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Abstract

Many machine learning problems can be formulated as minimizing the
sum of a function and a nonsmooth regularization term. Proximal
stochastic gradient methods are popular for solving such composition
optimization problems. We propose a mini-batch proximal stochastic
recursive gradient algorithm SRG-DBB, which incorporates the diagonal
Barzilai-Borwein (DBB) stepsize strategy to capture the local geome-
try of the problem. The linear convergence and complexity of SRG-DBB
is analyzed for strongly convex functions. We further establish the
linear convergence of SRG-DBB under the non-strong convexity con-
dition. Moreover, it is proved that SRG-DBB converges sublinearly in
the convex case. Numerical experiments on standard data sets indi-
cate that the performance of SRG-DBB is better than or comparable
to the proximal stochastic recursive gradient algorithm with best-tuned
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scalar stepsizes or BB stepsizes. Furthermore, SRG-DBB is superior
to some advanced mini-batch proximal stochastic gradient methods.

Keywords: Stochastic recursive gradient, proximal gradient algorithm,
Barzilai-Borwein method, composite optimization

1 Introduction

We are interested in solving the following problem

min P(w) = F(w) + R(w), (1)
weR?
where F(w) = 237" | f;(w), each component function fi(w) : R? — R is

smooth and convex, and R(w) : R? — RU {400} is a relatively simple proper
convex function (sometimes referred to as a regularization) but can be non-
differentiable. We focus on the case where the sample size n is extremely large,
and the scaled proximal operator of R(w) could be computed efficiently.

The formulation (1) appears across a broad range of applications in machine
learning [1-3], statistics [4], matrix completion [5], neural networks [6-8], etc.
One important instance is the regularized empirical risk minimization (ERM)
[1, 4, 9], which involves a collection of training examples {(a;, b;)}?,, where
a; € R? is a feature vector and b; € R is the desired response. With the com-
ponent functions f;(w) = 1 (b; — al w)?, Lasso, ridge regression and elastic net
employ the regularization terms R(w) = A ||w]|1, R(w) = 22 |w||3 and R(w) =
At f|lwll1 422 ||w]|3, respectively, where A and A, are nonnegative regularization
parameters. When considering binary classification problems, one frequently
used component function is the logistic loss fi(w) = log(1 +exp(—b;al w)) and
R(w) can be any of the aforementioned regularization terms.

Popular methods for solving optimization problems (1) in large-scale set-
ting relay on proximal stochastic approaches. Motivated by the seminal work
of Robbins and Monro [10], a proximal stochastic gradient descent (Prox-SGD)
method has been developed, which chooses i, € {1,2,...,n} uniformly at
random and takes the update

i
Wyt = proxyy *(wy — eV fi, (wy)), (2)

where 1, > 0 is the stepsize (a.k.a. learning rate), I; € R%*? is the identity
matrix, and prox#(w) is defined as

. 1
proci(u) = ang min { 51l ~ wls + A | ®)

However, due to the large variance of the stochastic gradient introduced by ran-
dom sampling, Prox-SGD only enjoys a sublinear convergence rate for strongly
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convex functions. Starting from several prevalent variance reduced stochastic
gradient methods such as stochastic average gradient (SAG) [11, 12], stochas-
tic variance reduced gradient (SVRG) [13], and stochastic recursive gradient
algorithm (SARAH) [14], some efficient proximal stochastic methods have been
developed for solving composite problems. In [15], Xiao and Zhang proposed
a proximal variant of SVRG, called Prox-SVRG and proved its linear conver-
gence rate for strongly convex problems. By combining the mini-batch scheme
with semi-stochastic gradient descent methd (S2GD)[16], Konecny et al. [17]
developed the mS2GD method that achieves better convergence rate and prac-
tical performance than Prox-SVRG. A proximal version of SARAH can be
found in [18].

Since the stepsize has an important influence on the performance of stochas-
tic gradient methods, many researchers are devoted to designing more efficient
scheme of stepsizes. For classical SGD, one frequently employed stepsize
strategy in practical computation is

oo oo
an:oo and Zn,%<oo.
k=1 k=1

However, such a choice often yields sublinear convergence of SGD, see [1] for
example. In recent years, using the Barzilai-Borwein (BB) method [19] to auto-
matically calculate stepsizes for SGD and its variants has attracted more and
more attention. One great advantage of BB stepsize is that it is able to capture
hidden second-order information and is not sensitive to the choice of initial
stepsizes, which makes it very promising in practice. See [19-21] and references
therein for more details about BB-like methods. One pioneer work in this line
is due to Tan et al. [22], who proposed to incorporate the BB stepsize with
SGD and SVRG, and got the SGD-BB and SVRG-BB methods. By combin-
ing SARAH with the BB method and importance sampling strategy, Liu et
al. [23] suggested the SARAH-I-BB method. To solve problem (1), Yu et al.
[24] developed a mini-batch proximal stochastic recursive gradient algorithm
that incorporates a trust-region-like scheme and BB stepsizes. Inspired by the
adaptive metric selection strategy in [25], the authors proposed a new diagonal
BB stepsize to update the metric for Prox-SVRG and devised a VM-SVRG
method [26].

In this paper, motivated by the diagonal BB stepsize startegy and the
success of SARAH in solving problem (1), we propose a mini-batch proximal
stochastic recursive gradient method, named SRG-DBB. We present the con-
vergence analysis of SRG-DBB under different conditions, which shows that
it converges linearly for strongly convex and non-strongly convex functions.
The sublinear convergence of SRG-DBB in the convex case is given. Numer-
ical results for solving regularized logistic regression problems on standard
data sets show that the performance of SRG-DBB is better than or compara-
ble to proximal SARAH with best-tuned stepsizes and the proximal variant of
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SARAH-BB with different initial stepsizes. Further comparisons between SRG-
DBB and some advanced mini-batch proximal stochastic gradient methods
demonstrate the efficiency of SRG-DBB.

The rest of this paper is organized as follows. In Section 2 we propose
our SRG-DBB method. In Section 3 we prove that SRG-DBB enjoys a linear
convergence rate under strong convexity and non-strong convexity conditions,
and converges sublinearly under convex condition. Numerical experiments are
reported in Section 4. Finally, we draw some conclusions in Section 5.

2 The SRG-DBB method

A formal description of SRG-DBB is given in Algorithm 1.

