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1 Introduction

Suppose that a common commodity is distributed by n Nash players over a network with a
single origin-destination pair and m identical, nonintersecting, parallel links Lq,---, L,,. Let
M ={1,---,m}. Assume that the demand d is fixed and N' = {1,---,n}. Then the feasible set

of flows is given by

Q=<wv U:ka,eTv:d,kaO, Vk=1,...,n p,
keN

where e is the m dimensional vector of ones. v* = (v}f,---,vk) € R is the vector of flows

rrm
selected by the kth Nash player, k € N. Each player treats the other players’ route strategies
as fixed when routing his own flows. We assume that each player can split flow along the given

links. Mathematically, for player & € N, the optimization problem to be solved is

min ta()oF = D ta(v* + v F )k, (1.1)
veE
aeM aeM
where t,(-) is a certain cost function on L,, and

—k
Uy

vk = : Withv;k: Z vizva—véf Ya € M.
—k €N ik

Um

Note that we particularly write v as v* +v~* to show that Problem (1.1) is an optimization
problem with respect to v¥, while all other v/, j # k are taken as fixed. A point (v'*,---,v™)
satisfying ‘
o e are mim ta(VF + vk
Uk—i-v_k*EQa;A al Ja;
is called a Nash-Cournot equilibrium [2]. Generally speaking, finding a Nash-Cournot equilib-
rium is very difficult, for example, see [16].

In this paper, we consider the case that each player knows neither his/her opponents’ exact
strategies nor the probability distribution of their strategies. All the information about his/her
opponents is that their strategies are in a given bounded set. We introduce the concept of
robust Nash-Cournot equilibrium for an n-player game with quadratic cost functions by using
some ideas from robust optimization [4]. This part can be viewed as a direct extension of the
work of Hayashi, Yamashita and Fukushima [12] on two-player bimatrix games. We consider the
case that both the cost function and the opponents’ strategies can be uncertain in the same time
(Paper [12] only studied the cases that either the cost function or the opponents’ strategies were
uncertain). We then show in Section 3 that for some interesting cases, the robust Nash-Cournot
equilibrium problem can be reformulated or relaxed as a second-order cone complementarity
problem, which can be solved efficiently by modern optimization methods [1, 5, 15].

Define the system equilibrium problem as
min ta(v)vg.
vEQN aem
Assume that this problem has an optimal solution o with positive optimal value, i.e.

Zs= Y ta®)Va= > > ta(v)V) > 0.

aeM aEM kEN



Let
Zy, = Z ta(V )V, = Z Z ta(v*) 0k
aeM aEM keN
be the total cost at a robust Nash-Cournot equilibrium, where v* is a robust Nash-Cournot
equilibrium (also called the user optimum). Then the price of anarchy (PA) is defined as the
ratio Z,, /Zs, which was introduced by Koutsoupias and Papadimitriou [14] and has been studied
extensively in [6, 7, 10, 14, 17, 18] for nonatomic games and in [19, 20] for atomic games.

Most of the present works on the PA [6, 7, 10, 14, 17, 18, 19, 20] implicitly assume that each
player knows the opponents’ strategies exactly and can evaluate the cost function exactly. This
assumption restricts the applicability of the model to real world networks since in many cases
the information is incomplete or is subject to errors. To deal with such situations, recently, Garg
and Narahari [8] analyzed the PA by using a Bayesian game under the assumption that each
player only knows the probability distribution of the other players’ strategies. They prove that
the PA is the same as that each player knows the opponents’ complete strategies. We treat this
problem in a different way. Same as in our reformulation scheme, by specifying data uncertainty
sets, we derive some worst-case bounds for the PA, which is the topic of Section 4. Finally, we
make some concluding remarks in Section 5.

2 Preliminaries

2.1 Robust Nash-Cournot equilibria

Recall that a Nash-Cournot equilibrium is the equilibrium solution of the n-person game, in
which the k-th player’s problem is

where t,(-) is a certain cost function on a; particularly in this paper, ¢, is defined so that

Z ta(vk + v_k)véf = (vk)TA(vk + U_k)
aeEM

with a certain square matrix A.

