manifest its 

protective performance such as high energy absorption and less deflection of the back facesheet. 

It is noted that the effect of the facesheet’s thicknesses on the blast mitigation of the dual-meta 

panel is similar to that of other blast-resistant sandwich panels [177]. 

6.4.5.2 Effect of boundary conditions 

The boundary condition determination relies on how sacrificial claddings can be utilized in 

structural protection [192]. There are various ways that the protective panel can be attached to 

the main structure, namely, clamped or pinned at the edges allowing some clear space between 

the panel and the protected structure, or directly fixed against the system without a gap. In this 

chapter, these attachment methods are considered with three boundary conditions including all 

perimeter is clamped, simply pinned, and all the surface of the back facesheet is fixed, i.e., 

directly attaching the panel on the protected structure. The transient responses of the dual-meta 

panel with these selected boundary conditions subjected to the same blast loading (defined in 

Figure 6-5) are compared in Figure 6-16. As shown, the central displacement of the back 

facesheet of the panel with pinned boundary is 13.1% larger than that with clamped boundary 

condition. Meanwhile, the facesheets and the meta-cores of the pinned panel witness a decrease 

in energy absorption compared to the clamped panel by 16.7 % and 20.7 %, respectively. 

However, the energy absorbed by the truss bars of the clamped panel is lower than that of the 

pinned panel. Therefore, the total energy absorption of the panel with the pinned and fixed 

boundary conditions differs by only 1 %.  As for the case with the fixed back surface, the energy 

absorbed by the trusses is higher compared to that of the other two boundary conditions because 

the constraints of the back facesheet result in more deformation of the trusses leading to more 

energy absorption. The total energy absorption of the fully fixed panel is comparable to that of 
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the panel with clamped boundary, implying the amount of energy absorbed by the back 

facesheet deformation is compensated by the larger plastic deformation of the outer tube of the 

truss bars. The reaction force in the Z-direction of the panel with the fully fixed back surface is 

two times higher than those of the panel with other boundary conditions, therefore, it is not 

recommended to apply the fixed back surface in practice. In summary, the displacement and 

the energy absorption by various parts of the panel are significantly affected by the boundary 

conditions while it exerts less influence on the total energy absorption of the panel. This 

conclusion is in good agreement with other blast-resistant sandwich panels such as aluminium 

foam-cored sandwich panels [193]. For practical applications, the dual-meta panel will perform 

better as a sacrificial cladding if there is a gap between it and the protected structure, with less 

blast force transferred to the protected structure, but concentrated at the supports. Directly 

attaching the panel on the protected structure also leads to larger plastic deformations of the 

outer tube of the truss bars, making the meta-cores less effective in absorbing blast energy. 

 

Figure 6-16. Effects of the boundary conditions (a-b) displacements of the back and front 

facesheets (c) reaction force, and (d) energy absorption   



164 

6.4.5.3 Effects of blast loading duration and intensity 

To comprehend the influence of different levels of blast loading duration on a given dual-meta 

panel, four blast loading profiles (shown in Figure 6-17) with different duration but the same 

amplitude are considered. The blast loading profile is defined by using the modified 

Friedlander’s equation [194]: 
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(6-14) 

where Fmax is the amplitude while the time constants to and td are the blast initial time and blast 

duration, respectively. 

 In this chapter, the negative phase in the blast loading profile is neglected in the analysis [195]. 

For different loading regimes, durations td of 0.1 ms, 0.2 ms, 0.3 ms, and 0.4 ms are chosen in 

the analyses. It should be noted that the blast loading duration is purposedly chosen relatively 

short to generate a wider loading frequency band for evaluating the performance of the dual-

meta panel in mitigating the blast loading effect. In an explosion case, such short loading 

duration could be associated with contact and very close-in explosions. With the amplitude Fmax 

of 13.5 MPa, the corresponding impulses are 530 Ns, 1,027 Ns, 1,523 Ns, and 2,020 Ns, 

respectively with the four different duration.  

It is obvious when varying the duration of the blast loading, the dominant frequency band of 

the blast loading would change accordingly. The corresponding blast loading energy in the three 

bandgaps of the current meta-truss bars can be calculated by the area (Abandgap) enclosed by the 

FFT spectrum of the blast loading in each bandgap as illustrated in Figure 6-18b. The portion 

of the blast loading energy corresponding to each bandgap is calculated by dividing the energy 

in each bandgap by the total blast loading energy (Atotal), and are given in Table 6-6. As shown, 

more proportion of energy from blast load with longer duration falls into the bandgaps of the 

dual-meta panel, i.e, 77.0%, 81.0%, 82.4%, and 83.4%, respectively for the four considered 

loading cases, implying the dual-meta panel is more effective in mitigating the blast loading 

with the longest duration. 



165 

 

Figure 6-17. Blast loading with different duration, (a) Time histories and (b) FFT spectra 

 

Table 6-6 gives the dynamic response of the dual-meta panel subjected to the assumed blast 

loads with different duration uniformly applied to the front facesheet of the panel. The results 

indicate that the dynamic responses of the dual-meta panel rely heavily on the blast loading 

impulse. The facesheet deflections, the reaction forces, and the energy absorption of the panel 

increase with the loading impulse. It is obvious that the effectiveness of the dual-meta panel in 

blast load mitigation depends on the frequency band of the blast loading, therefore, aside from 

the total energy absorption increases from loading case 1 to case 4 due to the increased blast 

loading energy imparted to the structure, the largest percentage of energy absorption by the 

coatings and the cores of the meta-truss bars corresponds to the loading case 4, which is 

392/1,188=32.9% as shown in Table 6-5, followed by 31.9%, 29.6%, and 28.7%, respectively 

for the loading cases 3 to 1. This is because the proportion of the blast energy of the loading 

cases considered in the analyses reduces from case 4 to case 1, implying the meta-truss bars can 

stop more blast loading energy transmission as shown in Figure 6-18b when more proportion 

of the blast loading energy falls into the bandgaps.  

It should be noted that the percentage of energy absorption of the coatings and the cores in the 

dual-meta panel calculated from Table 6-6 is smaller than the corresponding values in Table 6-

5. It is because the energy absorption of the dual-meta panel is constituted by four components, 

i.e., the facesheets, the truss bars, the coatings, and the cores. Only the meta-cores including the 

coatings and the cores have the bandgap-related mitigating capability, while the facesheets and 

trusses absorb energy through plastic deformation. 
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Table 6-5. Proportion of blast loading energy with different duration falling in the bandgaps 

of the single meta-truss bar 

Blast loadings 

1st bandgap 2nd bandgap 3rd bandgap 

Total 

% 
bandgap

total

A

A
 % 

bandgap

total

A

A
 % 

bandgap

total

A

A
 % 

Blast-duration 1 
4,875

15,340
 31.7% 

927

15,340
 6.0% 

6,039

15,340
 39.3% 77.0% 

Blast-duration 2 
7,746

17,976
 43.1% 

929

17,976
 5.1% 

5,903

17,976
 32.8% 81.0% 

Blast-duration 3 
9,364

19,580
 47.8% 

929

19,580
 4.7% 

5,855

19,580
 29.9% 82.4% 

Blast-duration 4 
10,570

20,740
 50.9% 

926

20,740
 4.4% 

5,835

20,740
 28.1% 83.4% 

Table 6-6. Effect of blast loading duration on displacements, reaction force, and energy 

absorption 

Blast loadings 

Displacement 

 (mm) 

Reaction force 

(kN) 

Energy absorption 

 (J) 

Front 

facesheet 

Back  

facesheet 
Fz 

Face-

sheet 

Outer 

tubes 

Coatings 

+ Cores 
Total 

Blast-duration 1 1.7 4.1 120 95 46 57 198 

Blast-duration 2 2.6 7.3 190 253 136 164 553 

Blast-duration 3 3.1 9.7 230 392 212 283 887 

Blast-duration 4 3.5 11.2 270 528 268 392 1188 

To evaluate the effectiveness of the dual-meta panel subjected to blast load with different peaks 

but the same impulse, the responses of the dual-meta panel subjected to blast load with the 

impulse of 530.8 Ns but varying the peak pressure and duration. The blast loading duration of 

