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ABSTRACT. With the help of a logarithmic barrier augmented Lagrangian func-
tion, we can obtain closed-form solutions of slack variables of logarithmic-
barrier problems of nonlinear programs. As a result, a two-parameter primal-
dual nonlinear system is proposed, which corresponds to the Karush-Kuhn-
Tucker point and the infeasible stationary point of nonlinear programs, respec-
tively, as one of two parameters vanishes. Based on this distinctive system,
we present a primal-dual interior-point method capable of rapidly detecting
infeasibility of nonlinear programs. The method generates interior-point iter-
ates without truncation of the step. It is proved that our method converges
to a Karush-Kuhn-Tucker point of the original problem as the barrier param-
eter tends to zero. Otherwise, the scaling parameter tends to zero, and the
method converges to either an infeasible stationary point or a singular station-
ary point of the original problem. Moreover, our method has the capability to
rapidly detect the infeasibility of the problem. Under suitable conditions, the
method can be superlinearly or quadratically convergent to the Karush-Kuhn-
Tucker point if the original problem is feasible, and it can be superlinearly or
quadratically convergent to the infeasible stationary point when the problem
is infeasible. Preliminary numerical results show that the method is efficient
in solving some simple but hard problems, where the superlinear convergence
to an infeasible stationary point is demonstrated when we solve two infeasible
problems in the literature.
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1. Introduction. Developing effective methods for nonlinear programs has always
been an active area in optimization research. There are many interesting works in
this area in recent years, which focus on various aspects of nonlinear programs. It is
well known that, without assuming any constraint qualification, a local solution of
nonlinear programs can be either a Karush-Kuhn-Tucker (KKT) point or a singular
stationary point that is a Fritz-John (FJ) point at which the Mangasarian-Fromovitz
constraint qualification (MFCQ) does not hold. A method is said to have strong
global convergence if it can find either a KKT point or a singular stationary point,
or even an infeasible point with first-order stationarity (i.e., an infeasible stationary
point) for minimizing some kind of measure of constraint violations.

There are already many methods for nonlinear programs in the literature which
are proved to have strong global convergence (see, for example, [1, 5, 6, 13, 24, 25,
26, 27, 39]). Some of them are shown to be of locally superlinear/quadratic con-
vergence to the KKT point. However, it has been an open problem whether these
methods are capable of rapidly converging to an infeasible stationary point before
Byrd, Curtis and Nocedal [8] creatively presented a set of conditions to guaran-
tee the superlinear convergence of their SQP algorithm to an infeasible stationary
point. More recently, Burke, Curtis and Wang [5] considered the general program
with equality and inequality constraints, and proved that their SQP method has
strong global convergence and have rapid convergence to the KKT point, and have
superlinear/quadratic convergence to an infeasible stationary point.

The aim of this paper is to present a primal-dual interior-point method capa-
ble of converging to an infeasible stationary point when a nonlinear constrained
optimization problem is infeasible. In addition, this method is of strong global
convergence and locally rapid convergence to the KKT point when the problem is
feasible. Consider the nonlinear program with general inequality constraints

minimize (min) f(x) (1)
subject to  (s.t.) ¢i(z) <0, i €Z, (2)
where x € R", T = {1,2,...,m} is an index set, f and ¢; (1 € I) are twice
continuously differentiable real-valued functions defined on R™. By introducing

slack variables to the inequality constraints, problem (1)—(2) is reformulated as the
program with equality and nonnegative constraints as follows:

min f(z) (3)
st. ci(z)+y; =0, i€, (4)
Yy >0, 1 €1, (5)

where y; (i € Z) are slack variables.

The interior-point approach has been shown to be robust and efficient in solv-
ing linear and nonlinear programs (for example, see [2, 3, 9, 10, 13-22, 25, 27, 28,
31-33, 35, 36]. Among all interior-point methods, the primal-dual interior-point
methods have drawn considerable attention. It is noted that, other than some fea-
sible interior-point methods which requires all iterates to be (strictly) feasible for
constraints, most of efficient interior-point methods for nonlinear programs are pre-
sented by combining a distinctive penalty strategy. These methods can roughly be
summarized into three kinds by the order of using the penalty technique. The first
kind of methods reformulate the original program to a problem with only equal-
ity constraints by interior barrier technique and then prompt the global conver-
gence of these methods by different penalty functions, such as [9, 10, 13], [18]-[21],
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[25, 27, 28, 31]. The second kind of methods first use the penalty strategy to obtain
a new formulation of the original program with only inequality constraints and then
use the interior-point methods to solve the formulation, such as [22]. The third kind
of methods use both penalty strategy and interior-point technique to transform the
original problem with inequality constraints into a new formulation with only equal-
ity constraints (see [14]). The co-existence of penalty and barrier parameters brings
new challenge to this kind of methods. As a reward to the challenge, the last kind
of methods can be expected to have some exclusive global and/or local convergence
properties such as the rapid detection of infeasibility.

Although every interior-point method has its novelty, they share some common
features, for example, the iterates are usually the approximate solutions of some
parametric primal-dual nonlinear system which converges to the KKT conditions
of the original problem as the barrier parameter tends to zero, and should be in-
terior points for nonnegative constraints. The interior-point condition can result
in truncation of the step, which may cause the failure of global convergence to the
KKT point even for a well-posed problem (see [34] for a counterexample). Besides, it
could make the local convergence analysis of the primal-dual interior-point methods
much sophisticated (e.g., [2, 11, 18, 20, 21, 37, 38]). By introducing the null-space
technique, some interior-point methods such as [13, 25, 27] have been proved not to
suffer the failure of global convergence. They have strong global convergence and
can converge to an infeasible stationary point when the problem is infeasible, but
they cannot detect the infeasibility rapidly.

Similar to the first kind of interior-point methods mentioned above, we consider
the logarithmic-barrier problem

min f(z) — BZIH Yi (6)
€T
st. ci(z)+y:; =0, i€, (7)

where 8 > 0 is the barrier parameter, y; > 0 (i € Z) (that is, (x,y) is an interior
point). With the help of a logarithmic barrier augmented Lagrangian function, we
can obtain closed-form solutions of all slack variables of logarithmic-barrier problems
of nonlinear programs. As a result, a two-parameter primal-dual nonlinear system
is proposed, which corresponds to the KKT point and the infeasible stationary
point of nonlinear programs, respectively, as one of two parameters vanishes. Based
on this distinctive system, we present a primal-dual interior-point method capable
of rapidly detecting infeasibility of nonlinear programs. Our method generates
interior-point iterates without truncation of the step and can detect the infeasibility
of the problem rapidly. It should be noted that rapid detection of infeasibility is
one of important features of newly developed penalty-interior-point algorithm (see
[14]) and SQP methods (see [5, 8]), and is a very useful property in practice.

Our method has similarity to the existing interior-point methods for nonlinear
programs. Similar to [9, 10, 25, 27], we consider the problem with slack variables
(6)—(7) and use similar null-space technique and the technique for updating slack
variables. But unlike those existing methods, our method is based on a distinctive
primal-dual system and uses a different merit function dependent on both primal
and dual variables, which is similar to [18, 21]. We note that [18, 21] also use aug-
mented Lagrangian functions in developing their interior-point methods, but they
are not based on the problem (6)—(7) and have a different flavor with our method.
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A recent work on interior-point methods is [14] which solves a two-parameter sub-
problem (or correspondingly a two-parameter primal-dual nonlinear system), but
that system can only be proved to be asymptotically approximate the KKT condi-
tions of the original problem as the barrier parameter tends to zero. Curtis [14] and
Nocedal, Oztoprak and Waltz [28] have shown by numerical experiments that their
interior-point methods have the ability to detect the infeasibility, but no theoretical
proof is provided to show that those methods can detect infeasibility at quadratic
or superlinear rate as we shall do.

Without assuming any constraint qualification or requiring any feasibility of con-
straints, we prove that our method globally converges to a KKT point of the original
problem as the barrier parameter tends to zero. Otherwise, the scaling parameter
tends to zero, and the method globally converges to either an infeasible stationary
point or a singular stationary point of the original problem. Under suitable local
conditions, we prove that the method not only can be superlinearly or quadrati-
cally convergent to the KKT point if the original problem is feasible, but also can
be superlinearly or quadratically convergent to the infeasible stationary point if the
problem is infeasible. Preliminary numerical results show that the method is effi-
cient in solving some small but hard problems in the literature. The superlinear
convergence have also been observed when we solve the infeasible problems given
by [8].