Algorithm 1 SRG-DBB(w°, m, b, Up)

Input: update frequency m (max # of stochastic steps per outer loop), initial
point " € R, initial matrix Uy = 19ly, mini-batch size b € {1,2,...,n},
probability Q = {q1,42,...,qn}

1: for k=0,1,..., K —1do
k k_ o~k

2: wi =wi =
3 vk =VEF(wf)
4: Choose i € {1,2,...,m} uniformly at random
5: fort=1,...,t do
6: Choose mini-batch I, C {1,2,...,n} of size b, where each i € I is
chosen from {1,2,...,n} randomly according to 2
7
1
vt =3 > [(Vhiwf) = Vfi(wi_y)/(ain)] +vf (4)
il
8 wy, = prox%’c (wf — Ugvl)
9: end for
0: ot =wp

11: Compute Uy from (6)
12: end for
Output: Iterate w, chosen uniformly at random from {{wF}'* kK:_Ol

Note that, when Uy = aglly with « being a scalar stepsize, Algorithm 1
is a proximal version of SARAH [14]. It transforms to the stochastic proximal
quasi-Newton method for Uy ~ (V2F(wF))~! [27, 28].

We will use a diagonal matrix Uy to estimate the second-order information
of F(w). In particular, we employ the approach in [26] to compute Uy,

min s, — Uys |3 +w||U = Up-a |7 (5)
u€eRd

s.t. aiﬂd <U<= a,lcﬂd,
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U = Diag(u),

where s, = @ — @71,y = VF(@0) — VF(@*1), || - ||F is the Frobenius
norm and 0 < o2 < «a}, are two stepsizes given by users. Clearly, the solution
Uy of (5) satisfies the secant equation s, = Ugyy in the sense of least squares
and is close to the previous matrix Ui_; where the closeness is controlled by
the hyperparameter w > 0. In this way, Uy can capture the geometry of the
inverse Hessian of F'(w), which is different from the one in [25].

Denote up = [u,(cl),ugf), e ,u]gd)} € R? and U, = Diag(uy) € Rx4,
Problem (5) has a closed-form solution given by

a? Sgcj)yl(ci)""w";cj—)l a?:
k> (yéj))2+w k>
w9 — ) si v reou) ol (6)
k k> (y](cﬂ))2+w k>
sy 4oou@

where 5,(63 ) and y,i] ) are the j-th elements of s; and yg, respectively.

As mentioned before, the BB stepsize is suitable for SGD and its variants.
We would like to employ BB-like stepsizes for a} and af. Since at most m
biased gradient estimators are added to wf for getting w¥, in the inner loop,

m
we employ the following stepsizes

2 skl
1
Qp = —* % (7)
moSL Yk
and r
2 sk
2 k
Qp = — - 29 (8)
m - lyellz
where oz,lc and ai are two variant of the long BB stepsize akBB = ”S?‘;l: and the
k
T
short BB stepsize aPB? = HSZ’;kyH"Q in [19], respectively. In order to guarantee the
o 112

boundedness of u,(j) (k=0,1,...,K—1; j=1,2,...,d), we project them into
the interval [, @] when the objective function is not strongly convex. Here,
0 < a <@ are two given constants.

We mention that v in Algorithm 1 is a biased estimate of the full gradient
V F(wk), which is the same as SARAH [14] but different from SGD and SVRG
types of methods [13, 15]. In fact, it is easy to see that conditioned on F3, the
expectation of vF with respect to I; is

By [oF| 7] = i Vfi(wf) =V fi(wi_y)

k
= < Qi + vy
qin e =1

i=1
= VF(w;) = VF(w ) + v}y,
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where F, = o(wk I;,I5,...,I;_1) is the o-algebra generated by
wi, I, Is,..., I;_1 and Fy = F; = o(wf). As will be seen in Theorems 1
and 2, the simple recursive framework for updating vF yields a non-increasing
property and a linear convergence of the inner loop of our SRG-DBB method,
which does not hold for Prox-SVRG and mS2GD.

Let fE[] be the expectation with respect to all random variables. That is,
E[vf] = E;,Ey, ... Ej,_, [0F]. When taking total expectation and employing the
fact vf = VF(wh), it follows that E[v¥] = E[VF(wk)] — E[VF (wf)] + E[vf] =
E[V F(w¥)]. By induction, we obtain

E[vf] = E[VF (wy)]. 9)

3 Convergence analysis

In order to establish convergence of SRG-DBB in different cases, we make the
following two blanket assumptions.

Assumption 1 The regularization R(w) : R? — R U {+oco} is a lower semi-
continuous and convex function. However, it can be non-differentiable. Its effective
domain, dom(R) = {w € R4 R(w) < 400}, is closed.

Assumption 2 Each component function f;(w) : R?

that is, there exists L; > 0 such that
IV fi(w) = Vfi(v)l2 < Lillw — v|l2, Vw,v € dom(R).

— R is convex and L;-smooth,

Let L = 13" | L;, from Assumption 2, we know that F(w) is also L-
smooth. For simplicity, we denote Lq as

L
Lo = max ,
i=1,2,...,n NG;

then Lg > L. It is not difficult to obtain the following result from Assumption
2.

Lemma 1 (Theorem 2.1.5 [29]) Suppose that f;(w) is convex and L;-smooth. Then,
for any w,v € ]Rd, the following inequality holds

(Vfi(w) = Vi) (w—v) > L%_vai(w) — Vi)[I3.

Now we generalize some basic properties of proximal mapping to scaled
proximal operator. Although they are direct extensions, we have not found the
same results in literatures.
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Lemma 2 Let R(w) be a proper closed and convex function on R?. Then proxé_1 (w)
is a singleton for any w € dom(R) and any symmetric positive definite matrix A €
Siid. Furthermore, the following statements are equivalent:

(i) u=prox4  (w).
(ii) A~'(w —u) € OR(u), where OR is the subdifferential of R.

-1
Proof The uniqueness of proxf% (w) can be proved in a similar way as Theorem 6.3
of [30] by noting that A is symmetric positive definite. For the latter part, one can
employ the techniques used in the proof of Theorem 6.39 in [30]. We omit the details
here. O

Lemma 3 Let R(w) be a proper closed and convex function on R Then, for any

w,v € dom(R) and any A € Siﬁ‘a the following inequality holds

AL A1 2 2
[proxz (w) —proxg  (v)[[a-1 < [lw—v[[3-1.

-1
Proof We only need to consider the nontrivial case w # v. Denoting u = proxﬁ (w)

and v = prox}“{1 (v). It follows from Lemma 2 that
A" N w—u) € OR(n), A '(v—v) € IR(V).
By the definition of subdifferential, we have
R(u) > R(v) + (A (v = v)T (u =),
R(v) > R(u) + (A" (w —u))" (v — w).
Summing the above two inequalities to get

0> (Ail((v —-v)—(w— u)))T(u — v)
= (A_l((v —w)+ (u-— v)))T(u — v)7

which results in,
Ju=vli <A@ w—v) (u-v)
= (AP w-0) (AT -v)
< AT (w —v) 2 - |ATY2 (@ = V)2,

where the first equality holds due to the symmetry and positive definiteness of A
while the last inequality follows from the Cauchy-Schwarz inequality. By squaring
the above inequality, we obtain

2 2 —1/2 2 —1/2 2
u—vi%-1 - lu—v|%- <IATY2 (@ =03 1A 2 (u - V)13
_ 2 2
=llw — v %1 - Jlu— |5

Since w # v, we know that |ju— VH,2471 # 0. We complete the proof by dividing both
sides of the above inequality by ||u — V||?4_1. O
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The following theorem shows that our proximal stochastic recursive step
wk 1~ wk decreases in expectation for convex functions.