0.1 ms, 0.2 ms, 0.3 ms, and 0.4 ms with the corresponding peak pressure of 13.5 MPa, 6.75 

MPa, 4.5 MPa, 3.375 MPa, respectively are considered. Figure 6-18 shows the blast loading 

time histories and the corresponding FFT spectra of these blast loading. The portions of the 

blast loading energy in each bandgap of the meta-truss bars are given in Table 6-7. The 

corresponding percentages of the blast loading energy falling into the bandgaps of the panel are 

77.0%, 80.9%, 82.2%, and 83.4%, respectively for blast loading case 1-4, shown in Table 6-7. 
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Figure 6-18. Blast loading profiles with different duration and intensities (a) Time histories, 

and (b) FFT spectra 

The structural responses of the dual-meta panel under blast loading with different duration and 

intensities are given in Table 6-8 while Table 6-7 summarizes the proportion of blast loading 

energy falling in the bandgaps. As shown, increasing the blast duration while decreasing the 

blast intensity leads to more blast energy in the lower frequency range that fall into the low-

frequency bandgap of the meta-panel. In particular, it is found that the blast loading with the 

highest intensity and shortest duration results in the least percentage of energy in the bandgaps, 

i.e., 77.0 %, followed by 81.0 %, 82.4 %, and 83.4 % respectively for the loading Blast-2 to 

Blast-4.  

As shown in Table 6-8, the facesheet displacements and energy absorption of the dual-meta 

panel decrease with the reduction of the peak blast load given the same impulse. Also, the 

highest peak reaction force corresponds to the loading Blast-1, which is reasonable since it is 

associated with the highest peak blast load. As given in Table 6-8, although the total energy 

absorption increases from the loading Blast-4 to Blast-1 due to the increase of the peak blast 

load, the largest percentage of energy absorption by the coatings and the cores corresponds to 

Blast-4, which is 26/76=34.2%, followed by 32.5%, 30.1%, and 28.7%, for Blast-3 to Blast-1, 

respectively. It is again attributed to the proportion of the blast loading energy falling into the 

bandgaps given in Table 6-7. These results demonstrate that the transient responses of the dual-

meta panel correlate with the peak blast load and its capacity to absorb energy in the bandgap 

ranges. Therefore, the proposed dual-meta panel can be designed to maximize its blast load 

mitigation efficiency for an expected blasting scenario.  
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Table 6-7. Proportion of blast loading energy with different duration and intensities falling in 

the bandgaps of the single meta-truss bar 

Blast loadings 

1st bandgap 2nd bandgap 3rd bandgap 

Total 

% 
bandgap

total

A

A
 % 

bandgap

total

A

A
 % 

bandgap

total

A

A
 % 

Blast-1 
4,875

15,340
 31.7% 

927

15,340
 6.0% 

6,039

15,340
 39.3% 77.0% 

Blast-2 
3,877

9,010
 43.1% 

465

9,010
 5.1% 

2,958

9,010
 32.8% 81.0% 

Blast-3 
3,125

6,543
 47.8% 

310

6,543
 4.7% 

1,956

6,543
 29.9% 82.4% 

Blast-4 
2,646

5,198
 50.9% 

232

5,198
 4.4% 

1,462

5,198
 28.1% 83.4% 

Table 6-8. Effects of blast loading duration and intensities on displacements, reaction force, 

and energy absorption 

Blast loadings 

Displacement 

 (mm) 

Reaction force 

(kN) 

Energy absorption 

 (J) 

Front 

facesheet 

Back 

facesheet 
Fz 

Face-

sheets 

Outer 

tubes 

Coatings 

+ Cores 
Total 

Blast- 1 1.7 4.1 120 95.0 46.0 57.0 198 

Blast- 2 1.3 3.6 109 63.2 34.0 41.8 139 

Blast- 3 0.9 3.2 97 42.5 25.0 32.5 100 

Blast- 4 0.8 2.8 87 30.8 19.2 26.0 76 

6.5. Conclusions 

The capability of the proposed dual-meta panel to attenuate the blast loading effect is examined 

in this chapter. Theoretical derivations and numerical simulations are carried out to investigate 

the mechanism and responses of the dual-meta panel against blast load. The proposed dual-

meta panel is aimed to increase the blast resistance capacity, whilst maintaining a low base 

reaction force. The key points found in this chapter can be enumerated as follows: 

1. Compared to the conventional sandwich panel with solid and hollow truss core, the panel 

with dual-meta truss core has smaller central peak deflections of the back facesheet (up to 20% 
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for the first peak and 52% for the second peak), smaller reaction force (up to 30% for the first 

peak and 78% for the second peak), and absorbs more blast loading energy, demonstrating that 

the dual-meta panel has the potential for significantly enhancing the dynamic performance of 

the cladding and outperforms its conventional counterparts. 

2. The performance of the dual-meta panel on blast loading mitigation depends on the structural 

configurations. A relatively weak front facesheet and stronger back facesheet, and separating 

the sacrificial dual-meta panel from the protected structure with a small gap lead to better 

protective effectiveness of the panel in terms of energy absorption and the level of the load 

transmitted to the protected structure. 

3. The performance of the dual-meta panel also depends on the blast loading profile and energy 

distribution. The dual-meta panel with bandgaps consistent with the primary blast loading 

energy distribution in the frequency domain is more effective in mitigating the blast loading 

effect. 

The chapter proves that the dual-meta panel holds great potential for extensive applications in 

various engineering fields requiring blast load mitigation.  
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CHAPTER 7. EXPERIMENTAL AND NUMERICAL VALIDATION OF 

IMPACT MITIGATION CAPABILITY OF META-PANELS 

Abstract6 

The unique stress wave mitigation capacity of meta-materials and meta-structures has been 

extensively investigated by many analytical studies but there has been very limited 

experimental verification on their favourable properties and performances, particularly the 

excellent stress wave mitigation of meta-panels. To address this research gap, the impact 

mitigation performances of meta-panels were experimentally and numerically investigated in 

this chapter. Firstly, an instrumented hammer impact test was conducted to verify the ability of 

the meta-truss bar in filtering out the incident stress. Then, impact tests using the gas gun system 

were implemented to examine the effectiveness of the meta-panel consisting of meta-truss bars 

on impact mitigation. It is experimentally proven that the meta-panel exhibited better dynamic 

performances, i.e., reductions in force transmission to the protected structure as well as in the 

back facesheet displacement, and an increase in energy absorption compared to the traditional 

panels, namely hollow-truss panels and solid-truss panels. Furthermore, the effect of the impact 

velocity on the response of meta-panels was also experimentally investigated and discussed.  

                                                 

6 The related work in this chapter was submitted for Under Review with the bibliographic 

citation as follows: 

N.H. Vo, T.M. Pham, K. Bi, W. Chen, H. Hao. Experimental and Numerical Validation of 

Impact Mitigation Capability of Meta-panels. International Journal of Mechanical Sciences. 

2022;201:107591. 

 https://doi.org/10.1016/j.ijmecsci.2022.107591 

  

 

https://doi.org/10.1016/j.ijmecsci.2022.107591
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 7.1. Introduction 

Damage to structures caused by terrorist bombing attacks, accidental explosions, or extreme 

natural events has motivated researchers and engineers to develop new and effective solutions 

for structure protections against those impulsive loads [196]. During a blast/impact event, 

critical load-bearing members may be severely damaged [116, 197], leading to substantial 

losses of human lives and economy. Hence, it is of significance to mitigate the effects of 

blast/impact loading on primary structures and guarantee their resilience by using various 

strengthening measures as well as protective structures such as sacrificial claddings [118, 119]. 

The objective of the sacrificial claddings, which are commonly attached to the exterior of the 

main structures, is to absorb energy during blast/impact events and reduce load transmission to 

the protected structures. 