This paper is organized as follows. In Section 2, we first give a closed-form
solution on slack variables of the KKT system of the logarithmic barrier problem
(6)—(7). A corresponding two-parameter primal-dual nonlinear system is followed.
Then we describe our algorithm in Section 3. The strong global convergence results
on the algorithm are proved in Section 4. In Section 5, under suitable assumptions,
we show that the algorithm can be of locally quadratic or superlinear convergence
to the KKT point or the infeasible stationary point of the original problem. The
algorithm is implemented in Section 6, where preliminary numerical results for some
small but hard problems from literature are reported. We conclude our paper in
Section 7.

Throughout the article, a letter with subscript & (or [) is related to the kth (or
Ith) iteration, the subscript ¢ indicates the ith component of a vector or the ith
column of a matrix, and the subscript ki (or [i) is the ith component of a vector
or the i¢th column of a matrix at the kth (or lth) iteration. All vectors are column
vectors, and z = (x,u) means z = [27, uT]T, where “T” stands for the transpose.
The expression 6 = O(7;) means that there exists a constant M independent of
k such that |0;| < M]|r| for all k large enough, and 6, = o(7;) indicates that
|0k < ex|mi| for all k large enough with limg_ge, = 0. If it is not specified, I is
an identity matrix whose order may be showed in the subscript or be clear in the
context, || - || is the Euclidean norm, |S| is the cardinality of set S. For simplicity,
we also use simplified notations for functions, such as fr = f(z), Vi = Vf(z),
cri = ¢i(xy), Ver = Ve (xy) and so on.

2. A two-parameter primal-dual system for nonlinear programs. With the
help of a logarithmic barrier augmented Lagrangian function, we can derive closed-
form solutions on slack variables of the logarithmic barrier problem (6)—(7). A
primal-dual nonlinear system with barrier and scaling parameters is then followed.
Its solution corresponds to the KKT point and the infeasible stationary point of
program (1)—(2), respectively, as one of two parameters vanishes. Based on this
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system, we present our primal-dual interior-point algorithm for nonlinear progrmas

(1)-(2).
We consider the augmented Lagrangian function for the logarithmic barrier prob-
lem (6)—(7)

1
Pgpy(@,y,u) = p | f(x) = B Iny; +u”(c(z) +y) | + 3 lle(@) + 1, (8)
ieT
where § > 0 is the barrier parameter, p > 0 is a scaling parameter, c(x) = (¢;(x), i €
I)eR™, y=(yi, i € ) € R™, u is a vector in R™. The stationary conditions on
Ps,p)(z,y,u) suggest the following equations:

PV f(x) + > icrlpui + ci(x) + yi]Vei(x) = 0,
—pBy; 4 pui + ci(x) +y; =0, €T, (9)
plc(z) +y) = 0.

By multiplying y; on both sides of the second equation, one has the equation
y? + (ci(z) + pui)y; —pB =0, icT. (10)

Thus, we have closed-form solutions on slack variables

v = 5 [ V@@ T pu® 498 — (ci(w) + o), i€ T,

2
where the negative root is not taken since y; > 0. Therefore,
ci(z)+yi= % {\/(cl(x) + pu;)? +4pB + (ci(z) — pul)} , 1€T. (11)
If we set \; = pu; + ¢;(z) + y; for ¢ € Z, one has
N = SIVTel@) + pul? 498 + (ei(e) + puo)l, i €T, (12

Using (11) and (12), equations in (9) can be reformulated as the following system
of equations on unknowns (z,u):

PVF@) + Dier 3 [Va(@) + pud? + 408 + (ci(@) + pus)| Vei() =0,
Lo [V(@(@) + pus)? +4pB + (ci(@) = pui)| =0, i€T,

where 8 > 0 and p > 0 are two parameters.
It is noted that, if 5 = 0 and p > 0, equations in (13) are reduced to the equations

(13)

pVI@)+ 3 llesCe) + puil + (eila) + pus) Veulz) = 0, (14)
€l
Sllei(w) + pudl + (i) — pu)] =0, i€ T (15)

Then, by (15), for any solution (x,u) of the system (13) (if there exists), one has
ci(z) = 0 for ¢ € A(z) and u; = 0, i € N(z). Thus, ¢;(z) < 0 for i € N(z), and
(14) implies

Define index sets A(z) = {i € Z|¢;(x)+pu; > 0} and N (z) = {i € Z|e;(z)+pu; < 0}.

Vi) + Y wiVe(z) =0. (16)

i€ A(x)

Consequently, (x,u) is a KKT pair of the original problem (1)—(2).
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If p = 0, the first equation in (13) is reduced to the equation

> S lleste)] + @) Veitz) =0, (1)
i€T
which shows that, if (x,u) satisfies the system (13), and z is infeasible to the
problem (1)—(2), then z is a stationary point for minimizing £|| max(0, c(z))||?, i.e., a
stationary point for minimizing the ¢; measure of residuals of the constraints, which
is also called as an infeasible stationary point of problem (1)—(2) (see Definition 4.1).
The preceding argument shows that the proposed system (13) not only can reduce
to the KKT conditions of the original problem as parameter § vanishes, but also can
reduce to the stationary condition of an infeasible stationary point of the original
problem as parameter p is zero. This feature is distinguished from all primal-dual
systems used by the existing interior-point methods. It turns out that is a favorable
and important characterization, since we want to develop an interior-point method
which not only can converge to a KKT point of the original problem as the problem
is feasible, but also can converge to an infeasible stationary point of the original
problem as it is infeasible.
In next section, we will develop our primal-dual interior-point method for non-
linear programs based on the two-parameter system (13). For convenience of state-
ment, we denote, for i € Z,

il 5,p) = 5 [V@G) T pua)® 48 — (es(w) + pus)| (13)
N B, ) = 5 [ V@) el + 498 + (ca(e) + pus)| (19)

That is, \; and y; (i € Z) are functions on (x, u), and are dependent on parameters
B and p. If it is not confused in the context, we may use A\; = \;(x,u; 8, p) and
yi = yi(z,u; B, p) for simplicity. Thus, \;y; = pf for ¢ € Z. Using (18) and (19),
the two-parameter system (13) can be written as the concise form
PV f() + 3 ez Ni(w,u; B, p)Vei(x) = 0, (20)
ci(z) +yi(z,u; B,p) =0, i€l
We need the following preliminary results for our method and its global and local
analysis.

Lemma 2.1. Given 8 >0 and p > 0. Fori € Z, let y; and X\; be defined by (18)
and (19), respectively.
(1) If ¢;(x) is differentiable, then y; and \; are differentiable on (z,u), and

Yi A
Vz P = — Vci x), Vr>\1 = Vci x), 21
b= Ve V() @1
. _ Yi il — . . Ai o Y
Ou = Pyitas v = Z.’ OXi = Pyitxi fil= Z_’ (22)
Ouyr 0, otherwise, ou;r 0, otherwise.

(2) y; is a monotonically decreasing function on w;, and X\; is a monotonically
increasing function on u;.

(3) y; is smaller as > 0 becomes smaller, and it will be also smaller as p > 0
becomes smaller provided c;(x) + y; > 0.

Proof. (1) Since y;\; = pf3, one has
YiVaAi + AiVey = 0. (23)
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By (19), Ai = pu; + ¢i(x) + y;. Thus,

VA = Ve (.13) + V. (24)
Substituting (24) into (23),

V:vyi = _yi W Vci(x)'
Again by (24), VoA = +>\ Vei(x).

Similar to (23) and (24), one has

O\ Ay; ON; Ay;
Vg NG =0 G =P G
Thus,
Oy Yi O\ Ai
T VR T TS Ve
For i # 7/, 331/ = 52“/ = 0 since y; and \; do not depend on ;.

8)\1

(2) The result follows immediately since yl < 0 and > 0.
(3) It is obvious from (18) that y; is smaller as 0 is smaller If ¢;(x) +y; > 0,
then y;(c;(x) + y;) > 0, thus wy; = p()\lyl yi(ci(x) + yi)) < B which implies

Qyi _ B —uwiyi 50
Ip Yt N
Hence, y; is a nondecreasing function on p. O

3. Our algorithm. Our algorithm consists of the inner algorithm and the outer
algorithm, where the inner algorithm tries to find an approximate solution of the
system (13) for given parameters 8 and p, while the outer algorithm updates the
parameters by the information derived from the inner algorithm.