Theorem 1 Suppose that Assumptions 1 and 2 hold. Consider v,]f defined by (4) in
SRG-DBB with 0 < U, < 1/Lqly. Then, in the k-th outer loop, for any t > 1, we
have

E[llwfir — wblf-1] < Bfllwf — wfallf ).

Proof Conditioned on F¢, we take expectation with respect to It to obtain

k k)2
Ep, [lwitr — wi HUfl | Ft]
Utk ko2
HPIOXR wt - Uk“t) proxXp (wi—1 — UkUt—l)HUl:lLFt]

Ep, |
By, [Jlwf — wi_y — Ug(vf —vf- 1)||U 1| F]
Ep, |

IN

kK k T,k k
lwt — wi— 1||U—1+|\Ut — i1 llE, — 2wk —wi-1)T (vF — vi-1)|F]

= |lwf — wtlekal +Eq, [Ilvf — vi1llE | F)

w i(wf
—2E;, [(wk wt 1) (bzvfz( t) Vi t_l))|]'—t]

;1
i€l i

ko k 2 kk g2
< llwe —wieally-» +Er, [lvf — vie1llir, 1]

1 IVFi(wf) = Vfi(wi_1)13
e,y 3o IR TR
i€l ¢ ¢

kk 2 N
< [Jwg —wt—lﬂUfl +Eyp, [llvi = o1y, |F¢]

Vfi - Vi
Z H f wt f(wt 1)||%|ft}
ZGIt

k& kk 2
< fJwg _wt—lHUk—l +Ep, [|lvt —Ut—1||Uk|]:t]

2p t [H% Z Vfi(wf) = V fi(wf )

2
- 1317%] (10)

i€l
k ko2 1 k E o2
< — wy_ _ —E — Vi
< wi — wy 1HUk1+LQ 1 [lvt — o1 lI2]Ft]
2 1 Vfi(wF) =V i(wrF 1) 5
TgEnlly 2 o I317%]

i€l
k ko2 1 E k2

= |lwt — wt—lHUk—l - EEH [llvf — vi_1l|2]F]
ko ko2

< llwe = weally -1,

where the first inequality follows from Lemma 3 and the second inequality uses
Lemma 1. The third inequality holds due to Lg > L;/(ng;) for i = 1,2,...,n. In
the fourth and fifth inequalities we use the facts that E[[|z1 + 22 4+ ... + er%} <
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rIE[||z1||§ +llz2l3+... + ||zr||%] with z; being random variables for j € {1,2,...,r}
and 0 < Uy = 1/Lgly, respectively. The last equality holds by the definition of vf.

We can obtain the desired result by taking total expectation.
a

Let W, be the set of optimal solutions of problem (1) and w, € W,. From
Theorem 2 in [24], an upper bound on the variance of vF can be given as
follows.

Lemma 4 Suppose that Assumptions 1 and 2 hold, and choose b € {1,2,...,n}.
Consider vf as defined in (4). Then, for any ¢ > 1, we have

E[[lof — VF(wt)|l3] < “LTQIE[PM) — P(ws) + P(wf_1) — P(w.)].

To analyze the convergence of multiple outer loops, we define the following
generalization of stochastic gradient mapping

k —1k 0k —1( k& Uitk k
9¢ = Uy, (wi —wiyy) = Uy (wt —proxg* (wi — Upvy )) (11)
Then the proximal stochastic gradient step in Algorithm 1 can be written as

wiyy = wy — Urgy. (12)

Before establishing the convergence of SRG-DBB, we show an upper bound
on P(w) by using (11) and (12) in a similar way to Lemma 3.7 in [15]. However,
we do not require the strong convexity of F(w) and R(w).

Lemma 5 Suppose that Assumptions 1 and 2 hold, and 0 < Uy, < 1/Lql,. For any
t > 1, we have

k

Tk, Ly k2 k N
(ws —wi)” gt +§\|gt 7, < P(ws) = P(wgr1) — (ws —wiy1)” 6t

where 6F = VF(wl) — vf.

Proof Since

k : 1 k k2

w1 = axgmin {R() + Sy — (uf ~ V)30 ,
by Lemma 2, we get
Uy ((wf — Upo!) — wip) € OR(wfy1),
which implies that there exists ¢ € OR(wf "+1) such that
Uy M (whsy — (wf = Ugof)) + ¢ = 0.

This together with (12) gives vf + ¢ = gF. Then

(we — 1) T (of +¢) = (Wi —wip1) " g (13)
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From the convexity of F(w) and R(w), we get
P(ws) > F(wf) + VF(wi) T (ws — wf) + RwF1) + o7 (wie — wipy). (14)
It follows from the L-smoothness of F'(w) that
L
F(w}) > Fwfir) = VE@i) (wipy —wi) = 5 wiin — w3

k k k ky Loy k& k
> Fwi) = VF(wi)" (wipy —wf) = JHwty —wfl3, (15)

where the second inequality is due to the fact 0 < L < Lg. Combining (14) and (15),
we have

P(wy) > F(wyy 1) — VF(wH) T (wr — wh) + VEw)T (we — wh) + R(w)yq)
Lo
+ o (we — wiir) — 7||wt+1 —wf3
k k k k L k k
= P(wis1) + VE(r)" (we —wi1) + " (we = wit1) = |wips —wi |3

k kT k T k 1 k2
2 P(wip1) + VE(wr)” (e —wipr) +¢° (e —wip1) = Slloe 1, (16)
where the first equality follows from the definition of P(w) and the last inequality

holds by (12) and 0 < Uy = 1/Lql,. Collecting all inner products on the right-hand
side of (16), we obtain

VE(wf)" (we — wiir) + " (we —wiiy)
= (ws — wa)T(af + ) + (ws —wh )T
= (ws —wiy) " OF + (ws —wi)" (vf + )
= (we —wiy1) T 6F + (wi — “Lvt-s-l)Tgé€

k\T k

+(
(

= (w« _wt+1) 5t (ws — w + wf —wf+1) gt
+ (ws —w) gt + (gF)" Urgt

= (we — wi1)"6
= (wx — 1) 8 + (we —wh) gt + gk |17, (17)

where the first equality follows from the definition of (5,15C , and the third and fifth
equalities are derived from (13) and (12), respectively. Applying (17) to (16), we get

k 1 & kE \T <k E\T k
P(w«) > P(wit1) + 5“975 15, + (we — wi 1) 8F + (we —wi) g
Then the desired result is obtained. O

3.1 Convergence properties for strongly convex case

We analyze the linear convergence of SRG-DBB in the case where P(w) is
strongly convex.