Sandwich panels comprising double facesheets and integrated cores are commonly used as 

sacrificial claddings [146, 198]. Much attention has been focused on the use of metallic foam 

core for sandwich panels due to its large deformation and thus high energy absorption capability 

[48, 156]. For example, an experimental study of the sandwich panel with aluminium foam core 

was conducted by Hanssen et al. [7] to demonstrate its effectiveness in energy absorption 

against blast loads while its analytical solution was presented in another study by Ma and Ye 

[122]. Besides, numerous innovative bio-inspired panels have also shown their excellent 

blast/impact resistance, e.g. honeycomb panels [26], thin-walled corrugated structures [27], and 

hierarchical multi-cell structures [29]. These structures have been proven to possess a high 

energy absorption efficiency and great ability to enhance their crashworthiness. For instance, 

various configurations of bionic multicellular tubes were proposed to investigate their 

crashworthiness under axial impact loads [199]. In addition to the conventional approaches for 

energy absorption, more innovative solutions are sought and a few concepts have been recently 

proposed for better energy absorption capability without the need for large plastic deformation, 

i.e. meta-materials [42, 83]. The locally resonant meta-panels which adopt metamaterial-based 

concepts have attracted tremendous interest. Meta-panels absorbing energy due to not only 

plastic deformation but also the local resonance of the resonators show exceptional properties 

due to the presence of specially designed resonators. The favourable properties of meta-panels 

stem from the capability of generating frequency regions namely “bandgap” where stress waves 

cannot propagate [41, 134]. It has been found that the meta-panel has a high energy absorption 

capacity and can effectively attenuate the impact/blast effect owing to the local resonance of 
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the internal resonators. Up to date, literature on the dynamic performance of the meta-panel is 

still very limited, particularly the experimental investigations are not yet available. 

This chapter presents the experimental and numerical investigations on the effectiveness of the 

meta-panel acting as a sacrificial layer under impact loading (Figure 7-1). Firstly, the 

experimental results from the instrumented hammer impact tests are compared with the 

analytical predictions to validate the wave mitigation properties of the meta-truss bar in the 

bandgap regions. Afterwards, the dynamic performance of the meta-panel integrated by meta-

truss bars as cores, was investigated under the pneumatic gas gun tests to examine its 

effectiveness in impact load mitigation. Finally, the effect of impact velocity on the 

effectiveness of the meta-panel is assessed through in-depth discussions. It is noted that the 

analytical derivations and the numerical models are respectively presented in Sections 3 and 4 

while the experimental, analytical and numerical outcomes are discussed in Section 5. 

 

Figure 7-1. Schematic view of the meta-panel comprised of two thin facesheets and the meta-

truss bars under impact loading 
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7.2. Experimental campaign 

7.2.1 Testing programs 

The dynamic performances of the meta-truss bar and meta-panel under impact loads are 

investigated by using non-destructive impact tests and gas gun impact tests, respectively. The 

instrumented hammer impact tests were carried out to experimentally confirm the bandgap 

formation of the meta-truss bar, which is its unique characteristic but was only demonstrated in 

analytical solutions and numerical simulations [41, 42]. Then, the gas gun tests on different 

panels, namely the meta-panel comprising meta-truss bars and the conventional panels 

comprising hollow-truss and solid-truss bars were carried out to demonstrate the effectiveness 

of the meta-panel in mitigating the impact loading effects. Furthermore, to investigate the effect 

of the impact velocity on the dynamic performance of the meta-panel, the projectile mass was 

kept unchanged while its velocity varied in the test. The impact force, back facesheet 

displacement, and reaction forces, i.e., the force transmitted to the protected structure, of the 

panels were recorded in the test to quantify the impact performance of these panels. 

7.2.2 Fabrication process 

Details of the specimen fabrication including the meta-truss bars and the meta-panels are briefly 

described in this section. 

7.2.2.1 Meta-truss bars 

To experimentally demonstrate the exceptional characteristics of the meta-truss bars in 

generating the bandgaps, a prototype of the meta-truss bar was fabricated for experimental 

testing. The manufacturing process of the meta-truss bar is schematically illustrated in Figure 

7-2. As shown, the meta-truss bar was comprised of the outer tube embedded by soft-coated 

resonators. The metallic resonators were cut into the cylindrical shape of 14 mm height and 7 

mm radius by a water-jet cutting machine, and embedded in the soft coating. The soft coats 

having 2 mm thickness were fabricated by the hot-press moulding method. The soft-coated 

resonators were then encased in the hollow tube which had 10 mm and 9 mm of outer and inner 

radii, respectively. In this chapter, the commercially available aluminium alloy was used to 

make the resonators and the outer tube while the soft coat was made of silicone rubber. These 

materials were chosen based on the design procedure in the previous study [134]. The 

mechanical properties of aluminium alloy 1060 are: density ρa = 2,770 kg/m3, modulus of 



174 

elasticity Ea = 70 GPa, and Poisson's ratio νa = 0.39 [25], which were given by the manufacturer; 

whereas silicone rubber has ρs = 1150 kg/m3, νs = 0.42, and Es = 3.3 MPa obtained from coupon 

tensile tests described in the following section. 

 

Figure 7-2. Schematic diagram of the meta-truss bars (a) meta-truss bar, (b) outer tube, (c) 

meta-cores with coating 

7.2.2.2 Meta-panels 

A total of four meta-panel specimens consisted of two solid facesheets made of aluminium alloy 

1060 and the meta-truss bars were prepared (Figure 7-3). The facesheets were 4 mm thick with 

the dimension of 200 mm x 200 mm for the front facesheet and 300 mm x 300 mm for the back 

facesheet. The meta-truss bars were enclosed between the facesheets and bonded by the 

commercial two-component 3M impact-resistant structural adhesive (IRSA 07333). The 

bonding connection was adopted in this chapter due to small-scale specimens and for 

convenience. Other connection methods (e.g. welding or bolting) can be used in practical 

applications. Great attention was paid to achieving the perfect bonding between the facesheets 
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and the meta-truss bars for satisfactory structural performance. Oxide material and 

contaminants on the surface of facesheet were cleaned off using abrasive sandpaper and 

acetone. 

 

Figure 7-3. Schematic diagram of the meta-panel fabrication in which the two facesheets were 

bonded to the meta-truss bars by 3M impact-resistant adhesive 

7.2.2.3 Material properties 

Previous studies have reported that the elastic modulus of the soft coating layer significantly 

affects the wave attenuation performance of meta-materials and meta-truss bars [41, 84]. 

Therefore, it is important to accurately determine the mechanical properties of the coating 

material in the meta-truss bar for proper analysis and evaluation of the test results. The tensile 

test was set up with the same settings as described in the previous study [200] using a 

SHIMADZU testing machine (Figure 7-4a) with a 50 kN load cell. Three samples were tested 

at a fixed loading rate of 1 mm/s. The tensile test samples in dog-bone shape (Figure 7-4b) were 

designed according to ASTM standard D412 [201], in which the total length, L0, was 115 mm, 

and the widest width, W0, was 25 mm. The gauge length, G, was 33 mm, while the width at the 

middle, W, was 6 mm and the thickness, T, was 2 mm. The Young’s modulus of the sample was 
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obtained from the stress-strain curve in Figure 7-4c and the average mechanical properties of 

the soft coating material are summarized in Table 7-1. 

 

Figure 7-4. Schematic diagram of the meta-panel fabrication in which the two facesheets were 

bonded to the meta-truss bars by 3M impact-resistant adhesive 

Table 7-1. Material properties of silicone rubber 

Material 
Material properties 

Density ρ (kg/m3) Young’s modulus E (MPa) Poisson’s ratio ν 

Silicone rubber 1,150 3.3 0.42 
 

7.2.3 Experimental setup 

7.2.3.1 Instrumented hammer impact test on meta-truss bars 

The instrumented hammer impact tests were carried out on the meta-truss bars to 

experimentally confirm its bandgap regions and validate the theoretical derivations. For the test 

setup, a vise was used to hold the specimen during the test, as illustrated in Figure 7-5. The vise 

was fixed to the workbench. Then, the specimen was clamped along its entire length by the 

vise. The instrumented hammer (Dytran 5800B3) equipped with the polyurethane head 

(6250PS) was used to strike the specimen and generate the stress wave propagation. The stress 

wave would activate the vibrations of the resonator, therefore, mitigating the impact energy 

being transmitted to the other end of the specimen. The impact force was measured using the 

DAQ system, i.e. QuantumX MX840B, with a sampling rate of 19.2 kHz. One accelerometer 
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was attached to one end of the specimen to record the input acceleration (acin), while another 

accelerometer was adhered to the other end to monitor the transmitted acceleration (acout). The 

signals from the accelerometers were amplified by a charge amplifier to improve the signal to 

noise ratio before sending to the DAQ system. The input and output signals were utilized to 

compute the transmission ratio of the meta-truss bar for evaluation of its wave mitigation 

ability. Details of the test setup are shown in Figure 7-5. 