3.1. A well-behaved quadratic programming subproblem. A quadratic pro-
gramming subproblem is presented for deriving our search direction in this subsec-
tion. The subproblem is well-behaved since it is always feasible. Suppose that
(2, ug) is the current iterate. For given 8 > 0 and p > 0, let

By =Hp+ )

ieT

where Hj, is the Hessian of the Fritz-John function L,(z,\) = pf(x) + A c(x) at

(g, Ak). In order to avoid the computation of second-order derivatives, we may

take Hj, to be an approximation to the Hessian in our algorithm. Using (21)—(22),
the Newton’s equations for (20) have the form

{ Brdy + 3 icq Pmdmvcm = —(pVfe + > ier MiVer),

- —I:i)\kf Ve Ver;, (25)

(26)

pyk?—‘rklkm chldz - 102 s dyi = 7P(Cki + yki)v i€l

YkitAki
For simplicity of statement, let

Ak1 Akm
Yr1+Ak1 Ve - Yrem+Aem Ve
Yk1
—p e 0
_ Yr1+Ak1
Rk - )
0 .t

P Ykem +Akm
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and rp = ¢ + yx. The following result shows that one can obtain the solution of
the system (26) by solving the feasible quadratic programming (QP) subproblem
(27)—(28).

Lemma 3.1. (1) For given 8 > 0 and p > 0, the solution to the QP problem
1
min qg(d):=(VaLy(zr, Ar)) " do + idTde (27)

s.t. REd = —(cp +yr) (28)

satisfies the system (26), where d = (dy,dy) € R"™, VyL,(zk, i) = pVfi +
> et Mei Veri,

Qr =
Hy+) s WV(J“VG}Q (yklpjifkacm WV@W
chkl (yklpfix\ﬁkm 0
G V 0 S e
(2) If
A Hid, + Y Ve > 0, v, € R (20)

icT
the above QP has a unique solution, which implies that the system (26) is consistent.

Proof. (1) In addition to (28), the KKT conditions of the above QP contain the
following equations:

p*B

VmLP(xIm)\k Hk +Z mdu»LVC]ﬂ

Ve Vel )d, +
ykz"'Akz RNk Z

€L 1€l
ki
+ Z mmvc,ﬂ =0, (30)
2 3
p-B p°B Yki ‘
— PR v+ —L -5 =0, ieT, 31
(Yri + Ai)? o (Ui + Ari)? pykz + /\kz (31)

where A (i € T) are the associated multipliers with (28). One can first have e
from (31), and then substitute it into (30) to derive the first equation of the system
(26).

(2) If (29) holds, then V2qk is positive definite in the null space of R{ since

A" Qud = d¥ (Hy, + Z Ve Ve ds + Z — 22, >0,

Yki + )\k: yk:z + )\kz

for all d € R™"*™ such that R} d = 0. It follows from Lemma 16.1 of [29] that QP
(27)—(28) has a unique solution. By (1), the unique solution also solves the system
(26). O

The null-space technology in nonlinear optimization was initially presented by
Byrd [7] for trust region methods. It has been proved to be very efficient in trust-
region and line-search SQP and interior-point methods (for example, see [9, 25,
27]). In order to obtain the strong global convergence properties, we introduce
this technique to the subproblem. Firstly, df € R"™™ is computed to satisfy some
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prescribed mild conditions presented in Assumption 4.3, and d§ = 0 as 7, = 0 (we
refer the readers to [25, 27] for more details). Then we solve the following null-space
quadratic programming subproblem

1
min Gp(d) = pV i do + Y ———(Vefido + pdui) + 5 Hids

ieT Yk + Akz
1 pB T 2
s.t. RFd= RIdg, (33)

where the right-hand-side term —(c; + yi) of (28) is replaced by R{dS and the
scalar (A\g)T RIdS of the objective in (27) is removed.

3.2. The merit function. In order to prompt global convergence of the algorithm,
we introduce the merit function

Oc(w,u; B, p) = Epf(x) — EpBY Iy + |le(x) + yl,
1€Z

where £ > 0 is a penalty parameter which is updated in accordance with the di-
rectional derivative of ®¢(z,u; 3, p) along the search direction. The update of the
scaling parameter p in the outer algorithm depends on the value of £. Although it
has a similar form to those used in some existing primal-dual interior-point methods
such as [13, 25, 27], it is essentially different in that y is a function on = and wu.

The following result is helpful for us to select an appropriate penalty parameter
¢ so that the search direction is a descent direction of the merit function.

Lemma 3.2. For given 8> 0 and p > 0, let zp, = (xi,ur), and let di, = (dpg, duk)
be the solution of subproblem (32)-(33), @é(zk;dk) be the directional derivative of

¢ (2; 8, p) at zi, along the direction dj,.
(1) There holds

Oe(znide) < E(PVIE xk+z (Vehidor, + pduri))

ki +)\k1
+lr +RdeH — 7kl

(2) If rie = 0, then @ (zp; dy) < —2EdT Qud.
Proof. (1) Let
Oz, u) = [le(z) +yl|. (34)

Then, by the proof of Proposition 3.1 of [25], © (zx;di) < ||rx + REdil| — ||7& |-
Therefore,

(P;:(Zk; dk)

< EpV fil duk — Epf Zy;;l((vxyi)szk + (Vi) T dur) + [l + Ri dil| = Irx]

ieT

= &PV fil da + Z (Vegidak + pduri)) + Il + Ry dill = [Ire],

Yki + )\kz

where the equality follows from Lemma 2.1(1).
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(2) If ry, = 0, then, by (1), @ (zk,dk) < EPVfilder + et ym+km (Vekda, +
pduki)). The result follows immedlately since d = 0 is a feasible solution to the QP
(32)—(33). O

Certain additional update techniques are used in primal-dual interior-point meth-
ods for nonlinear programs with strong global convergence (for example, see [9, 25,
27, 32]). A technique, which was introduced first in Byrd, Gilbert and Nocedal
[9] and was examined to be efficient later, is to change yx4y1 = yi + ardy, to
Yrt1 = max{yy + ody,, —c(xk+1)}, so that c(Tr+1) + ye+1 > 0 at the (k+ 1)th
iteration. However, this technique can not be applied to our method straightfor-
ward here since y; depends on both x; and ug. The following result shows that
c(Tk+1) + Yr+1 > 0 can still hold provided uy41 is appropriately updated, thus the
strong global convergence is attained.

Lemma 3.3. For given 8 > 0 and p > 0, if ¢;(xx+1) > 0, or ¢;j(xp41) < 0 but
Uyl < 701'(%“) for any i € I, then ¢;(xk+1) + Yk+1,0 = 0, where ypy1, =

Yi(Tht1, w415 B, p) is given by (18).

Proof. If ¢;(xg+1) > 0, then ¢;(2g+1)+Yr+1,: > 0 since yg41,; > 0. In the remainder,
we consider the case ¢;(zr4+1) < 0.
If ¢;(xp41) — pug+1,: > 0, by (11), one has ¢;(zk+1) + Yr+1,: > 0. In this case,

B

Upp1s < 0 < ———.
ci(Tr+1)

If ¢i(@p41) — purg1,s <0, by (11), ¢i(xp+1) + Yr+1,: > 0 if and only if

\/(Ci($k+1) + purs1,)? +4p8 > —(ci(Try1) — puki1i),

which is equivalent to ¢;(zg41)upy1,: > —fB.
Due to ¢;(z+1) < 0, the result follows immediately. O

3.3. The framework of our algorithm. We denote by F the class of continuous
functions 6 : Ry — R4 satisfying lim; 0 0(t) = 0, and

_ pVf(x) + > e Ailz,us B, p)Vei(x)
P(8.0) (T, 1) = ( p(c(m)e—FIy(ﬁC,u;ﬂaP)) ) '

Now we are ready to describe our algorithmic framework for problem (1)—(2). The
details on implementation of the algorithm will be provided in Section 6.

Algorithm 3.4. (The algorithm for problem (1)-(2))

Step 1 Given zo = (zo,u0) € R"™, Bo > 0, po >0, 6 € (0,1), 0 € (0,3), € > 0, and
functions 61,02 € F. Setl:=0.
Step 2 While B; > € and p; > €, start the following inner algorithm.
Step 2.0 Given Hy € R™*"™, & = 1, let z0 = (z1,w). Fwvaluate yo and Mo by
(18) and (19)
with B = P and p = p;. Let k := 0.
Step 2.1 Obtain df,, and solve the QP subproblem (32)-(33) to derive (dgk, duk)-
Step 2.2 Choose &1 with either Ep41 = &k or k41 < 0.5&, such that

ey (215 di) + (L= ) ([Irell = Il + Ry diell) < —0.56k11di Qudi, (35)

where e, ., (215 di) = &t (V[ do+ X o7 5285— (Veridan + prduni)) + |I7e +
Ry die|| = ||l
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Step 2.8 Choose the step-size oy, € (0,1] to be the mazimal in {1,6,6%,...}
such that

D¢y ) (k + ardak, ur + ardur; Bi, p1) — Py (Tr, ur; B, o) < oonme, ) (2x5dr).  (36)

Step 2.4 Set xx11 = Tk + agdyr and Ggy1 = Uk + apdyk.
Step 2.5 Set

Ukt1,i5 if ci(xps1) > 0;
Uk+1,i = (37)

TN ] B .
min{dr41,:, — m}, otherwise

for every 1 € Z. Set zp+1 = (Tht1, Uk41)-
Step 3 If |9(s,,01) (Tr+1, uk+1) loo < p101(B1), then update By to Brir < 0181, pryr = pu;
else if g1 < 0.1min(p}°, 1), then update pr to piyr < Exsipr, B = Bio In
these two cases, the inner algorithm is stopped. Let zi41 = 241, | == 1+ 1
and go to Step 2. Otherwise, evaluate yr+1 = Y(Trt1,vrt1; B, p1) and Agp1 =
AM@gt1, uk+1; By p1), update Hy to Hit1, let k:=k + 1 and go to Step 2.1.