Assumption 3 The objective function P(w) is u-strongly convex, that is, there
exists > 0 such that for all w € dom(R) and v € R,

P(v) 2 P(w) +€" (v —w) + Zllv - wl3, ¥ § € 9P(w).

Assumptions 1, 2 and 3 are often satisfied by objective functions in
machine learning, such as ridge regression and elastic net regularization logistic
regression. Moreover, w, is unique when P(w) is strongly convex.
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3.1.1 Linear convergence

The following theorem shows that our proximal stochastic recursive step has
a linear convergence rate for strongly convex functions.

Theorem 2 Suppose that Assumptions 1 and 2 hold, F(w) is pp-strongly convex
and 0 < U = 2/Lqly. Then, in the k-th outer loop, for any t > 1, we have

a2k k2 2 miny,_ 2 Ark k2

Emwt-‘f-l — Wt HU,;1] < (1 - (MFu;cnm)(E - Uglax)) E[Hwt — Wt_anl;lL
where u®* = maxj{ug)} and uM" = minj{ug)}.
Proof The inequality (10) in Theorem 1 indicates that

k k2
Ep, [lwit, — wi Iy | Ft]
E_ ok 2 ko ko2 2 ko k2
< Jwt — wt—lHUk—l +Ep, [llvf — v_1 o, | Fe) — EEA [llvi —vi_1ll2|F]

2

k k 2
o Eq, [lvg — vi1]|3|F¢]

k k 2
< Jloof = wf I+ (™ -

< ok = w4+ @™ = 2)IVF(h) = VPGl
< ok — w2 ™ = o — w3

Q
< ok = w0+ b ™ = ol = b
= (1= ™ (= )k — w1

Here, the second inequality holds due to Uy, = uj**Iy, and the third inequality uses
k k 2 k k 2 k k 2 :
IVE(wi) = VE(wi_1)ll3 = B, [vi —vi1|Fe]llz2 < Ep, [[lvf — vi_1112|F¢], because it
holds that E[||z — E[2]||3] = E[||z]|3] — |[E[2]||?> > 0 for random vector z € R?. Notice
that u®* —2/Lg < 0 since U, < 2/Lql,. In the fourth inequality we use the fact
that ppllwf —wk 1|ls < |[VF(wf) — VF(wF_1)|l2, which can be deduced from the
strong convexity of F'(w). The last inequality is due to the definition of uj'". By
taking total expectation, we obtain the desired result. O

The following theorem establishes the linear convergence of SRG-DBB
under the strongly convex condition.

Theorem 3 Suppose that Assumptions 1, 2 and 3 hold, and choose b € {1,2,...,n}.
Assume that 0 < U < 1/Lqly, 8Lqui**/b < 1, and m is chosen so that
1 4Lqup®®

4 1.
mpuiPit (1 — 8LouiPax /b) B mb(1 = 8Lqui™/b) )

Pk =

Then, SRG-DBB converges linearly in ezxpectation
E[P(@") — P(w.)] < prE[P(@") — P(w.)].
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Proof From the update rule (12), we obtain that, for any ¢ > 1,
s = wellfros = lwf = Urgt —wel[fs
= llwf = wel[fo = 2wf —we) gl + |97 |,
< [t = wel[fs = 2(P(wiyr) = Plw) +2(wtis —ws)' 6,
(18)

where the last inequality uses Lemma 5. In order to provide an upper bound on the
quantity 2(wf+1 — ws)T6F, we need the following notation

@1 = proxsr (wf — UV E(wl)), (19)
which is independent of the random variable I;. Then we get
2(wity — wa)" OF

=2(wfy1 — 1) 68 + 2w — we) T 8F

< 2067 o lwier = @l o + 2@ —wa) 6

< 2068 o, lwf — Ui — (wl — VeV P (@)1 + 201 — wa) o8

< 2|6 13 + 2(wrr — wa) T oE, (20)
where the first equality uses the fact that w?v < ||wl|4 - ||v]| 4=1 with any positive

definite matrix A, the second inequality holds due to Lemma 3, and the last inequality
max

follows from the definitions of uy** and 6¥. Combining (20) with (18), we obtain
k 2 k 2 k
lwtr — w*||U;1 < lwi — w*Hy;l — 2(P(wiy1) — P(wy))
+ 2ui 0713 + 2(r41 — we)" 67 (21)

Since both 'u_)iC "+1 and wx are independent of I; and the history of random variables
wg, [1, IQ, ceay [t—17 and E[(Sf] = 07 we have

- T ¢k
]E[(U)t+1 — ’U)*) 5t] =0.
By taking total expectation and applying Lemma 4 to (21), we obtain
- k 2
E[llwiyr — w*HU;l]

< Bk — w2 1] - 2B [Plwfi1) — Plws)] + 20l E 5% 3]

Sk 2 = K 8Loup™ - k
< E[|jwf — w*||Uk_1] —2E[P(wit1) — P(ws)] + TE[P(wt ) — P(ws)]
8LQumax B
+ S0 Rp(wf ) — P(w)], (22)
Notice that vf = v and 6% = VF(wf)—vl = VF(@*)—vf = 0 since w} = wh = @F
and vl = VF(@"). It follows from (18) that
k 2 k 2 k
w3 —wellg— < fJwi = will—r = 2((P(w2) = Pws)). (23)

Summing (22) over t = 2,...,m and taking into account (23), we get

E[llwm1 = wellf ] + 2E[P(wps1) = Plw)]
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+2(1 4LQuIHax Z]E ( *)]

SLQuk ~

<Effur —welfa] + = E—E[P(w)) ~ P(w.)]

ax m—1
8Lqup™®

; ST E[P(wf) — P(ws)]

t=2
<Effwr —welfa] + %E[P(w’f) - P(w.)]
8LQumax Z ]E (w*)] (24)

where the last inequality uses the fact that P(w) > P(ws) for any w € R%
Rearranging terms of (24), this yields

E[flwk, 41 — w. ||[2']k,1] + 2E[P(whyy 1) — P(ws)]

8L max mo
+2(1 - QTU’“) S E[P(wf) — P(w.)]
t=2
8L uIIlaX -

<E[flwf - w*||?];1] + E[P(wh) — P(ws)], (25)

b
Since 2(1 — 8Lqup®*/b) < 2, H::[wanJrl - w*H?],l] >0, and w) = @", we obtain
k

8LQumax m+1 X
2(1 - T) > E[P(wy) — P(ws)]
t=2

B 8L max ~ B
< 0* —wallf -1 + %E[P(w’f) P(ws)]

1 . SLoup®™ ~ .
< 10 — w3+ = EE[P@Y) - P(ws)]

2 8LQ’LLmaX ~k

S <Mumm+ b >E[P(w )7P('LU*)],

min

where the second 1nequahty holds by the definition of u;"" and in the last inequality
we use the fact that || &% —w« |2 < 2/p(P(@") — P(wx)), which can be deduced from
the strong convexity of P(w). By the definition of @**! in Algorithm 1, we have
E[P(@* )] = (1/m) 1% | E[P(w},)]. Then the following inequality holds

M)E[P(wk“) — P(wy)]

2 SLouP™\ =
<(uumm+ bk E[P(@") — P(w«)].

2m(1 —

Dividing both sides of the above inequality by 2m (1 — 8Louj®*/b) and using the
definition of pg, we arrive at

E[P@" ) — P(w.)] < ppE[P(@") — P(ws)].