 

Figure 7-5. Setup of the instrumented hammer impact test 

7.2.3.2 Gas gun impact test on meta-panels 

The gas gun impact test was performed by a pneumatic gas gun system (see Figure 7-6). This 

system contained a launch tube and a pressure vessel in which the impact velocity can be 

controlled by adjusting the gas pressure and the projectile weight. The launch tube had a length 

of 2 m and an inner diameter of 115 mm while the dimension of the wooden projectile was 50 

mm x 100 mm x 300 mm. The meta-panel specimens were fixed on a steel frame by 4 bolts, in 
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which four load cells were placed between the back facesheet and the steel frame to measure 

the reaction forces for quantifying the force transmission. Another load cell (100 mm x 100 

mm) was mounted on the front facesheet and connected to the data acquisition system (DAQ) 

to record the impact force time history. The impact process was captured by the high-speed 

camera (Photron Fastcam SA5). The image processing technique was used to track the velocity 

of the projectile via tracking points attached to it. A laser triangulation sensor was set up at the 

back of the tested specimen to monitor the deformation of the back facesheet. 

 

Figure 7-6. Setup of the gas gun test 

7.3. Theoretical analysis 

The spring-mass model [134] depicted in Figure 7-7 can be utilized to theoretically 

conceptualize the meta-truss bar configuration. In the model, the stiffness ka1 periodically 

connects two adjacent  mass m which is restrained by shear stiffness ks1 at a spacing of L. The 

equation of motion for the jth unit cell, in which u j denotes the displacement, can be expressed 

as follows: 
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Figure 7-7. Illustration of the idealized spring-mass model for an infinite long meta-truss bar 

The solution for the harmonic wave can be given as 𝑢𝑗+𝑛 = 𝑈𝑒𝑖(𝑞𝑥+𝑛𝑞𝐿−𝜔𝑡), in which U, q, 

and ω represent the displacement amplitude, wave number, and angular frequency, 

respectively. Then, the effective mass and effective stiffness of the lattice system can be 

respectively derived as [42, 134]: 
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where meff and keff are the effective mass and effective stiffness of the equivalent system. 

The dispersion relation of the system in which each unit is regarded as an equivalent 

homogeneous material can be given as 
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(7-4) 

To define the width of the passband, the dispersion in Eq. (7-4) is solved and the expression of 

the angular frequency can be obtained as follows 
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By substituting qL = 0 into Eq. (7-5) or setting the effective mass meff in Eq. (7-2) to zero, the 

starting point of the passband is 

1

1

sk

m
   

(7-6) 

Similarly, the ending point of the passband can be calculated by setting Eq. (7-3) to zero or 

substituting qL = π into Eq. (7-5) as 
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The transmission coefficients of the entire system, T, can be computed based on the ratio of 

displacements of the inner and end unit cells as 
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More information and discussions on the equivalent spring-mass model for the meta-truss bar 

were presented in previous studies [83, 134]. Based on Eqs. (7-2), (7-3), and (7-4), the analytical 

dispersion curve and the effective parameters including the effective mass and effective 

stiffness at a sweep frequency range for the considered meta-truss bar are obtained and 

presented in Figures 7-8a and 7-8b, respectively. It is shown that the theoretical passband of the 

meta-truss bar is in the frequency range of [1,200 – 2,800] Hz, where both the effective 

parameters are positive. Particularly, at other frequencies, when either the effective mass or the 

effective stiffness is negative, the bandgaps exist. The associated frequency regions where meff 

and keff become negative are termed as the 1st bandgap at [0 – 1,200] Hz and the 2nd bandgap at 

[>2,800] Hz, respectively. As shown, the bandgap prediction from the dispersive analysis agree 

well with the corresponding results from the negative effective parameters, indicating the 

existence of the two bandgaps of the meta-truss bar. It is evident that the bandgaps of the meta-

truss bar with single local resonators are independently formed when the effective mass and 

effective stiffness become negative, respectively. It is worth mentioning that the interested 

frequency range in this chapter is only up to 5,000 Hz, covering the frequency band of common 

impact loads acting on structures [10]. 
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Figure 7-8. Theoretical bandgap regions of the meta-truss bar are determined by (a) dispersion 

curve and (b) effective parameters 

7.4. Numerical simulation 

The FE models of the meta-truss bar and the meta-panel are built to quantify the influences of 

some parameters which cannot be measured from the experiments, e.g. energy absorption of 

individual components and stress contours. Simulations are performed by utilizing an explicit 

dynamic FE software, LS-DYNA, to examine the dynamic characteristics of the meta-truss 

(Figure 7-2) and the meta-panel (Figure 7-9). The projectile is considered rigid by using the 

card *MAT_RIGID while the *MAT_ELASTIC material model is used to simulate the 

dynamic behaviour of silicone rubber. The contact between the projectile and the load cell is 

simulated by the contact algorithm *AUTOMATIC_SURFACE_TO_SURFACE. The outer 

truss bar and the two facesheets are assumed to be perfectly connected and modelled by the 

keyword *TIED_NODE_TO_SURFACE. The interfaces between the resonators and silicone 

coating are defined by the keyword *TIED_SURFACE_TO_SURFACE. An initial velocity is 

assigned to the projectile through the *INITIAL_VELOCITY_GENERATION card. The 

clamp condition at the load cell positions in the back facesheet is adopted by 

*BOUNDARY_SPC_SET option. All the elements are modelled using solid hexahedron 
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elements (SOLID 164) with a minimum mesh size of 1 mm. A reasonably fine mesh in the 

vicinity of the contact area is adopted after performing the convergence study, therefore, 

gradient mesh is chosen for both computing efficiency and accuracy consideration.  

In addition, to numerically predict the bandgaps of the meta-truss bar (Figure 7-2), an input 

signal with a sweep frequency ranging from 0 – 5,000 Hz defined by the keyword 

*PRESCRIBED_MOTION _SET is applied to one end of the simulated meta-truss bar, and the 

output response at the other end is captured to calculate the transmission coefficient. All nodes 

along the perimeter of the outer tube are fixed in all directions using the 

*BOUNDARY_SPC_SET. 

 

Figure 7-9. Schematic of finite element model used to investigate the dynamic response of the 

meta-panel in the impact test 

Johnson-Cook material model with strain hardening is adopted for aluminium. The yield stress 

is, therefore, expressed as 

 *1 ln 1n m

eq eq

o

A B C T


 


  
       

  
 

(7-9) 

where the yield stress and the equivalent plastic strain are denoted by 𝜎𝑒𝑞 and 𝜀𝑒𝑞, respectively; 

𝜀̇ is the plastic strain rate while 𝜀0̇ is a reference strain rate and is generally set to 1.0 s-1; T* is 

the nondimensional temperature ratio and is set to zero in this chapter [113]; A, B, C, n, and m 

are material constants and their values are given in Table 7-2. 
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Table 7-2. Material parameters of aluminium alloy 1060 for Johnson-Cook model [113] 

Density 

(kg/m3) 

Poisson’s 

ratio 

Young’s 

Modulus (GPa) 

A 

(GPa) 

B 

(GPa) 

C m n 

2,770 0.33 70 0.369 0.675 0.007 1.5 0.7 

7.5. Results and discussions 

7.5.1 Experimental verification of the bandgaps in meta-truss bar 

The hammer impact tests described above were conducted to examine the wave mitigation 

characteristics of the meta-truss bar. The transmission ratio, TR, is a critical parameter for the 

design of the meta-truss bar, which is utilized to quantify the resonance-induced bandgaps in 

the experiments. It is also adopted to tailor the meta-core design to attenuate incident stress 

wave at targeted frequency ranges. By definition, TR is the ratio between the frequency-

dependent amplitudes of the output and input signals. Firstly, the time-history acceleration 

responses from the two accelerometers, i.e. acin(t) and acout(t), are transformed into the 

frequency domain by using Fast Fourier Transform (FFT). For brevity, the details of the method 

are not presented herein and readers can refer to a previous study by Adesina et al. [202] for 

more details. Then, the transmission ratio in the frequency band structure can be calculated as 

follows [58, 82]: 
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(7-10) 

where acin(f) and acout(f) are the frequency-dependent amplitudes of the input signal (i.e. 

incident acceleration) and the output signal (i.e. transmitted acceleration) through the test 

specimen recorded by two accelerometers in the frequency domain, respectively. 