Due to Step 2.2 of Algorithm 3.4, <I>f§k+l(zk;dk) < 0. Thus, there is always a
sufficiently small number ay > 0 such that (36) holds (for example, see Lemma 2.7
of [3]). That is, the inner algorithm of Algorithm 3.4 is well-defined.

Let Gr+1,i = Yi(Tkt1, Urt1; B, pr) for i € Z. Tt follows from (37) and the proof of
Lemma 3.3 that ¢;(xg+1) + Jr+1, > 0 if and only if ugy1; = Ggg1,s (thus yry1, =
Uk1,6)- I ci(@py1) + Orgr, <0, then upq1; = —ci(fk’H) and ¢;(Zp41) + Yrr1,0 =0
(in this case yr114 > Urt1,:). Therefore,

c(Tpt1) + Yrt1 = 0 (38)

and ||e(xp+1)+Yr+1ll < lle(@k41)+Jrr1||. Since the logarithmic function is monoton-
ically nondecreasing, and, for any ¢ € Z, yx41,; > Ug+1,, one hasInyp41,; > InGpy1,4
for every i € Z. Note that the line search procedure guarantees ®¢, . (Tp41, Upt1;
Bi,p1) < Pe,,, (wr, ur; Bi, pr). Hence, for every k >0,

Pe o (Thgr ukg1; B o) < Pey (T, us Br, pr).- (39)

The well-definedness of the whole algorithm is based on the global convergence
results of Algorithm 3.4. It will be proved, in the next section, that either the
inner algorithm converges to a solution satisfying the system (20), in this situation
the terminating condition [|¢(g, ,,)(2k41)[lcc < p161(Br) Will hold in a finite number
of iterations, or &+1 — 0 and the terminating condition &1 < 0.1min(p)->,1)
for the inner algorithm will be satisfied. Since the inner algorithm will always be
terminated in a finite number of iterations, by Step 3 of Algorithm 3.4, either (; or
p1 will be reduced at least to a fixed fraction.

4. Global convergence. We present our global convergence results on Algorithm
3.4 in this section. Firstly, we consider the global convergence of the inner algorithm.
For given 8; > 0 and p; > 0, suppose that the inner algorithm does not terminate in
a finite number of iterations. We prove that, if {£;} is bounded away from zero, then
every limit point of sequence {(zx,ux)} is a solution of the system (20); otherwise,
& — 0 as k — oo. It shows that the supposition will never happen. After that,
the global convergence results of the whole algorithm are presented. The results
show that the whole algorithm converges to a KKT point of the original problem
provided 8; — 0 but p; /4 0, otherwise p; — 0 and there is one of the limit points
of the sequence {x;} which is an infeasible stationary point or a singular stationary
point of problem (1)—(2).
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We need the following definitions.

Definition 4.1. z* € R™ is called an infeasible stationary point of problem (1)—(2)
if z* is an infeasible point and

> a;Vei(a*) =0, (40)

i€T
where af = max{c¢;(z*),0}, i € Z.

Definition 4.2. z* € R" is called a singular stationary point of problem (1)—(2) if
there is a nonzero vector b* € " such that

> b;Vei(zt) =0, (41)
ieT
bf >0, c¢(x*)<0, biei(z*)=0, (€T (42)

While Definition 4.1 shows that z* is a stationary point for minimizing the con-
straint violations

5> Imax{ei(a), 0}, (43)
=
Definition 4.2 implies that 2* is a Fritz-John point of problem (1)—(2) at which the
Mangasarian-Fromovitz constraint qualification (MFCQ) does not hold.

It should be noticed that various definitions have been given for infeasible and
singular stationary points, see [5, 6, 8, 13, 25, 26, 39]. These stationary points may
either belong to a set of minimizers of the problem minimizing the measure of con-
straint violations like problem (43) or be the optimal solutions of some degenerate
nonlinear programs, see Section 6.1 for the details. For example, [8] considered the
infeasible stationary point to be a first-order optimal solution z* of the problem

min Z ci(x)

i€{Z|c;(z*)>0}
st. ci(x) =0, i€ {iecI|e(z™) =0},

whereas [25] identifies some singular stationary points at which the linear indepen-
dence constraint qualification (LICQ) does not hold.

4.1. Global convergence of the inner algorithm. We consider the global con-
vergence of the inner algorithm. Suppose that, for parameters 5; > 0 and p; > 0,
the inner algorithm of Algorithm 3.4 does not terminate in a finite number of iter-
ations and {(x,uk)} is an infinite sequence generated by the algorithm. For the
sake of global convergence analysis, we need the following blanket assumptions.

Assumption 4.3.
(1) The functions f and ¢;(i € I) are twice continuously differentiable on R™;
(2) The iterative sequence {x} is in an open bounded set;
(3) The sequence { Hy} is bounded, and for allk > 0 and d € R", d¥ Hypd > pyy||d]|?,
where v > 0 is a constant;
(4) For all k > 0, d§, satisfies the conditions:
(i) 1| < o | Ricel
(ii) |rell = llri + REAS|| > nal|Ririll?/|Irkll, where ni > 0 and na > 0 are two
constants.
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The conditions in Assumption 4.3 (1)—(3) are the same as those commonly used
in global convergence analysis of iterative methods for nonlinear optimization (for
example, see [5, 9, 13, 22, 25, 27]). Assumption 4.3 (4) is for the strong global
convergence of the algorithm, which is very mild and can be satisfied easily (see
Section 2.2 of [25]).

The following results depend only on the merit function and can be proved in
the same way as Lemma 5 of [9] and Lemma 4.2 of [27].

Lemma 4.4. Suppose that Assumption 4.3 holds. Then {yi} is bounded, {\i} is
componentwise bounded away from zero and {uy} is lower bounded. Furthermore,
if the penalty parameter &, remains constant for all sufficiently large k, then {yx}
is componentwise bounded away from zero, { A} and {ux} are bounded.

Proof. The results on {yx} can be derived by [9, 27]. Due to Akiyr: = pifi, the
results on {A;} follow immediately.

For given 8, > 0 and p; > 0, if {yx} is bounded, then, by (18), ug; > —oo for
all k > 0 and i € Z. Otherwise, if ug; — —oo for some ¢, then yi; — oo, which is
a contradiction. If {yx} is componentwise bounded away from zero, then, by (18),
ug; < oo for all k > 0 and ¢ € Z. Thus, the results on {u} are proved. O

The update rule on & is adaptive. It implies that the sequence {£x} is monoton-
ically nonincreasing, which either remains a positive constant after a finite number
of iterations or tends to zero as k tends to infinity. The next two results show that,
if £ is bounded away from zero, all step-sizes can be selected to be bounded away
from zero.

Lemma 4.5. Suppose that Assumption 4.3 holds. Let dy, = (dgk,dur) € R*T™ be
the solution of quadratic programming subproblem (52)—(33), and let gi € R™ be
the associated Lagrangian multiplier. If & remains a positive constant after a finite
number of iterations, then {||dk||} and {||Rrgr||} are bounded.

Proof. Since Vf;, and df, are bounded, Hj is bounded and uniformly positive

. Vi der+piduri ~ ~
definite, ||dzx|| and | D, 7 W| are bounded due to §(dx) < ¢(d$).

If & is bounded away from zero, in view of Lemma 4.4, both yi; and Ag; are
bounded above and bounded away from zero. Thus, ||dg|| is bounded since 1/(yx; +

ki) for every i € T is bounded away from zero.