Then the desired result is proved.
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3.1.2 Comparisons of complexity

In order to achieve an e-accuracy, i.e.,
E[P(@"*!) — P(w,)] <e,

from Theorem 3, we know that the number of outer loops should be set to
O(log(1/€)). Let uin = ynax = p = 0/ Lq with 0 < § < 1/8. Then we have

K 460

P = 01 —80)  m(1—80)’ (26)

where K = Lq/p is the condition number of the objective function. When
setting § = 1/16 and m = max{64x/b,4}, by (26), it is easy to obtain that
p < 5/8. Since SRG-DBB requires at most n + 2bm component gradient
computation in each outer loop, the overall workload of SRG-DBB is

O((n + ) los(2)).

Table 1 shows the comparison results of complexity of the existing methods and
SRG-DBB under the strong convexity condition. Inequality n+x < ny/k < nk
implies that the complexity of SRG-DBB is lower than ISTA and FISTA. It
is easy to see that the complexity of SRG-DBB is the same as Prox-SVRG,
mS2GD and SARAH, and is lower than Prox-SGD.

Table 1 Complexity of different methods

Methods Complexity
ISTA O(nklog(1))

FISTA [31]  O(ny/rlog(1))
Prox-SGD O( %)
Prox-SVRG  O((n + &) log(1))

mS2GD  O((n + «) log(1))

SARAH  O((n+ &) log(1))
SRG-DBB  O((n + &) log(1))

3.2 Convergence properties for non-strongly convex case

We establish linear convergence of our SRG-DBB method under quadratic
growth condition (QGC) [32], which is stated as follows:

P(w) = P, > Zfw =3, Vo € R, (27)

where v > 0, W is the projection of w onto W, and P, represents the optimal
value of (1).
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QGC is weaker than the strongly convex condition. For example, the ;-
regularized least squares problems and logistic regression problems satisfy
QGC [33], however, they are not strongly convex when the data matrix does
not have full column rank. It is shown that a nonsmooth convex function
satisfying QGC meets the proximal Polyak-Lojasiewicz inequality [32]. The
authors of [34] deduced the equivalence among QGC, the extended restricted
strongly convex property (eRSC) and the extended global error bound property
(eGEB).

Theorem 4 Suppose that Assumptions 1 and 2 hold, problem (1) satisfies QGC
inequality with v > 0, and choose b € {1,2,...,n}. Further assume that 0 < U <
1/Lqly, 8Lqup®/b < 1, and m is chosen so that

1 n 4LQU
myuin (1 — 8Louit@x/b) — mb(1 — SLQumaX/b)

Pr =
Then, SRG-DBB achieves a linear convergence rate in expectation

E[P(@*) - P.] < ppE[P(@") - P.].

Proof Let wf be the projection of wf onto Wk, i.e.,
Wy = Iy, (wh) = argrrilli]n{w €Wt lwr — wH2U_1}.
k
Then ﬁ)f, 1Df+1 € Wk, which together with (12) implies that, for ¢ > 1,
k ~k 2 k ~k 2
|wi1 — thHUEl < fwigr — ¢ ||Uk—1
k k ~k2
= |lwi — Ugg — ¢ HUfl
k k\T k k)2
= |lwt — HU v+ 200f —wf) gt + gf 1l
k k ~k k T ¢k
< Jwg — by Hkal + 2(Px — P(wiy1)) — 2(¢ — wet1)” 6,

where the first inequality holds due to the positive definiteness of Uy, and the last
inequality is the application of Lemma 5 with ﬁ)f € W.
Similarly to the proof of (23)-(25) in Theorem 3, we obtain

8Lﬂumax m+1

2= ) S s - )
SL max ~
< " — afllf o + Sk B [P(a") - Pi]
- 8Lquy ™ ~
< min Al — @ + QTE[P(U)’“) — Py]. (28)

The definition of @*T? implies that

BIP@ )] = - S B[P(wfi)]
t=1
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Considering QGC with w = @, ©* = w¥ and @&} = Iy, (w¥) € Wi, we have
~k ~k ~k vV, -k ~k
P(@7) = Po = P(w") - P(@1) 2 5 |l0 — 7|3,

which together with (28) yields

max
om(1 — SFUE ) (it - )
2 SLQumaX ~ ~k
S<l/ulglimJr bk >E[P(w )7P*]'

Dividing both sides of the above inequality by 2m(1 —8Lquj**/b), and considering
the definition of pi, we arrive at

E[P(@*T) - P.] < ppE[P(@") - P].

3.3 Convergence properties for convex case

We study the convergence of SRG-DBB for convex nonsmooth functions. Next
lemma presents a new 3-point property which generalizes the one in [35].

Lemma 6 (generalized 3-point property) Suppose that R : R? — R is lower semicon-
—1

tinuous convex (but possibly nondifferentiable) and w’ = proxys (w) with A € Sflﬁjrd.

Then, for any z € Rd, we have the following inequality

1 / 2
Sllw’ = 2[4

1 2 1 2
R@) + 2w’ — wlif-1 < RE) + Sl — ol -

Proof Since w' = proxé_l(w) = argmin. {R(z) + 3|z — wHi,l}, there exists w €

OR(w') such that
w+ AN w —w)=0.
By direct expansion, we have
1

2
Sz —wlia-r =

1 2 1 2
3 Sz —w' a1 + Sllw —wl|i-

2 2
+(z—w)TA YW —w), VzeR%

Using the above two relations and the convexity of R(z), we conclude that
1 2
RE) + 3o = wllfos
1 1 _
= R(2) + 5 llz = w3+ gllw’ w4+ (e =) AT W~ w)

1 1 _
> Rw) + w0 (z—w') + Sllz =o' G+ g’ = wlio 4 (e =) AT @~ w)

1 2 1 2
= RO)+ Lz = /[ L — il
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Lemma 7 Suppose that R : R? — R is lower semicontinuous convex (but possibly
nondifferentiable) and

’ A1
w' =proxp (w— AQ) (29)
with A € S‘fjrd and ¢ € RY. Then, the following inequality holds

1
R(uw') S R(2) + (z = w) ¢+ Sz —wlh — o' — - — o’ = 2[%-] (30)

for all z € RY.