In this chapter, the meta-truss specimen described in section 7.2.2.1 was examined by 

conducting the non-destructive impact test with an instrumented impact hammer. The test setup 

was presented in Section 7.2.3.1. The specimen was impacted five times, and a total of ten 

acceleration time histories were analyzed to derive the experimental transmission ratio. Figure 

7-10 illustrates the typical pair of input and output acceleration time histories recorded by the 

two accelerometers located at two ends of the meta-truss bar. As shown, wave attenuation was 

experimentally observed as expected. 
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Figure 7-10. Input and output acceleration time histories at two ends of the meta-truss bar 

To verify the mechanism and evaluate the width of the bandgaps, the experimental transmission 

ratio (TR) calculated from the test data is compared with the analytical and numerical 

transmission coefficients, as shown in Figures 7-11a, 7-11b, and 7-11c. The results of the three 

approaches show that the transmission profile of the meta-truss bar can be divided into three 

regions including two apparent bandgaps in the low and high-frequency ranges and one 

transmission band. The analytical and numerical bandgaps of the meta-truss bar are respectively 

marked by the red and grey-shaded areas in Figures 7-11a and 7-11b, respectively while the 

blue-shaded areas labelled in Figure 7-11c represent the experimental bandgaps, in which the 

negative TR values in the frequency band structure indicate the significant wave attenuation 

due to the local resonance effect. The bandgaps obtained from the experimental TR show a 

reasonably good agreement with those from the analytical and numerical results, which 

indicates the validity of the analytical derivation and numerical simulation, although a slight 

mismatch is also observed. In particular, the analytical derivations give two bandgaps in the 

red-shaded areas at the frequency ranges of [0 – 1,200] Hz for the 1st region and [>2,800] Hz 

for the 2nd region, while the corresponding ranges from the experimental results are [0 – 950] 

Hz and [>3,000] Hz in the blue-shaded areas. The possible reason for the slight variation is the 

assumption of the simplified analytical model. In particular, the meta-truss bar is assumed 

continuous with an infinite number of unit cells connected by springs in the analytical model 

while the experimental specimen had a finite length of 6 unit cells only. The bandgaps obtained 
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from the FE model are [0 – 1,100] Hz and [>2,940] Hz, which are closer to the experimental 

results since it contains the same number of unit cells as the tested specimen (i.e. 6 unit cells). 

The difference between the numerical and experimental results can be attributed to the finite 

element model discretization errors and the discrepancies in material properties used in the 

numerical model and the true material properties. Nonetheless, these results confirm the 

existence of bandgaps that reduce wave transmission in the meta-truss bar and verify that both 

the analytical solution and numerical model give reasonable predictions of the bandgaps. 

 

Figure 7-11. Comparison of the bandgaps based on wave transmission ratio of (a) analytical, 

(b) numerical and (c) experimental results 

7.5.2 Transient responses of the meta-panel 

To demonstrate the excellent performance of the meta-panel under dynamic loading, the 

transient responses of the three sandwich panels with different cores are compared in this 

section. The gas gun impact tests (Figure 7-6) were conducted to evaluate the transient 

performances of the three specimens including the meta-panel (Figure 7-3) and two reference 

panels, i.e. the hollow-truss panel (Figure 7-12a) and solid-truss panel (Figure 7-12b). The three 

specimens had the same dimensions and the sole difference lies in the configuration of the truss 

cores. In the test, a wooden projectile (Figure 7-6) weighing 1 kg with a velocity of 25.8 m/s 

impacted the specimens via a load cell at the centre point. It is worth mentioning that the weights 
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of the considered panels are different, in which meta-panel weighs 1.63 kg while the weight of 

the hollow-truss and solid-truss panels are 1.49 kg and 1.77 kg, respectively. 

 

 

Figure 7-12. Schematic diagram of the referenced panels including (a) hollow-truss panel and 

(b) solid-truss panel 

7.5.2.1 Impact response description 

Generally, as shown in Figure 7-13, there are distinct stages during the impact process in which 

the interaction and energy absorption mostly occurred, namely the increasing-force stage, the 

decreasing-force stage, and the zero-force stage. The initial increase in impact force indicates 

the collision of the projectile and the specimen, after reaching its peak, it progressively 

decreases to zero. There was no penetration of the projectile because of the test setup. 

Meanwhile, the projectile experienced different motion phases including the decreasing-

velocity phase, the rebounding-velocity phase, and the detaching-velocity phase. Initially, the 

velocity of the projectile decreased from vI = 25.8 m/s to 0 m/s. After the projectile velocity 

became zero, it reincreased from zero to vR = -5.3 m/s in the opposite direction. Finally, the 

projectile separated from the meta-panel with a rebound velocity and it resulted in a residual 

deformation on the front facesheet of the meta-panel. This experimental observation is 

consistent with those reported in the previous studies regarding the experimental impact 

response of conventional sandwich panels [203]. 
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Figure 7-13. Impact force and impact velocity of the projectile under gas gun impact test of 

(a) meta-panel and (b) three different panels 

The typical impact force time history measured under the impact velocity of 25.8 m/s on the 

meta-panel is presented in Figure 7-13a, while the impact forces time histories of the three 

panels are compared in Figure 7-13b. As shown, these impact force time histories were quite 

similar. A slight variation of the peak impact forces was observed. The stiffer specimen (solid-
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truss panel) experienced a slightly higher peak impact force while its duration is marginally 

shorter. To examine the effectiveness of the meta-panel on mitigation of the impact force, the 

impact force time history is transformed into the frequency domain using FFT and shown in 

Figure 7-14. As shown, the impact force energy is distributed in a broad frequency band from 

0 to 5,000 Hz. The bandgaps of the meta-truss bar obtained above from the hammer impact test 

is also shown in Figure 7-14. The impact force energy with frequencies coincident with the 

meta-truss bandgaps is expected to be substantially reduced when transmitting through the 

meta-truss bar. However, as shown, a large amount of impact force energy can also be 

transmitted through the meta-truss bar to the back facesheet because their frequencies fall into 

the passband of the meta-truss bar. 

 

Figure 7-14. FFT spectrum of the impact force of the meta-panel recorded in the impact test 

7.5.2.2 Deformation analysis 

Predicted results from the numerical study and experimental data are compared to verify the 

numerical model. Figure 7-15 shows the comparison of the experimental and numerical 

deformation process of the meta-panel. As shown, the experiment and numerical prediction 

showed similar deformation patterns and the deformation process of the meta-panel. When the 

projectile hit the centre of the front facesheet of the panel with the impact velocity vI  = 25.8 

m/s, the panel started to deform instantly to absorb the impact energy. The facesheets were 

mainly deformed in their central region and the indentation can be observed. The depth of the 
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indentation at the front facesheet depends on the impulse loaded on the panel while that of the 

back facesheet depends on the force transmitted to the back facesheet through the truss bars, 

which can be used to demonstrate the effectiveness of the proposed meta-panel for structure 

protection. The deformation of the meta-panel initially occurred at the impacted area of the 

front facesheet and then propagated to the remaining parts. The impact loading was also 

transferred from the front facesheet through the meta-core to the back facesheet and then the 

support. When the panel reached its maximum deflection, the projectile started bouncing back 

in the opposite direction. As shown, there was no perforation failure of the facesheets under the 

impact testing. It is worth mentioning that the circular hole in the front facesheet was 

intentionally designed to mount the load cell, which is also modelled in the numerical 

simulation to replicate the test. Finally, the projectile separated from the panel and the panel 

entered the free vibration phase. 