In view of
PV fio + Hydok + 3 ez ykff;\kb (1+ chﬁjiiiid“’” YVe;
+2ier mgkiv%i =0, (44)
A Tl g —0, i€ @)
and ykaB;\k < @ for ¢ € Z, and note that ||dg|| is bounded, one can deduce that
IRk gk || is bounded. 0

Lemma 4.6. Suppose that Assumption 4.3 holds. Let {ay} be the sequence of step-
sizes derived from (36) of Algorithm 3.4. If & remains a positive constant after a
finite number of iterations, and

[ Rirell = Al (46)

for some constant i) > 0 and for all k > 0, then {a} is bounded away from zero.
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Proof. Due to Lemmas 4.4 and 4.5, for every ¢ € Z, one has

—Iny;(zk + adk; Bi, pr) + Inyr; — Ozri}w\; (Velider + prduri) = o(a),

O(xk + adyk, ur, + adyy) = ||rk + R dg|| + o()
for all o > 0 sufficiently small, where ©(x, u) is defined by (34). Therefore,
Qe (g + dpr, up + adyr; Br, pr) — Peyy (T, urs Br, pr)
= ame, ., (2 dy) + o(a) (47)
for all o € [0, &], where & > 0 is a sufficiently small scalar. Note that, due to (46),
(1= 0)ame,., (2 di) < (1 =) (1= &) (|r + R dill = [rell) < —ams|rell, (48)
where 13 = m27?(1 — o)(1 — 4). It follows from (47) and (48) that there exists a
scalar & € (0, &] such that
ey (Th + adur, ug + adu; Bi, pr) — Pey (T, ks Bi, p1) < oame, (25 di)

for all @ € (0,4] and all k > 0. Thus, by Step 2.3 of Algorithm 3.4, o, > & for all

k>0. O
We prove that, if condition (46) holds, the penalty parameter £ in the merit

function will remain a positive constant after a finite number of iterations.

Lemma 4.7. Suppose that Assumption 4.3 holds. If (46) holds for some scalar

N > 0 and for all k > 0, there is a constant £& > 0 such that & = éfor all
sufficiently large k.

Proof. We achieve the result by proving that (35) holds with &, = é as é is small
enough.
Note that Ag;yx; = pi8; and
1 ; 1
Yri + ki Y, T Ak~ P
Hence, due to §x(di) < §i(df), Assumption 4.3 (4) (ii) and Lemma 4.4, one has

1
Teepn (k5 die) + (1= 0)(lIrll = llre + R de) + 5 €k15 Qudi

= k1 (dr) + 0|l + RE dill = I7xl)
< Er1dn(dg) + 0|l + REdg]l = lIrxl)
< Nérlldill — onei? |7,

where 1 > 0 is a scalar. Finally, it follows from Assumption 4.3 (4) (i) that (35)

holds with 41 = & as £ < o/ (11m). O
Now we prove that sequence {(xy,uy)} generated by the inner algorithm of Al-
gorithm 3.4 will converge to a solution of the system (20) provided (46) holds.

Lemma 4.8. Let {(xg,ur)} be the infinite sequence generated by the inner algo-
rithm of Algorithm 3.4. Suppose that Assumption /.3 holds, and assume that (40)
holds for some scalar 7§ > 0 and for all k > 0. Then any limit point of {(z,ur)} is
a solution of the system (20).

Proof. Firstly , we prove that

lim |rx|| =0 and lim ||di|| = 0. (49)
k—o0 k—o0



A PRIMAL-DUAL IPM WITH RAPID DETECTION OF INFEASIBILITY 15

Without loss of generality, we suppose that &, = ¢ for all k > 0. Then, by (39),
{<I)é(zk; Bi,p1)} is a monotonically nonincreasing sequence. Note that it is also a
bounded sequence. Thus,

lim 7T”(Zk; dk) =0 (50)

k—o0 3

since ay, is bounded away from zero. Using the last inequality of (48), one has

lim ||7“k|| = O,
k—o0
which implies limy,_, o [|d$]| = 0. In view of (35), limy_ o [|di|| = 0.

It follows from Lemma 4.4 that {yx} and {A;} are bounded above and compo-
nentwise bounded away from zero, {uy} is bounded. Without loss of generality, let

z* = (z*,u*) be any limit point of {z;} and suppose that limg oo v = z* and
limg 00 up = w*. Since limg_, ||7x]| = 0 and note ¢ + yx = Ax — prug, one has

lim Ay = pu® >0, lim yp = —c* > 0.
k—o0 k—o0
In view of limg_, o ||dg|| = 0, by taking the limit on & — oo in both sides of

(44) and (45), there holds limy_se0 griyri = mB; for i € T and limy_so0 (0 V fr +
> ez 9kiVers) = 0. Thus,

Jim (g5 = A) =0 and  lim (0¥ fi + ; Mki Vi) = 0.
K2
That is, ¢(g,,p,) (2", u*) = 0. O

Now we are ready to present our global convergence results on the inner algorithm
of Algorithm 3.4. It indicates that, for any given 5; > 0 and p; > 0, the inner
algorithm of Algorithm 3.4 will be terminated in a finite number of iterations.

Theorem 4.9. Given §; > 0 and p; > 0 are two scalars. Let {(x,ur)} be the
infinite sequence generated by the inner algorithm of Algorithm 3.4. Suppose that
Assumption 4.3 holds. Then one of the following statements is true:

(1) ||Rkrkll = O||ril| for some scalar 1 > 0 and for all k > 0, &, remains a positive
constant for all sufficiently large k, and any limit point of {(xg,ug)} is a solution
of the system (20);

(2) & — 0 as k — oo, and there exists some infinite index subset IC such that

li R =0
i [Renll /) = o,

where 1, > 0 for all k > 0.

Proof. The result (1) follows from the preceding Lemma 4.7 and Lemma 4.8. The
result (2) is straightforward and can be taken as a corollary of Lemma 4.7, where
r > 0 since (38). O

4.2. Global Convergence results of the whole algorithm. Now we consider
the global convergence of the whole algorithm. Without loss of generality, we let
e =0 and let {(x;,u;)} be an infinite sequence generated by the outer algorithm of
Algorithm 3.4. It is shown that, either we have §; — 0 and p; > p for some positive
scalar p and for all [, and every limit point (z*,u*) of sequence {(z;,u;)} is a KKT
pair of the original problem (1)—(2), or we have p; — 0 and there exists a limit point
a* of the sequence {x;} which is either an infeasible stationary point or a singular
stationary point of the problem (1)—(2).
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Theorem 4.10. Suppose that Assumption 4.3 holds for every given parameters
B >0 and p; > 0. Let € = 0, and let {(x;,w;)} be an infinite sequence generated
by the outer algorithm of Algorithm 3.4. Then one of the following two cases will
happen.

(1) p1 > p for some positive scalar p and for all l, B — 0 as | — oo, every limit
point (x*,u*) of sequence {(z,u;)} is a KKT pair of the original problem (1)-(2).
(2) pp = 0 as I — oo, and there exists a limit point * of the sequence {x;} which
is either an infeasible stationary point or a singular stationary point of the problem

(1)-(2).

Proof. Since, for every given parameters §; > 0 and p; > 0, the inner algorithm of
Algorithm 3.4 is terminated in a finite number of iterations, we have either the case
with [|¢(g,,p) (2141) lec < p01(B1) for all sufficiently large [ or the case that there
exists an infinite subsequence {p, } of sequence {p;} such that p;, < 0.1p}%>, for
all k.

If Iy is a positive integer such that |¢(s, p)(2141)]lcc < pi01(Br) for all I > I,
then, by Step 3 of Algorithm 3.4, p; > p;, for all [ and 3; — 0 as [ — oo. Thus,

B ([6s, ) (@141, 1) oo = 0-

In view of the argument on the system (13) in section 2, the above equation implies
that every limit point (x*,u*) of sequence {(z;,u;)} is a KKT pair of the original
problem (1)—(2).

In the following, we consider the latter case. If p;, < 0.1p11];5_1 for all k, then
P, < 0.1;)11,;511 for all k since {p;} is a nonincreasing sequence. Thus, p; — 0 as
[ — oco. It follows from the result (2) of Theorem 4.9 that

klim ||lerlkH/||rlk|| =0,
—00

which is equivalent to

Ai (Clyi + Yii)

lim Ve =0, (51)
koo i o7 Yii + Al 72, *

lim — Yt (it D) o (52)
k—oo Yii + A |7 ||

Since {z;} and {y;} are bounded sequences, there exist convergent subsequences,
for which, without loss of generality, we suppose

lim z;, =2 and lim y, =y".
k—o00 k—o0

If limg o0 |71, || = 0, then z* is a feasible point of the original problem (1)—(2).
Without loss of generality, we suppose
\r s
i 2Bl yx e, lim S g
k=00 Yupi + Al koo Iy |

Then b* # 0. Since ¢; + y; > 0 for all I > 0, one has b* > 0. By (52), (1 —v})bf =
0, i € Z. Thus, for¢ € Z, by = vjb},ie., b =0as v =0, v =1 as b # 0. Note
that v = 1 implies yf = 0 and ¢ = 0. Hence, bjc; = 0,Vi € Z. Finally, by (51),
(41) holds. That is, z* is a singular stationary of the problem (1)—(2).