Proof By applying Lemma 6 to (29), we get
R@w') + (0~ )¢+ S’ —wlo + 3¢l
= R@') + 5o~ (w = AQIs
< R+ glle = (w = AQIE-1 — Sl — 23
= R() + (2= w)TC+ gl = wlhoa + 3160 = gl = 2l
(]
Lemma 8 Consider P(w) as defined in (1). Suppose that Assumptions 1 and 2 hold.
Then, for w’ defined by (29), the following inequality holds
Pw) < P(2) + (wf — 2)T (V@) - )~ L’ — 2/
ol = wlgr,many + 5 le = 0l A,

for all z € R,

Proof From the L-smoothness of F' and L < Lg, we obtain
L
F(w') < F(w) + VF(w)" (' —w) + 2w’ —wl3,
L
F(w) < F(2) + VE(w)" (w = 2) + —F|lw = 2[3.
By summing the above two inequalities, we have
L L
F(u') <F(2) + VF(w)" (' = 2) + P w' —wl3 + w23 (31)
Summing (30) and (31), we get
1
P(u') < P(2) + (0 —2)" (VF(w) = ) = [’ — 2%~
1 2 1 2
+5le —w|l(Lor—a-1) + §||Z —w|(Lor4a-1)
which completes our proof. (|

In order to derive an upper bound on the variance of v¥ in the mini-batch
setting, we first show the result in the case where b = 1.
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Lemma 9 Suppose that Assumption 1 holds. Consider vf as defined in (4) with
b=1,i.e.,
Vi, (w Vi, (wF
ok = fi,(wf) = Vi, (wf_y) o (32)
ngs,

Then the following inequality holds
Elllvf = VFwp)|I3) < LHE(lwr —wia[3]l, Ve > 1.

Proof Consider vf defined in (32). Conditioned on F; = o(w§,i1,...,i_1), we take
expectation with respect to ¢ and obtain
V fi, (w " g
g, [TLe) ) - $° 6 g ) = vRGh), (33)
ngi, i1 i

Similarly we have
k
Vi (wi1)

B[ A = VR, (34)

Then we obtain
Ei, [lof - VF(wl)I317]
Vi, (Wf) = V fi, (w}_y)
ngi,
~(VF(f) = VF(wf 1)) + (v 1 = VPl 1)) 1317]
B Vi, (wF) = Vi, (wh )
" ng;,

— I VF(wf) = VFwi-1)[3 + o1 — VF(wi-1)3
. szt (wt ) Vfu (wt 1)
- E’Lt H n

qlf,
T
—2(VF(wf) —vf1)" (vf-1 — VF(wf_1)) — |[VF(wf) —vf_1]3
Vi, (wf) = V fi, (w}_y)
nqi,
where the second equality follows from (33) and (34).
Taking total expectation, this yields

= E,, |

1317

H%|ft]

<E,, | 1317:] = 2(VF(f) - of 1) T (of 1 - VF @i 1),

[van(wt) vat(wt 1)”%]

E[|lof — VF(w!)|3] <E
ng;,

2
<E[5% - |lwf — wi_1][3]
lt

< LAE[|lwf — wf_1]3],

where the first inequality holds due to (9), the second inequality follows from the
smoothness of f;, and the last inequality is due to the fact that Lo > L;/(ng;) for
i=1,2,...,n. 0
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The following lemma provides an upper bound on vF, which looks similar
to the Lemma 3 in the appendix of [36], but they are essentially different due
to the update rule of vF¥.

Lemma 10 Suppose that Assumption 1 holds and choose b € {1,2,...,n}. Consider
vf as defined in (4). Then, for any ¢ > 1, the following inequality holds

- L2 .
Bljof — VE@E)IB] < Z2E [t - wl 1]3)

Proof We define
Gi = (Vfi(wy) = V fi(wf-1))/(ng;) + vi_1.
Then vf in (4) can be written as
V fi( wt vfz(wt 1) k 1
bZ( - +Ut_1>=EZGZ‘.

i€l i i€l

Conditioned on Fi = U(wlg7 Ii,...,I+_1), we take expectation with respect to Iz and
get

Ey, [lof — VF(w)|I3] 7]

LEL (1Y (G - VE(uh)) 317

2
b i€l
1
= @Bl X2 (Gi = VF(D) + (Grys, = VF(wi))|317]
1€S51
1 1
= 2Erll 3 (Gi = VEWO)3IF] + 3B [IG1, /s, — VF(wh)[3I7]
€S
T
+ 5B (X (Gi— VE@) (Grys, — VEWD)IF],
i€S

where S1 C I and the number of elements in the set [;/S7 is 1. By taking total
expectation and applying the above inequality recursively, we obtain

21, 1= N
Ellvf — VFwf)[3] =-5E[ll S (Gs — VF(wf))[3] + ZTQIEU|GUQ/S1 — VF(wi)||3]
i€S1
1 ~ k2
=33 > E[IG: - VF(wr)|l3]
i€l
Lyt & &
< TQE[HW —wi1]3],
where the first equality holds due to the fact E[G;] = E[VF (wf)], which follows from
(9) with b = 1. In the last inequality we use Lemma 9. d

To establish the convergence of SRG-DBB under convexity condition, we
need the following notation of gradient mapping

Ga1(w)=A"" (w — proxi (w— AVF(w)))7 (35)
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where A is a symmetric positive definite matrix. Note that when R(w) is a
constant function, the gradient mapping can be reduced to G4-1(w) = VF(w).
It is not difficult to show that G4-1(w) = 0 if and only if w is a solution of
problem (1).

Theorem 5 Suppose that Assumptions 1 and 2 hold, and 0 < Uy, < 1/(3Lq)ly. Let
Ctyt1 = 0 and cf = ¢y + (u™)2L2 /(2b). Then, for the output wa of Algorithm
1, we have

~ QI)O — W
E[||QU;1(wa)||2Uk]§6(P( )T Pw.))

where T = Zk 0 Lk

Proof By applying Lemma 8 to the proximal full gradient update defined in (19)
(with v’ = u")erh w=z=uw, A="U,and ( = VF(w})), and taking total
expectation, we have

BP(ar)] < BIP(f) +llofi —wiltng, o (36)

Recalling that the iterates of Algorithm 1 are computed by

k Utk k
wi1 = proxp® (wt — Ugvy).