 

Figure 7-15. Comparison of deformation process of the meta-panel from (a) experimental 

results and numerical predictions 

To demonstrate the effectiveness of the meta-panel in the impact mitigation, the experimental 

central displacement time histories of the back facesheet recorded by the laser triangulation 

sensor are shown in Figure 7-16. The numerical displacement at the center of the back facesheet 

of the meta-panel is also compared with that of the experimental data to further validate the 

numerical model. Generally, the simulation outcomes agree well with the experimental results, 
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indicating the reliability of the numerical model. The displacement of the meta-panel reached 

its peak at 7.9 mm in the experiment while the corresponding numerical prediction is 7.4 mm. 

 

Figure 7-16. Displacement time histories of the back facesheet of the three panels 

In particular, the maximum and residual deflection of the back facesheet of the meta-panel were 

7.9 mm and 6.4mm, respectively (see Figure 7-17). It was observed that the solid-truss panel 

had the largest displacement (i.e. 10.1 mm), followed by the hollow-truss panel (i.e. 8.7 mm) 

and the meta-panel (i.e. 7.9 mm). The meta-panel experimentally demonstrated its effectiveness 

in mitigating the impact loading effect,  the maximum displacement of the meta-panel back 

facesheet was 10.1 %, and 27.8 % lower than that of the hollow-truss panel and solid-truss 

panel, respectively. The meta-core mitigated the impact loading being transmitted to the back 

facesheet of the meta-panel compared to the other two reference panels. Furthermore, the plastic 

deformation of the meta-truss bar is relatively less intensive as compared to the other two 

reference panels as shown in Figure 7-17. This is because the local resonance of the meta-core 

absorbs a certain amount of impact energy, while the impact energy of the reference panels was 

absorbed mainly by plastic deformation, including the plastic deformation of the solid and 

hollow-truss bar. These results demonstrate the meta-panel had better capacity than the other 

two reference panels in resisting the repeated impact loads. It is worth noting that the total 

weights of these three structures are different. The sizes of the solid and hollow truss bars need 

to be adjusted to make the total weight of the three panels the same. Since the main objective 

of this chapter is to investigate the effectiveness of the meta-panel in mitigating the impact 

loading, the size of the truss bars is kept the same instead of the weight in the analysis. Besides, 
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the dynamic load resistant effectiveness of the meta-panel having the same mass as the 

conventional panels, i.e. hollow-truss and solid-truss panels, was proven in the previous study 

[41], which is therefore not repeated herein for brevity. 

 

Figure 7-17. Deformed shapes with the maximum residual deformation of the back facesheet 

of (a) meta-panel, (b) hollow-truss panel, and (c) solid-truss panel 

7.5.2.3 Reaction forces 

The reaction force is another key parameter that is widely used to evaluate the effectiveness of 

the sandwich panel in an impact event as it represents the force being transmitted to the 

protected structure. Figure 7-18 illustrates the reaction force time histories of the three 

considered panels in the impact tests. The reaction force was calculated as the sum of all those 

recorded by the four load cells mounted to the back facesheet of the panel in the time domain. 

As shown, the lowest reaction force is observed for the meta-panel with a peak of 42.5 kN. In 

particular, the peak reaction force of the meta-panel was 19.1% and 31.3% lower than that of 

the hollow-truss and solid-truss panels, respectively, indicating its good capability in reducing 

the force transmission to the protected structure under impact loads. This phenomenon was 

expected and can be explained by the favourable bandgaps generated from the relative motions 

between the resonators and the silicone-rubber coatings. These bandgaps possess the ability to 

counteract the incident stress from the impact load, leading to a reduction in stress transmission 

from the impact point to the back facesheet and then the supports. It should be noted that the 

stress-filtering phenomenon only occurs when the stress waves of the impact load have 

frequencies falling into the bandgap ranges. To further examine the impact resistance, the 

reaction forces of the three considered panels in the time domain are transformed to the 

frequency domain, as shown in Figure 7-19. It can be seen that the reaction force of the meta-

panel in the 1st bandgap is substantially smaller than those of the other two reference panels 

while there was no reduction occurring in the passband. It should be noted that the complete 

suppression of the force transmissions in the frequency bandgaps of the meta-truss bar could 
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not be achieved since the outer tube of the meta-truss bar could still transmit a certain amount 

of impact load. The testing results demonstrated the better protective performance of the meta-

panel in terms of the back facesheet deformation and force transmission as compared to the 

other two reference cladding panels.  

 

Figure 7-18. Measured reaction force time histories of the three considered panels 

 

Figure 7-19. FFT spectra of the measured reaction forces of the three considered panels 
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7.5.2.4 Energy absorption characteristics 

The energy absorption capacity is another critical index for evaluating the impact resistance of 

the sandwich panels under impact loading. Three important indexes including the total energy, 

the kinetic energy and the internal energy are adopted to evaluate the energy absorption 

performance of each component of the meta-panel. It is worth mentioning that the verified 

numerical model is used to evaluate the energy absorption of the sandwich panels subjected to 

impact loads. Regarding the conservation law of energy, the total energy of the system is 

constant throughout the impact event. In the impact process, the initial kinetic energy of the 

projectile is transformed into the internal energy and kinetic energy of the sandwich panels. 

Figure 7-20 illustrates the energy of the projectile and the energy absorption of each component 

of the meta-panel, i.e. facesheets, outer tube of the meta-truss bar, soft coatings, and resonators. 

Initially, the kinetic energy of the projectile decreases quickly after contacting with the meta-

panel, which is transformed into the internal energy and kinetic energy of each meta-panel 

component. The kinetic energy of the projectile becomes zero at the lowest position before re-

increasing again with the rebound of the impactor. At the end of the impact event, the projectile 

separated from the meta-panel with the rebound kinetic energy. Figure 7-20 shows the cores 

and the coatings absorbed approximately 33% of the impact energy. This explains the better 

impact resistance of the meta-panel. 

 

Figure 7-20. Time histories of energy compositions in the meta-panel (FEM) 
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As can be seen from Figure 7-21, among the energy absorption by each component, the 

facesheets (i.e. front and back facesheet) of each panel absorb the highest amount of energy 

(i.e. 120 J), followed by 110 J and 90 J respectively for the coatings + cores and the outer tube 

of the truss bar. It is worth mentioning that the energy absorption of the coatings + cores is 

composed of the kinetic energy of the resonators due to their relative movement and internal 

energy owing to the deformation of the coatings. As shown, the amount of energy absorbed by 

the coatings and resonators is higher than that of the outer tube of the meta-truss bar, which is 

associated with its plastic deformation. These results demonstrate less impact-induced damage 

to the truss bar because the local vibration of the resonators absorbs a considerable amount of 

the total impact energy. This is an advantage of the meta-panel since the less-deformed meta-

truss bars can resist subsequent loads and absorb more impact energy. It also can be seen that 

the energy absorbed by the back facesheet is relatively small (i.e. 50 J), indicating the meta-

panel possesses a high energy absorption ability through the local vibrations of the resonators, 

which not only reduce the damage to the truss bars but also protect its back facesheet hence the 

protected structures. 

 

Figure 7-21. Energy absorption of each component of the meta-panel (FEM) 

The energy absorption of different sandwich panels under impact loading is compared in Figure 

7-22. Among the three panels, the meta-panel with the meta-core embedded inside the outer 

tube exhibits the highest total energy absorption (320 J) while the panel with the solid truss bars 

absorbs the least amount of energy (265 J). It is because the strong solid-truss bars experience 
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less plastic deformation as compared to the hollow-truss bars. Higher energy absorption of the 

meta-panel is attributed to the fact that more energy can be absorbed by a combination of plastic 

deformation and out-of-phase movement of the cores while the energy absorption of the two 

reference panels is solely due to the plastic deformation of the two facesheets and the truss bars. 