Due to (52) we have
yi(ci+yi) =0, i€l (53)
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Since ¢;+y; > 0 for all I > 0, it follows from (53) that, for i € Z, ¢f+y; = max{c},0}.
If limg_yoo |71, ]| # O, then z* is an infeasible point of the original problem (1)-
(2). By (51) and (52), one has ), ., max{c;,0}Vc; = 0. Therefore, (40) follows
immediately. O

The preceding theorem shows that, for any given ¢ > 0, Algorithm 3.4 will be
terminated at either the case §; < € or the case p; < e.

5. Local convergence. In this section, we prove that, under suitable conditions,
the step at x; in Algorithm 3.4 can be a superlinearly or quadratically convergent
step, no matter whether the sequence {z;} converges to a KKT point or an infeasible
stationary point of the original problem. Thus, the whole algorithm is capable of
rapidly converging to a KKT point when the problem is feasible, and, in particular,
rapidly converging to an infeasible stationary point when a problem is infeasible.

Let pp — p* and B} — B* as | — oo, v € R™ be a vector with components
vii = Ni/(yii + Nii), @ € Z. For simplicity, we suppose that ||pju;|| < M for some
constant M > 0 and for all [ > 0. This supposition is reasonable from the global
convergence analysis in previous section, and it does not hinder |Ju;|| tend to co.
If {x;} converges to a KKT point, then u; is bounded and the supposition holds
obviously. If it is other than that case, since the inner algorithm is terminated
finitely for every I, one can select p; such that the supposition holds. With this
supposition, ||A;]| is bounded.

We need the following blanket assumptions for local convergence analysis, in
which Assumption 5.1 (3) and (4) are weaker than that commonly used in nonlinear
programs.

Assumption 5.1.

(1) x; = x* and v = v* as | — oo. Correspondingly, yi — y* and N\ — \* as
[l — o0;

(2) The functions f and c; (i € T) are twice differentiable on R™, and their second
derivatives are Lipschitz continuous at some neighborhood of x*;

(8) The gradients Ve;(x*) (i € W*NI*) are linearly independent, where W* = {i €
Tlvf # 0}, I* = {i € I|ey(z*) = 0};

(4) d¥H*d > 0 for all d # 0 such that viVe;(z*)Td = 0, i € T*, where H* =
PVRL() + Xeg N2 (a).

5.1. Rapid convergence to a KKT point. We focus on how the barrier parame-
ter f; is updated at (x;, u;) results in that (d,;, d;) is a superlinearly or quadratically
convergent step, so that our algorithm is capable of rapidly converging to the KKT
point. In addition to Assumption 5.1, we also need the following general conditions.

Assumption 5.2.
(1) p* >0 and B* =0;
(2) up = u* asl — oo. Thus, zp — z* as | — oo.

The following index sets are used throughout this subsection: P* = {i € Z|c¢;(z*)+
pruf > 0}, 2% = {i € I|c;(z*) + p*uf = 0}, N* = {i € Z|e;(x*) + p*uf < 0}. As-
sumption 5.2 shows that (z*,u*) is a KKT pair, and ¢;(z*) = 0 for i € P*U Z*,
ci(z*) < 0 for ¢ € N*. Tt follows from (18) and (19) that yf = 0 and A} > 0 for
i € P*, and yf > 0 and A} = 0 for i € N*. They imply that v = 1 for i € P*,
vi =0 for i € N*. Hence, W* CZ* and £* = €.

Similar to Lemma 16.1 of [29], one can prove the following result. We omit the
proof for brevity.
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Lemma 5.3. Suppose that Assumptions 5.1 and 5.2 hold. Then the matriz

B* [ViVei(x*),i € W¥] 0
O = | [WVe(x),ie Wl —diag(l —v},i € W) 0
0 0 —Ii\we|

is nonsingular, where B* = H* + Y. 7 viVe;i(x*)Vei(a*)T, [Vi Ve (z*),i € W
is a matriz with v Ve, (x*) (i € W*) as its column vectors, diag(l — v}, i € W*)
is a diagonal matriz with (1 —v}) (i € W*) as its diagonal entries, Ijz\y~| is an
identity matriz of order |T\W*|.

For simplicity of notations, we suppose that p; = p* for all [ > 0 in this subsection.
Let J* = lim; ;o Ji, where J; = Vg, p,)(21). Then J* = D*Q*D*, where D* is
a diagonal matrix with n 1s and m p*s. Due to Lemma 5.3, J* is nonsingular. It
follows from the Implicit Function Theorem (p.128 of [30]) that there exists a § > 0
such that the equation ¢g, ,,)(2) = 0 has a unique solution z*(3;) for all §; < B,
and there holds

125(Br) — 2"l < My <, (54)

where € > 0 is small enough and

0
[v¢(5z,pl) (Z)} -1 (b(ﬁé,gl)('z)

M = max
[|z—2z*||<e

is a constant independent of f3;.
The following two lemmas can be obtained in a way similar to Lemmas 2.1 and
2.3 in [11]. We will not give their proofs for brevity.

Lemma 5.4. Suppose that As§umpti0ns 5.1 and 5.2 hold. Then there are suffi-
ciently smallAscalars € >0 and 8 > 0, and positive constants My and Ly, such that,
for all By < B and z € {z|||z — 2*(B1)|| < €}, V&g, p)(2) is invertible,

11V 681,00 ()] 71| < Mo, (55)
and
IVOs1.00) (2) = V.00 (2" (B < Lollz = 2" (B (56)
Moreover, for z € {z|||z — 2*(8)|| < €} and B; < B, one has
IV 1,0 (2)" (2 = 27 (B1)) = digrpn) ()l < Lollz = 2" (B)1*. (57)

Lemma 5.5. Suppose that Assumptions 5.1 and 5.2 hold. Then there are suffi-
ciently small scalars € > 0 and § > 0, such that for z € {z|||z — z*(B)|| < €} and

ﬂl S B;
Iz = 2" (Bl < 2Mollds,,p0) (D N D(81,00) ()| < 2Milz — 2" (B1)]], (58)
where My = SUDP|,— 2+ (8,)]|<e IVos,,00)(2)]-

Using Lemmas 5.4 and 5.5, we can prove the following results.

Theorem 5.6. Suppose that Assumptions 5.1 and 5.2 hold, and B, = O(||z;—z*||?).
If d§ is computed such that ||r; + RFd§|| = O(||ri]|?), then

Iz + di — || = O(||z1 — = |%).- (59)
That is, d; is a quadratically convergent step. If, instead, 5; = o(||z1 — z*||),
lri + REAS| = o(||mil]), then ||z 4+ di — 2*|| = o(||z1 — 2*||). That is, the step is
superlinear.
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Proof. In order to prove the result, we show
limsup ||z 4+ d; — 2*||/ ||z — 2 ||* < 7, (60)
k—o0
where 7 > 0 is a constant.
Let ¢y = ¢(Bz,pz)(zl)v J = VQS(Bz,pL)(zl)’ ¢; be the vector which is different from ¢,

in that the last m components are replaced by flelef, d; be the unique solution
of the equation J;d = —¢;. Then, due to ||r;]| < ||#:]], by (55) and (58),

=l =157 (e ) 1= Ol = (01, (61)
Furthermore, by (55) and (57),
lz+di == Bl < A NIz = 27 (8) — @l
< M()LQHZZ — Z*(ﬂl)nz (62)
Using (54), (61) and (62), one has
Iz + di — 27|
<l +di = 2% (B)l| + |di = dil| + ||z (8) = =°|
< MoLollzt = 2*(8)|I* + O(llz = 2" (B)II”) + MB. (63)

If B = O(||z1 — 2*||?), that is, 8; < Mal|2; — z*||* for some constant Ma > 0, then
Iz = 2" (Bl < llze = 271 + 1127 = 2" (B < (1 + MMol|z — 2%[])[|2 — 27|].

Thus, (60) follows immediately from (63).
The result for the case 8; = o(||z; — 2*||) can be proved similarly. O

5.2. Rapid convergence to an infeasible stationary point. In this subsection,
we consider the rate of convergence to an infeasible stationary point. We prove that
d;; can be a superlinearly or quadratically convergent step provided the penalty
parameter p; is appropriately updated at z;. The barrier parameter 8; € (0, So] can
be any finite number.

Other than the general assumptions in Assumption 5.1, we also need some addi-
tional conditions for local analysis in this subsection.