Again by applying Lemma 8 to the above update equation (with w’ = wf_H, z =
ﬁ)ﬁl, w = wf, A=Ug and ¢ = vf) and taking total expectation, we have

k Aok 1k k2
E[P(wir1)] < B[P (@r41) + 5l —willpor, v

+ S llwls = wl? — Ll — @l )?
W41 — Wt (Loly— Uy 1) 2 Wi+1 W41 kal
k k
+ (Wit — wt+1) (VF(wt ) —vt)]. (37)
By summing (36) and (37), we obtain
= k = k _k k)2
E[P(wi1)] < E[P(wr) + @i —willpgr, 101
o R A
2 t+1 — Wt LQHd U ) 2 t+1 t+1 Uk_
k _ k
+ (wir1 — wi1) T (VF(wy) = of)]. (38)

Let T = (wt+1 wf’_‘_l)T(VF(wf) —vf). The expectation on I' can be bounded above
by

= Tk ko2 1~ k 2
E[l'] < §E[\|wt+1 - thHU;Zl] + *E[HVF(wt) — vt |77,
Lok WL = k2
< SE[lwir = wt+1HU 1]+ =5 Elllwr — weal2],

where in the first inequality we use Cauchy-Schwarz and Young’s inequality, and the
second inequality follows from the definition of uj;}** and Lemma 10. We substitute
the upper bound on I' in (38) and then obtain

= k K k2
E[P(wfi1)] < E[P(wf) + @1 — wt ”(Lgnd—%U,;l)
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Lok k2 up Ly kg 2
+gllwies —wellpgr, g1y + %Hwt —wi1f2l. (39)
In order to further analyze (39), we need the following auxiliary function
k = k k k k
T(wit1) = E[P(wii1) + cigallwgys — wi \@;1]7 (40)

where cf 41 =0and o = Ct+1 + (u2*)2 L2 /(2b). Then T(wﬁrl) can be bounded
above by

k = k k k k2
Y(wit1) = E[P(wiy1) + iy l|wiypr — wi HU,;l]

IN

o k kogok k2
E[P(wis1) + ceallwe —wiaallp 1]

IN

= k K kyj2
E[P(wi) + [|wi41 — wt ||(LQL1,;U—1)

a.X
LQ
lw

ko2
+ et flwp —wi- 1HU - —wi—1[3]

< E[P(wf) + ||wf — wE? (Lala—3U, )
. ( maX)2 k 2
+ (ct41 + D)l _wt_anEl}

= T(wf) + I~EI‘[Hthrl — Wy ||(LQHd_%U;1)]7 (41)

where the first inequality follows from Theorem 1, and the second inequality holds by
(39) and 0 < Uy, X 1/(3Lq)Ig < 1/Lal,. The last mequahty holds by the definition
of ul"™ and the last equality is due to the definitions of ¢ and Y(w}). By summing
(41) over t =1,..., t, we get
tr
Y(wh1) < Ywh) + D Ellofis —wilf, ., 1y (42)
t=1

~k+1

By the fact Ctk+1 = 0 and the definition of @W" ™", we have

T(wh11) = E[P(wf 41)] = E[P(@" )],
k k

Since w¥ = wf = @, we know that T(w¥) = E[P(w})] = E[P(@")]. It follows from
(42) that

t
- bl .
B[P < BIP@H] + S Bllwfys —wfl, _ypor) (49)
t=1
By summing (43) over k =0, ..., K — 1 and rearranging terms, we obtain

K—1 tg

D D Ellotin —wi ity g pgr,) < P@°) = P@) < P(@”) = Plw.), (44)

k=0 t=1

where in the second inequality we use the fact that P(wF) > P(ws) for all k €
{0,1,...,K}.
From (35) and (19), it follows that

Ut _ _
Gy (w) = Uy H(wk = proxit (wf - UpVF(wh))) = U (wf = afi).
By 0 < U < 1/(3LQ)Hd, we have

_k k2 _ kv 2
Hwt+1 — Wy ||(%U;1,Lﬂﬂd) = ”ngU};l(wt)|‘(%U;1,L9Hd)
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1. _
=Gy (i) UL (GUL ' = Lala)UkGyy 1 (wf)
|
> Gy () Uk (GUg UGy (wf)

1 Eyp2
= Sl (wh)IE,

Combining the above inequality with (44), we get

K—1 t 1
= kN2 ~0
S g EllIGy -1 (wi)llt, ] < P(@07) = P(ws). (45)
k=0 t=1
Then we obtain the desired result by the definitions of wq and T'. O

4 Numerical experiments

In this section, we present experimental results on the following elastic net
regularized logistic regression problem

1« A2
in — ) log(1 —bal w2+ A , 46
Jnin n; og(1 + exp(=bia; w)) + - [[wllz + M jwlx (46)
which is usually employed in machine learning for binary classification. All the
tests were performed with R(w) = Aq||wl|; and

Fiaw) = Tog(1 + exp(~biaTw) + 32 w3

Four publicly available data sets ijennl, rcvl, real-sim and covtype, which
can be downloaded from the LIBSVM website !, were tested. Table 2 lists the
detailed information of these four data sets, including their sizes n, dimensions
d, and Lipschitz constants L. Moreover, the values of regularization param-
eters A1 and Ay used in our experiments are also listed in Table 2. Notice
that the choices of regularization parameters are typical in machine learning
benchmarks to obtain good classification performance, see [15] for example.

Table 2 Data sets and parameters used in numerical experiments

Data sets n d A2 A1 L
ijennl 49,990 22 1074 107%  0.9842
revl 20,242 47,236 10~* 1075 0.2501

real-sim 72,309 20,958 10~* 10~° 0.2501
covtype 581,012 54 107  10~*  1.9040

For fair comparison, all methods were implemented in Matlab 2018b, and
the experiments were conducted on a laptop with an Intel Core i7, 1.80 GHz
processor and 16 GB of RAM running Windows 10 system. In Figures 1-3, the

Yhttps:/ /www.csie.ntu.edu.tw/ " cjlin/libsvm
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x-axis is the number of effective passes over the data, where the evaluation of
n component gradients counts as one effective pass. The y-axis with “optimal-
ity gap” denotes the value P(w*) — P(w,) with w, obtained by running the
proximal SARAH with best-tuned fixed stepsizes.

4.1 Comparison with proximal variants of SARAH and
SARAH-BB

This subsection presents the results of SRG-DBB with b = 1 for solving (46)
on the four data sets listed in Table 2. Proximal SARAH (Prox-SARAH)
and the proximal version of SARAH-BB (Prox-SARAH-BB) were also run for
comparison. Notice that the SARAH-BB method is proposed to solve problem
(1) with R(w) = 0. In order to solve the nonsmooth problem (46), the proximal
operator was incorporated to obtain the Prox-SARAH-BB method. The best-
tuned m were employed by Prox-SARAH and Prox-SARAH-BB.