As shown, the energy absorption of the truss bars in the hollow-truss panel is the highest, 

indicating the largest plastic deformation, followed by those in the solid-truss panel and meta-

panel, respectively. The outer tube of the meta-truss bar absorbs the least energy, implying the 

least damage to the meta-core. Overall, compared to the two reference panels, the meta-panel 

has the highest energy absorption capacity and suffered the least damage to its back facesheet 

and the truss bars, demonstrating its better performance in absorbing impact energy and 

mitigating damage to the protected structures. It should be noted that these results are based on 

the example meta-panel consisting of only four meta-truss bars. For a realistic protective 

sandwich panel, there are more meta-truss bars, hence more local resonators. Local vibrations 

of more resonators would absorb more impact energy, hence increasing the effectiveness of the 

structure protections in terms of the reduced force transmission and back facesheet deformation 

as compared to the example meta-panel with only four meta-truss bars. 

 

Figure 7-22. Energy absorption of different panels (FEM) 

It is worth mentioning that the total mass of the three investigated panels are different. There 

need to be some modifications in terms of the sizes of the hollow-truss and solid-truss bars to 

make the total mass of the three panels the same. This study primarily focuses on the impact 
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load mitigation effect of the meta-panel, therefore, the size of the truss bars remains unchanged 

instead of the mass. Additionally, specific energy absorption (SEA) obtained by using the 

energy absorption of the investigated panel dividing its mass is utilized in this study to provide 

a straightforward comparison of the energy absorption capacity with respect to the mass of the 

panels. The results exhibit that SEA of the reference panels (i.e. 280 J/kg and 190 J/kg for 

panels with hollow-truss bar and solid-truss bar, respectively) are significantly smaller than that 

of the meta-panel (302 J/kg), indicating the better energy absorption capacity per unit mass of 

the meta-panel. Besides, the dynamic load resistant effectiveness of the meta-panel having the 

same mass as the traditional panels was proven in the previous study, which is therefore not 

repeated herein for brevity. In conclusion, it is proven that the meta-panel outperforms the 

conventional panels in resisting impact loading. 

7.5.3 Effect of impact velocity 

The influence of impact velocity on the dynamic performance of sandwich panels has been 

extensively studied over the last twenty years [204, 205]. However, no experimental testing has 

been conducted to evaluate the impact velocity effect on the newly proposed meta-panel. 

Therefore, the effect of impact velocity on the performance of the meta-panel was 

experimentally tested in this section. It should be noted that in the tests, the projectile had 

different impact velocities but the same mass of 1 kg. To gain an insightful understanding of 

the influence of impact velocity on the meta-panel, impact tests with three velocities, i.e. 25.8 

m/s, 30.5 m/s, and 35.2 m/s, of the projectile on three identical specimens were conducted. 

7.5.3.1 Impact response 

The relationship between the duration and the peak amplitude of the impact force under 

different impact velocities is shown in Figure 7-23. The impact velocity significantly affected 

the peak impact force while it had a limited influence on the duration of the impact loading. 

Particularly, in this chapter, increasing the impact velocity from 25.8 m/s to 35.2 m/s led to the 

peak impact force almost doubled from 108.5 kN to 210.5 kN, but only slightly increased the 

loading duration from approximately 1.50 ms to 1.75 ms. This observation was consistent with 

those reported in the previous studies of the impact tests [56, 142].  
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Figure 7-23. Impact force time histories with various impact velocities 

The frequency profiles of the impact forces are illustrated with the normalized amplitudes in 

Figure 7-24 to investigate the effect of the impact velocity on the impact load characteristics in 

the frequency domain. It shows that the impact forces had broadband frequencies ranging from 

0 to 5,000 Hz with high amplitudes in the low-frequency region and low amplitudes in the high-

frequency region. When varying the impact velocity, the dominant frequency band of the 

impact loading slightly changed. However, it resulted in more impact energies falling into the 

passband, indicating less impact mitigation efficiency for the meta-panel. The areas enclosed 

by the FFT spectrum of the impact loading in Figure 7-24 are utilized to calculate the impact 

loading energy falling into each frequency band of the meta-truss bar. Details of estimation of 

the portion of the impact energy falling into each bandgap (Table 7-3) have been reported in 

the previous study [41], which is therefore not repeated herein for brevity. It was interesting to 

find that the impact force induced by a lower impact velocity led to more portion of energy 

falling into the bandgaps, i.e. 65.4%, 59.7%, and 53.2% respectively for the loadings induced 

by velocity v1, v2, and v3, implying that the lower velocity the projectile was, the more effective 

the meta-panel would be in mitigating the impact load. In another word, the impact mitigation 

efficiency of this meta-panel decreased when the impact velocity increased. It is noted that this 

observation is based on the bandgap structures and characteristics of the impact loading, 

therefore, it is not necessarily correct for other scenarios. This is because the impact duration 

from the projectile with relatively lower velocity is shorter, which makes the impact energy 
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more evenly distributed in a wider frequency band as shown in Figures 7-23 and 7-24. As a 

result, slightly more proportion of impact energy is distributed in the bandgap, resulting in the 

meta-panel being more effective in absorbing the impact energy. 

Table 7-3. Proportion of impact energy with different velocities falling in the bandgaps of the 

meta-truss bar. 

Impact 

velocity 

1st bandgap 2nd bandgap 

Total 

% 
bandgap

total

A

A
 % 

bandgap

total

A

A
 % 

v1 
4,462

11,532
 38.7% 

3,079

11,532
 26.7% 65.4% 

v2 
6,775

18,264
 37.1% 

4,127

18,264
 22.6% 59.7% 

v3 
7,637

21,514
 35.5% 

3,808

21,514
 17.7% 53.2% 

 

Figure 7-24. FFT spectra of impact forces with various impact velocities 

7.5.3.2 Deformation, reaction force and energy absorption 

Figure 7-25 shows the damage patterns of the back facesheet and reaction force of the meta-

panels subjected to projectile with different velocities. The experimental results indicated that, 
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as expected, the projectile with higher velocity led to more severe damage to the back facesheet 

of the meta-panel. In the range of the investigated velocity, increasing impact velocity resulted 

in a substantial increase in deformation of the back facesheet and reaction force. Particularly, 

increasing the velocity from 25.8 m/s to 35.2 m/s enlarged the maximum deflection of the back 

facesheet from 7.9 mm to 15.4 mm and the corresponding reaction force from 42.5 kN to 72.9 

kN, respectively. In the experimental program, penetration of the facesheets was not observed. 

The energy absorption characteristics of the meta-panel depend not only on the panel itself but 

also on the impulse and the frequency band of the impact loading. The verified FE models are 

used to quantify the energy absorption of the different components of meta-panels subjected to 

impact loads from different velocities, which cannot be comprehensively obtained from the 

experiments. In particular, the energy absorption of the panel increased with the loading 

impulse. Although the total energy absorption increased from 315 J to 601 J when varying the 

projectile velocity from 25.8 m/s to 32.5 m/s due to the increased impact energy imparted to 

the specimen, the largest percentage of the impact energy was absorbed by the coating + core 

(i.e. 31.7% of the total energy) when the velocity was 25.8 m/s as explained above and tabulated 

in Table 7-4, followed by 27.8% and 25.2% respectively for the impact cases with velocities 

30.5 m/s to 35.2 m/s. It is attributed to the decrease in the proportion of the impact energies 

from the 25.8 m/s to 35.2 m/s impact falling in the bandgaps of the meta-panel. 

 
Figure 7-25. Effects of the impact velocity on the central displacement of the back facesheet 

and the reaction force of the meta-panel 
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This result indicates that the meta-panel is more effective in impact resistance when more 

proportion of the impact loading energy has the frequency range falling into its bandgaps. 

Therefore, to make the meta-panel more robust and more effective in mitigating impact energy, 

broadening the bandgap range of the meta-panel is the key design objective. Improved design 

to broaden the bandgap, e.g. using different sizes of resonators or different materials, was 

presented in the previous study [42]. These findings demonstrate that the performance of the 

meta-panel correlates with the frequency content and amplitude of the impact load which is 

projectile velocity dependent. It should be noted that the impact loading characteristics are also 

mass-dependent. The influences of the impact mass are however not tested in this chapter, 

which could be a future topic of study. 