Assumption 5.7.
(1) p* =0, z* is an infeasible stationary point;
(2) prug — 0 as | — oo.

The above assumption does not prevent ||u;|| from tending to co. Since the inner
algorithm is terminated finitely for every [, one can update p; appropriately such
that Assumption 5.7 (2) holds. With this assumption, || ;|| is bounded.

For simplicity, we set 4; = pju;. Let P* = {i € Z|¢;(z*) > 0}, and N* = {i €
T|e;(x*) < 0}. In virtue of (18) and (19), Af > 0 and y} = 0 for i € P*, Af =0 and
yr > 0 for i € N*. They imply vF =1 for i € P*, and v; = 0 for i € N*. Thus,
PrCW* CPrUTI™

Let us consider the system

Fig,p) (2, @) =0, (64)

where F(ﬁ’p) (l‘, ﬂ) = ( pr + Zief* ;\iVCi + Zie”P* (CZ‘ + ftli)VCiCi + Ui, 1€ j* )
* =T W, A = 3V(e + @)% +4pB + i + i), §i = 5[/ (ci +:)® +4pB —
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¢; — U;]. Obviously, when p = 0 and z* is an infeasible stationary point of problem
(1)—(2), (z*,0) is a solution of (64).

Although our algorithm is totally different from those in [5, 8], we can similarly
establish the following local convergence results.

Lemma 5.8. Suppose that Assumptions 5.1 and 5.7 hold. Let ﬁz\f* = 0. Then
there exists a constant p > 0 such that, for p < ﬁ, the system (64) has a unique
solution (z*(p), 0*(p)) with @X(p) = 0 for i € T\I*, a

(707 )

for some positive constant M mdependent of p.
Proo{. Let F’(@p)(x, tz.) = Fg,p) (@, @) with iz, 7. = 0. Note that }3‘(5*70)(‘@*7 0)=0
and F{g ,)(,1z.) is continuously differentiable on (z, 5. ). Furthermore,
- . G(z, s.) [V Vei(a*),i € T*]
VE yUgs) = N oo B )
(6.0 (2, 7.) ( [viVei(z%),i € )T —diag(l —v},i € Z%)
where

G(x,s.) = pV2f + Z V3¢ + Z V3¢ + Z f/chchiT + Z VCchiT.

ieTr ieP* icqr i€P*

< Mp (65)

(66)

Let Jp = lim,—o Vﬁ(gyp) (%,14.). By items (3) and (4) of Assumption 5.1 and

Assumption 5.7, J}, is nonsingular. Thus, the result follows immediately by applying

the Implicit Function Theorem (p.128 of [30]). O
Corresponding to the mapping Fg, ,(, @), we set

- o pVf+ Ziel AiVe;
¢WW@”)( cituy, i€l )

Lemma 5.9. Suppose that Assumptions 5.1 and 5.7 hold. Then, for all sufficiently
large 1,
1D¢8100) (1, ) = Fgy o (1, )| < Mpy (67)

for some positive constant M independent of p;.

Proof. For sufficiently large I, one has ¢;; < 0, i € N* and ¢; > 0, i € P*. Thus,
for i € N'*,

1
i = 3 (\/(Cli + prw)? +4p1 B+ e + Pluli)

_ 261m
\/ (c1i + prw)? +4p1 B — e — prwas

< Pt (68)
m+p

and for i € P*,
" 1 5
(N — e — ;) = 3 (\/(Cli + prwi)® + 4pi B — cli — pzw)

2810
V(ci + prwi)? + 4pBr + i + prwi
\ﬁ
P (69)

m+p
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for some positive constant M independent of p;. Therefore, for sufficiently large I,
there holds

||(£(Bhpl)($l7ul) - F(,Bl,pl)(-rlaal)” < || Z )\lz — Cly — ulz vclz Z Alzvcle
i€P* 1EN*

< Mp (70)

provided ||Vey|| < VM for i € P* UN™*. Then the result follows immediately from
items (1) and (3) of Assumption 5.1. a

For simplicity, we denote £*(p) = (z*(p), 5. (p)), 2 = (2, 0z.), W* = (z%,04.).
The following two lemmas can be obtained in a way similar to Lemmas 5.4 a d 5.5
and hence their proofs are neglected here for brevity.

Lemma 5.10. Suppose that Assumptions 5.1 and 5.7 hold. Let Fj(2) = F(Bz,pz)(é)'
Then there are sufficiently small scalars € > 0 and p > 0, and positive constants My
and Lo, such that, for all py < p and 2 € {Z]||2 — 2*(p1)|| < €}, VF(2) is invertible,

IVE(2)] ] < Mo, (71)
and

IVE()T (2 = 25(m)) = F(2)I| < Lollz = 2" (m)II*. (72)

Lemma 5.11. Suppose that Assumptions 5.1 and 5.7 hold. Then there are suf-
ficiently small scalars € > 0 and p > 0, such that, for all pp < p and z €

{22 = 2" (p)|l < e},
IE (2] < 2Ma12 = 2 (pu),

where My = supjz s« (,<c IVEL(2)].

—2*(p1)

Denote (rl)f* = (Cli + yli?i S :2-*)7 (R,lr>f (le;al € j-*)v Cil = (dwl?pl(dul)f*)7
where (d,i,dy;) is the solution of QP (32)-(33). Let d; be the unique solution of
the equation VFj(2)Td = —Fj(2). Now we are ready to provide the following local

convergence result when the whole algorithm converges to an infeasible stationary
point.

Theorem 5.12. Suppose that Assumptions 5.1 and 5.7 hold. If p; = O(||x; —z*||)?,
and df is computed such that ||(r)z. + (R )£.d5|| = O(||(r)) 5. ||*), then

1 + dot — @[] = O(||lr — 27||). (73)

If, instead, py = o(l|lzr — @*||), and [[(r)z. + (R])z.dfll = o([l(r)z.
convergence is superlinear.

), then the

Proof. Assume that p; = O(||z; — 2*||)%. In order to prove the result, we first show
that

limsup ||z +d; — 2% /12 — 2] < v, (74)
l— o0

where v > 0 is a constant. . . .
Due to ||Z+di— 2 (po) | < |[VE 1 IVES (20— 2%(p1)) — Fill, by (71) and (72),
one has

120+ di = 2 (o)l = O(llz = 2* (p0)|1%). (75)
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Note that
ld = dil| < [VEF] (&1 — Bl + Mol|(r1)z. + (R )zl
= O0(p) + Oz — 2 (p0) 1)
(by (71), Lemmas 5.9 and 5.11) and
120+ di — 27| < & +di = 25 (p) | + i — dull + 112" (1) — 27,
it follows from (65) and (75) that
12+ di = 2*|| = Ol — 2°1%). (76)
Therefore, (74) is obtained.

Since [[2+dy — (12 = [l 4+ du — 2 [2+ 3 (1) + (dut)z- |2) and [} — 242 =
s — & |2 + p2(1l ()2 1), if p1 = Oz — 22, then

1+ dot — 27 || = O(||lr — 27||). (77)

One can similarly prove the result for the case of p; = o(||z; — z*||). a

6. Numerical experiments. Our main motivation for the numerical experiments
is to observe the performance of our algorithm when applied to solving some in-
feasible nonlinear programs in the literature. We implemented our algorithm in
MATLAB (version R2008a). The numerical tests were conducted on a Lenovo lap-
top with the LINUX operating system (Fedora 11).

The initial parameters were chosen as follows: By = 0.1, § = 0.5, ¢ = 1074, and
¢ = 1078, The initial penalty was pg = min{100, max(1, || max(0, c(zo))||/|f(z0)])},
which depended on the initial point. Simply, we took Hy = pI (where I € R™*" is
the identity matrix), Hy was updated similarly by the well-known Powell’s damped
BFGS update formula (for example, see [3, 29]).

The vector df, was derived by Algorithm 6.1 of [25]. For solving the QP subprob-
lem (32)—(33), we first computed the null-space matrix Wy, of R by the MATLAB
null-space routine, then computed the solution of the QP by forming the reduced
Hessian explicitly and using the MATLAB routine of bi-conjugate gradients method
with preconditioner generated by the sparse incomplete Cholesky-Infinity factoriza-
tion, which was presented by Zhang [40] for avoiding numerically zero pivots in the
sparse incomplete Cholesky factorization.