It can be seen from Figure 1 that SRG-DBB often performs better than
Prox-SARAH with different initial stepsizes. Unlike Prox-SARAH, SRG-DBB
is not sensitive to the choice of initial stepsize, which would save much
time on choosing initial stepsize so that it has promising potential in prac-
tice. Moreover, for different initial stepsizes, SRG-DBB performs better than
Prox-SARAH-BB.

Prox-SARAH(7,=0.08L)

 Prox SARAH(7,-0.061)
——— PrOCSARAH(;,=0.31)
ProX-SARAH(,=1.51)
........ Prox-SARAH-BB(1,=0.061)
+vee Prox-SARAH-BB(1,=0.31L)
ProX-SARAH-BB(1,=1.51)
—e— VM-mSRGBE(;,-0.061L)
—e— VM-mSRGBE(;,-0.31)
VM-mSRGBB(7=1.5L)

Optimality gap

0 5 10 15 20 25 30 35 40
Number of effective passes

(a) ijennl

Prox-SARAH (1, 0.051L)

Prox-SARAH(1, -0.251)
Prox-SARAH(3, =1.251)

...... 0x-SARAH-BB(11,=0.051L)
........ Prox-SARAH-BB(1,-0.251L)
Prox-SARAH-BB(1,=125/L)
—e— SRG-DBB(;,=0.051)
—e— SRG-DBB(1,=0.251)
SRG-DBB(,=1.251L)

0 5 10 15 20 25 30
Number of effective passes

(c) real-sim

Prox-SARAH(; =0.41L)
Prox-SARAH(; =21L)
........ Prox-SARAH-BB(1,=0.081L)
........ Prox-SARAH-BB(1,=0.41L)
Prox-SARAH-BB(7,=21L)
—e— VM-mSRGBB(;,=0.081L)
—e— VM-mSRGBB(;,=0.41L)
VM-mSRGBB(),=21L)

T

5 10 15 20 25 30 35 40
Number of effective passes

(b) rcvl

Prox-SARAH(;,=0.21L)
Prox-SARAH(;=1/L)
Prox-SARAH(1, =51L)
<evneeee PIOX-SARAH-BB(1,=0.21L)
<venees PIOX-SARAH-BB(j=11L)
ProX-SARAH-8B(1,=51L)
—e— SRG-DBB(,=0.21L)
—e— SRG-DBB(,=11L)
SRG-DBB(1,=5L)

o 2 4 6 8 10 12 14 16 18 20
Number of effective passes

(d) covtype

Fig. 1 Comparison of SRG-DBB, Prox-SARAH and Prox-SARAH-BB with different initial
stepsizes
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4.2 Properties of SRG-DBB with different mini-batch
sizes
Figure 2 illustrates the results of SRG-DBB under various mini-batch sizes b on

the four data sets. We can see that compared with b = 1, SRG-DBB has better
or same performance by increasing the mini-batch size to b = 2,4, 8,16, 32.
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—8—5AG088 (-
— sy e Riom b
3 —6—SnG-088 (b-2) . SRG-DBB (0-4)
10 SRG-DBB (0-4) 10 —o— SAG.DBB (o-6)
~—&— SRG-DBB (b=8) =+ SRG-DBB (b=16)
—#— SRG-DBB (b=16) —&— SRG-DBB (b=32)
. —0— SRG-DBB (b-32) 1 N

Optimality gap
3

1070 1070
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10 107
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Number of effective passes Number of effective passes
(a) ijennl (b) rcvl
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—0— SRG.0BB (b=32)

Optimality gap

0 2 4 6 8 10 12 14 o 2 4 6 8 10 12 14
Number of effective passes Number of effective passes

(c) real-sim (d) covtype

Fig. 2 Comparison of SRG-DBB with different mini-batch sizes

4.3 Comparison with other algorithms

In this part, we conduct experiments on SRG-DBB with b = 4 in compari-
son with Prox-SVRG in [15] and four modern mini-batch proximal stochastic
gradient methods, which are specified as follows.

(1) mS2GD: mS2GD is a mini-batch proximal version of S2GD [16] to deal with
nonsmooth problems. In mS2GD, a constant stepsize was used.

(2) mS2GD-BB: mS2GD-BB uses (7) to compute stepsizes for mS2GD.

(3) mSARAH: mSARAH is a mini-batch proximal variant of stochastic recur-
sive gradient algorithm proposed in [14]. In mSARAH, a constant stepsize
was used.

(4) mSARAH-BB: mSARAH-BB is a mini-batch variant of SARAH-BB [23].
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Parameters suggested in [15] were used by Prox-SVRG. For the above four
methods, we set b = 4. The best choices of parameters employed by SRG-
DBB and the compared five methods are given in Table 3, including m for
mS2GD, mS2GD-BB, mSARAH, mSARAH-BB and SRG-DBB, as well as the
best-tuned stepsize 7 for mS2GD and mSARAH.

Table 3 Best choices of parameters for the methods

Parameter ijcnnl revl real-sim covtype
mS2GD 1.0 1.5 0.7 21
(m.m) (%7,0.06n) | (2,0.11n) | (%, 0.07n) | (5, 0.07n)
mS2GD-BB 0.06n 0.03n 0.02n 0.01n
mSARAH
o) (11,0.06n) | (42,0.13n) | (12,0.1n) |(22,0.07n)
mSARAH-BB 0.06m 0.03n 0.02n 0.01n
SRG-DBB 0.04n 0.08n 0.04n 0.15n

Figure 3 demonstrates that our SRG-DBB is better than or competitive
with the compared algorithms on the four data sets.

—6— SRG-DBB

Optimality gap

10

1012

1o
0

2 4 6 8 10 12 14 16 18 20 10 ; . o - »
Number of effective passes
Number of effective passes

(a) ijennl (b) rcvl

Optimality gap

o 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20
Number of effective passes Number of effective passes

(c) real-sim (d) covtype

Fig. 3 Comparison of SRG-DBB and other modern methods
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5 Conclusion

Based on a diagonal BB stepsize, we proposed a mini-batch proximal stochas-
tic recursive gradient method named SRG-DBB to minimize the composition
of two convex functions. Linear convergence of SRG-DBB was established in
strongly convex and non-strongly convex cases, respectively. We further ana-
lyzed the sublinear convergence of SRG-DBB for the general convex function.
Numerical comparisons of SRG-DBB and recent successful variance reduced
stochastic gradient methods on some real data sets highly suggest the poten-
tial benefits of our SRG-DBB method for composition optimization problems
arising in machine learning. Due to the popularity of deep learning, the nons-
mooth nonconvex problems have attracted more and more attention. It would
be interesting to explore the convergence of the SRG-DBB algorithm in the
nonconvex case.
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