Table 7-4. Effect of impact velocities on energy absorption (FEM). 

Impact 

velocity 

(m/s) 

Energy absorption (J) 

Front facesheet Back facesheet Truss 
Coating + 

Core 
Total 

v1 = 25.8 75 (23.8 %) 50 (15.8 %) 90 (28.7 %) 100 (31.7 %) 315 

v2 = 30.5 135 (30.0 %) 70 (15.5 %) 120 (16.7 %) 125 (27.8 %) 450 

v3 = 35.2 185 (30.7 %) 94 (15.6 %) 170 (28.5 %) 152 (25.2 %) 601 

7.6. Conclusions 

In this chapter, the impact mitigation performances of the meta-panel were experimentally, 

numerically and theoretically investigated. The main conclusions can be drawn as follows: 

1. The stress wave attenuation capacity of the meta-truss bar comprising an aluminium tube and 

silicone-coated resonators were experimentally demonstrated for the first time. The 

experimentally measured bandgaps agreed well with the numerical and analytical predictions. 

The existence of two bandgaps in the meta-truss bar was experimentally verified. 

2. Compared with the conventional sandwich panels, i.e. hollow-truss and solid-truss panels, 

the meta-panel exhibited excellent impact resistance in reducing the back facesheet deformation 

and force transmission to the protected structure, and had higher energy absorption capacity. 

3. Increasing the impact velocity resulted in more concentrated distribution of impact energy in 

a narrower frequency band, hence less proportion of impact energy falling into the bandgaps of 

the meta-panel, leading to less effectiveness of the meta-panel in mitigating impact loading 
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effect. Widening the bandgaps of the meta-panel is the key objective in designing the meta-

panel to enhance its protective effectiveness.  
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CHAPTER 8. CONCLUDING REMARKS 

8.1 Findings 

This dissertation comprehensively develops a new concept and design of a novel meta-panel 

for impact/blast-resistant applications as a protective structure. The primary goal is to minimize 

the force transmitted to the protected structures through mitigating the stress wave propagation 

by leveraging the coupled mechanisms of plastic deformation and local resonance. The dynamic 

responses of the proposed meta-panel subjected to blast and impact loads are theoretically, 

numerically and experimentally investigated. The theoretically derived bandgap formation is 

verified against the numerical simulation and experimental study in terms of transmission 

coefficient, which exhibits good agreement between the three approaches. Furthermore, the 

effects of designed parameters and installation conditions on the performance of the proposed 

meta-panel are systematically examined to maximize the dynamic performance of the proposed 

panels, followed by a design procedure for engineering applications. The primary findings of 

this dissertation are summarized as follows: 

Analytical studies 

1. The comprehensive approach including the effective properties (i.e. effective mass and 

effective stiffness), the wave dispersive curves, and transmission analysis is derived to 

analytically determine the meta-materials/meta-structures bandgaps. Particularly, the negative 

effective mass and the negative effective stiffness are collaboratively contributed to the 1st 

bandgap of the meta-concrete whilst the latter seperately generates another high-frequency 

bandgap. In addition, the creation of the very low-frequency bandgap in the meta-truss bar, 

which is utmostly important for loads associated with low-frequency region such as earthquake, 

is governed by the shear stiffness between the resonators and the surrounding host matrix. 

2. By taking the shear stiffness of the all coating layers into account, the proposed analytical 

model successfully captures a broader low-frequency bandgap which could not be predicted by 

the traditional model due to the negligence of the shear stiffness. It is found that the 1st and 2nd 

bandgaps are significantly influenced by the two masses. In particular, these bandgaps widen 

with the internal mass m1 while they tend to narrow with the increasing value of external mass 

m2. Conversely, the 3rd bandgap remains unchanged regardless of m2 but increases with m1. 

Regarding the effect of the stiffness, while the axial stiffnesses have limited influence on the 
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1st bandgap, it narrows the third bandgap. The shear stiffness is insensitive to the third bandgap, 

but it widens the other two bandgaps. 

3. A detailed design procedure for the proposed meta-panel is proposed, which is programmable 

and can be employed to facilitate the meta-panel design for the attenuation of stress waves 

induced by dynamic loading. 

Numerical simulations 

1. The numerical model shows that the proposed meta-panel exhibits excellent impact-resistant 

performances compared to its conventional counterparts with a significant reduction in the 

facesheet deflection (33%) and the force transmission to the protected structure (47%) and 

substantial increase in the energy absorption. The meta-panel is the most effective in mitigating 

the impact loading effect with a fairly thin hollow truss and a properly selected soft coating. 

Furthermore, the impact velocity considerably affects the dominant frequency band of impact 

energy distribution, hence significantly influences the effectiveness of the meta-panel. A higher 

impact velocity triggers more impact energy distribution in the passband, therefore affecting 

the effectiveness of the meta-panel in the impact mitigation effect. 

2. The proposed meta-panel consisting of multiple types of resonators made of different 

materials, sizes, and geometric designs considerably enhance its blast-resistant performances. 

A complete bandgap formation covering the entire range of dominant frequencies of the loading 

is obtained by using properly tailored arrangements of resonators. This design results in a 

remarkable wave attenuation and therefore better protection effectiveness. For practical design, 

the cylinder shape of resonator is recommended for meta-panels in terms of its excellent blast 

mitigation and easy fabrication process. 

3. The new design of meta-panel with dual-resonators is proposed to significantly enhance its 

impact and blast resistance performance and is proven outperforming its conventional 

counterparts. The recommended design of the proposed panel should possess a relatively thin 

front facesheet and thick back facesheet. In addition, the protective effectiveness of the dual-

meta panel depends on frequency contents of the impact or blast loads, and is the most effective 

if the bandgaps cover the dominant frequency band of the impact or blast loads. Therefore, the 
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bandgaps of the meta-panel should be designed to cover the primary frequency contents of the 

expected loads. 

Experimental studies 

1. The stress wave-filtering effect of the meta-truss bar consisting of an aluminium tube and 

silicone-coated resonators was experimentally verified. The obtained bandgaps from the 

experiment showed a good agreement with the numerical and analytical predictions, verifying 

the numerical models and analytical derivations.  

2. It was experimentally proven that the proposed meta-panel exhibits excellent impact 

resistance as compared with the conventional sandwich panels, i.e. a substantial increase in the 

energy absorption, and a remarkable decrease in the facesheet displacement and reaction force 

transmission to the protected structure. 

3. Increasing impact velocity resulted in more even distribution of impact energy in a wider 

frequency band, hence less proportion of impact energy falling into the bandgaps of the meta-

panel, leading to less effectiveness of the meta-panel in mitigating impact loading effect. 

Therefore, one of the primary design target of meta-panels is to widen their bandgaps. Widening 

the bandgaps of the meta-panel is the key objective in the design to enhance the protective 

effectiveness of the meta-panels. This can be done by adopting the design procedure proposed 

in Chapter 1. 

8.2 Recommendation for future directions 

From the main findings in this dissertation, the recommendations for possible future works are 

given as follows: 

1. Additional tests and numerical simulations for the meta-truss bar are recommended to 

investigate the influence of critical factors on its favourable bandgaps, e.g. vibration test with 

transverse loadings, vibration test without the outer tube.  

2. In this research, only the meta-panel with single resonator was tested due to the complex 

fabrication process. More experimental tests should be carried out for meta-panels with various 

configurations, for instance, dual-meta panel, meta-panel with multitypes of resonators. 
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Besides, a wider range of impact loads which is impact mass and velocity-dependent should be 

carried out, especially with the low impact velocity, to examine the effectiveness of the meta-

panel to resist impact loads of different loading scenarios. The pendulum test is recommended 

for this task. 

3. In this study, manual fabrication process was carried out for the meta-truss bars due to the 

limitations of fabrication means. This issue would be addressed in the future work by leveraging 

the 3D printing method for manufacturing process. Improvements in accurate manufacture of 

the structures could be obtained if all layers are automatically printed simultaneously.  
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