In the inner algorithm, &1 is further updated such that ||€x+19k]|0o < 0.1 (where
gk is the multiplier of the QP (see Lemma 4.5)), and & 41 (max(max(pju, 0)))*! <1
so that &,r1pur — 0 as &1 — 0. Functions 6, and 0 are defined as 6,(8) = 108
and 0>(p) = p, respectively. In order to obtain rapid convergence, we update §; to
Bir1 = min(0.15;, (¢, p0) (2k+1) |1 5°) when we need to reduce ;. If p; needs to be
updated, p; is reduced to

Pl+1 = min{gk-‘rlﬂh ||w(6l75k+1pl)(zk+1)||(2)o’ (H)\(Zk+1§ ﬁla Pl)||oo/Pl)_2}

provided ||| — |7k + REdy|| < 0.01||rg]|, otherwise pj11 = &ky1p1, where
VBiersrp) (Zhr1) = Eer1oV frrr + Z Xi(Zk413 By Er1P0) V Chti-
i€l

We use [[9g,.¢,.1p0) (2k+1)[loo to measure the convergence to the infeasible sta-
tionary point, which is the same as [8]. It is easy to note that [|¢(g,.¢, ., p) (26+1)loc —
0 as p; — 0 due to Theorem 4.10. The whole algorithm was terminated as either
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TABLE 1. Output for test problem (TP1)

] A T w | ldille [ Tulle [ B ] P k
0 5 16.6132 129.6234 129.6234 | 0.1000 3.3226 -
1| 0.1606 | 2.0205 4.8082 0.7313 0.1000 0.0972 3
2 | -0.0149 | 2.0002 0.0989 0.0445 0.1000 0.0020 4
3 | -0.0036 | 2.0000 0.0029 0.0018 0.1000 | 3.1595e-06 | 3
4 | -0.0029 | 2.0000 | 3.1674e-06 | 2.8185e-06 | 0.1000 | 1.0000e-09 | 1
51 0.0018 | 2.0000 | 1.0011e-09 | 6.7212e-10 - - -

23

B1 < € or p; < ¢, or the total number of iterations (that is, the number of solving
QP (32)—(33)) was greater than 1000.

Two infeasible test problems are taken from Byrd, Curtis and Nocedal [8]. The
results for them are reported respectively in Tables 1-2, in which the numbers in
column [ are the order numbers of outer iterations, f; = f(x;), v; = || max{0, c(z;)}],
[illoe = ||¢(ﬁl,ﬂz)(zk+1)”005 lthillee = H’l/)(ﬂz,fk+1pz)(zk+1)”00’ k is the number of
inner iterations needed for changing parameters.

The first test problem is the so-called isolated problem:

min
s.t.

T1+ T2

x%—x2+1§0,
3+ as+1<0,
—z1+22+1<0,
x1+x§+1§0.

(TP1)

The standard initial point is 2o = (3, 2), its solution z* = (0, 0) is a strict minimizer
of the infeasibility measure (43). The algorithm presented in [8] found this point.
Our algorithm terminates at an approximate point to it. Table 1 shows that, when
p3 = 3.1595e — 06 is reduced to py = 1.0000e — 09, rapid convergence emerged since
l3]loo is reduced superlinearly.

The second example is the nactive problem in [8]:

min T
1
(TP2) st (o + x5+ 1) <0,
—x1 + x% <0,
T — xg <0.

The given initial point is g = (—20, 10). The point 2* = (0, 0) derived by [8] was an
infeasible stationary point with || max(0,¢*)|| = 0.5. Algorithm 3.4 terminates at a
point approximating an infeasible stationary point 2* = (—0.2000,0.0000). Similar
to that for (TP1), Table 2 indicates that, when pg = 2.6880e — 06 is reduced to
p7 = 1.0000e — 09, rapid convergence emerged since ||9g]| oo is reduced superlinearly.

In order to observe the strong global convergence of our algorithm, we also solve
the counterexample presented by Wichter and Biegler [34] (also see Byrd, Marazzi
and Nocedal [12]) and a standard test problem for which the minimizer is a singular
stationary point of the nonlinear program by our algorithm.
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TABLE 2. Output for test problem (TP2)

L] A T w ] odlle [ Mllee [ B ] P [ k]
0 -20 126.6501 | 2.8052e+03 | 2.8052e4-03 | 0.1000 6.3325 -
1]-172.5829 | 172.7978 | 1.0948e+03 6.2866 0.1000 0.8719 6
2 0.2155 0.7149 1.4269 0.7894 0.1000 0.3895 1
3| -0.1364 0.5550 0.3865 0.3865 0.0100 0.3895 3
41 -0.1416 0.5223 0.2864 0.2648 0.0100 0.1512 1
5| -0.1472 0.5140 0.1446 0.1446 0.0100 0.0209 4
6 | -0.1997 0.4472 0.0084 0.0016 0.0100 | 2.6880e-06 | 3
7| -0.1999 0.4472 2.4923e-06 | 2.4923e-06 | 0.0100 | 1.0000e-09 | 1
8 | -0.1999 0.4472 9.2732e-10 | 9.2732e-10 - - -

TABLE 3. Output for test problem (TP4)

(0] ] vy | loille | Mlille | B ] oL [ k]
0 20 2.8284 9.9557 9.9557 0.1000 1 -
1] 0.2305 0.4167 0.8900 0.7008 0.0100 1 4
2| 0.1652 0.1687 0.1631 0.0771 0.0100 0.3268 4
3| 0.1690 0.1630 0.0503 0.0022 0.0100 | 4.7328e-06 | 1
4| 0.8561 | 2.9531e-04 | 3.1379e-06 | 3.1379e-06 | 0.0100 | 1.0000e-09 | 14
5 | 0.9028 | 1.2372e-04 | 9.3463e-08 | 9.3463e-08 - - -

The counterexample has the following formulation:
min T
(TP3)  st. 2f—a9—1=0,
Ty —x3—2=0,
e >0, x32>0.

The initial point is g = (—4,1,1). This problem has a unique global minimizer
(2,3,0), at which gradients of the active constraints are linearly independent, and
MFCQ holds. However, [34] showed that many line search interior-point methods
could not find the minimizer, even failed to find a feasible solution. Our algorithm
terminates at the approximate solution 2* = (2.0000, 3.0000, 0.0000) in 16 iterations
(including all numbers of inner iterations), where, for I = 9, f; = 2.0000, v; =
6.0156e — 06, ||¢1||co = 3.6515e — 10.

The standard test problem is the one taken from [23, Problem 13]:

min (1 —2)% + 22
(TP4)  st.  (1—a21)% =23 >0,
120, x22>0.

The standard initial point zy = (—2,—2) is an infeasible point. This problem
was not solved in [31] and some other references, but the algorithms in [10, 32]
got its approximate solution. Its optimal solution z* = (1,0) is not a KKT point
but is a singular stationary point, at which the gradients of active constraints are
linearly dependent. Numerical results show that Algorithm 3.4 terminates at an
approximate point to the solution, but it does not suggest rapid convergence for
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TABLE 4. The last 4 inner iterations corresponding to | = 4 for
test problem (TP4)

(k] i [ w | lgelloe | Mkl | @ [ o

11 | 0.8500 | 5.7136e-04 | 5.6703e-04 | 5.6703e-04 | 1.0780 | 0.0001
12 | 0.8548 | 3.0434e-04 | 1.2222¢-05 | 1.2222¢-05 | 1.0754 | -0.0002
13 | 0.8556 | 2.9845e-04 | 6.2125e-06 | 6.2125e-06 | 1.0750 | -0.0002
14 | 0.8561 | 2.9531e-04 | 3.1379e-06 | 3.1379e-06 | 1.0747 | -0.0002

either inner or outer iterations in Tables 3 and 4 where the last n columns are the
components of iterates. In fact, we still do not have any theoretical result on rapid
convergence to a singular stationary point of nonlinear programs in the literature.

In summary, the preceding numerical results not only demonstrate our global
convergence results on Algorithm 3.4 for infeasible, hard and degenerate nonlinear
programs, but also demonstrate our locally rapid convergence results on Algorithm
3.4 with convergence to an infeasible stationary point of a nonlinear program which
is infeasible.

7. Conclusion. Upon great success in solving large-scale linear programming prob-
lems, the interior-point approach has effectively been extended to solving general
convex programming (such as semidefinite and cone programming) and nonconvex
programming problems. The research on interior-point methods for nonlinear pro-
grams has been one of focuses of optimization area in recent years. Based on a
distinctive two-parameter primal-dual nonlinear system, which corresponds to the
KKT point and the infeasible stationary point of nonlinear programs, respectively,
as one of two parameters vanishes, we have presented a new interior-point method
for nonlinear programs in this paper. Our method always produces interior-point
iterates without truncation of the step. The method not only can be globally con-
vergent and locally quick convergent to KKT points when the problem is feasible,
but also can globally converge to an infeasible stationary point and rapidly detect
the infeasibility of the solved problem when the problem is infeasible. A possible
future topic of the subsequent research is to consider similar methods in solving
linear programming or semidefinite programming problems.
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