In many applications, a player can not estimate the opponents’ strategies accurately and eval-
uate the cost function exactly. To deal with such situations, Hayashi, Yamashita and Fukushima
[12] introduced the concept of robust Nash equilibrium by using the idea of robust optimiza-
tion [4, 9]. Their definition is for two-player bimatrix game and is assumed that the following
statements hold for players 1 and 2:

(i) Player 1 can not estimate Player 2’s strategy z exactly, but can estimate that it belongs
to a set Z(z) C R™ containing z. Similarly, Player 2 can not estimate Player 1’s strategy
y accurately, but can estimate that it belongs to a set Y (y) C R™ containing y;

(ii) Player 1 can not estimate his/her cost matrix exactly, but can estimate that it belongs to
a nonempty set D1 C R™ ™. Player 2 can not estimate his/her cost matrix exactly, but
can estimate that it belongs to a nonempty set Dy C R™*™.



(iii) Each player tries to minimize his/her worst cost under (i) and (ii). That is, the cost
functions are defined respectively as follows:

fily,z) == max{nylé ‘ AeD, ze Z(z)},

fo(y,z) == max{y]TBz ‘ Be D, je Y(y)}.

A point (g, z) satisfying § € arg misn fi(y,z) and z € arg misn f2(7, ) is called a robust Nash
YyeST zZE02

equilibrium [12], where S; and Sy are strategy sets of Player 1 and Player 2, respectively.

Furthermore, they proved that whenever either the opponent’s strategies or the cost matrices

can be estimate exactly, a robust Nash equilibrium can be obtained as a solution of a second

order cone complementarity problem.

We now extend the robust Nash equilibrium to the n-player Nash-Cournot game. Suppose
that

(i). Each player k assumes that the opponents’ strategies v belongs to a set Vj(v™F) C R

containing v,

(ii). Each player k assumes that the cost matrix belongs to a nonempty set D4 containing A.

(iii). Each player tries to minimize his/her worst-case cost under (i) and (ii). That is, the cost
function for player k is defined as follows:

A CAR R max{vaflf)_k ‘ AeDy, v %e Vk(v_k)}.

k*)

A point (v!*, .- v™) satisfying v** € arg min {fk(vk, R ok 4 vR € Q} is then defined as a

robust Nash-Cournot equilibrium of this game.

2.2 The second-order cone optimization problems

Since we will reformulate the game under consideration to a second-order cone optimization
problem, we list some useful notations and concepts in this regard.

Let 9,, denote the second-order cone of dimension n,
Qn ={z=(x1,2" ") € R" | x1 > |l2" |},

where || - || denotes the standard Euclidean norm. It is well known that Q,, induces a partial
order on R"
Tro, Y=z —yEc Q.

If n is evident from the context we drop it from the subscript. A second-order cone programming
problem is a convex optimization problem in which a linear function is minimized over the
intersection of an affine set and the Cartesian product of second-order cones. It includes linear
programs, convex quadratic programs and quadratically constrained convex quadratic programs
as special cases. Mathematically, a second-order cone program has the following form

T
: T
min E ¢ T
i=1

T
S.t. ZAZ:UZ :b7 thino’ 7/ — 1’...77*7
=1
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,
where r is the number of blocks, n = Z n;, ¢; € R, x; € R™, A; € R™*™ and b € R™.
i=1
The KKT system of the above second-order cone program is a second-order cone comple-
mentarity problem (SOCCP), which has the following format:

Find an z € Q,, such that F(z) € Q, and 2T F(2) =0, (2.2)

where Q,, is a second-order cone of certain dimension p (usually p > n+m+r), and F' : RP — RP
is a given mapping. The SOCCP can be efficiently solved by a smoothing Newton method, see
Chen, Sun, Sun [5] for details.

3 The parametric SOCP reformulation

In this section, we will show that for some interesting cases, the robust Nash-Cournot problem
can either be reformulated as a parametric second-order cone program or be relaxed to this type
of problems. The exact meaning of “parametric second-order cone program” will be made clear
in the sequel.

3.1 Uncertainty in the opponents strategies

We first clarify the meaning of the uncertainty in the opponents strategies.

Assumption 3.1

(a) Vi,(v7F) := {v*k + ovFk ‘ |6v=F|| < pr, eTovF = ()}, Vk € N where p1, ..., pn are given
nonnegative constants;

(b) Da={A}.

Here, §u™* represents a perturbation vector. The conditions e dv™% = 0 is for guaranteeing
el (v4 v =d.

Under Assumption 3.1, Player k solves the following problem to determine his/her strategy:

ming. max {oF AWF + 0 4 607F) | [507F| < pr "o = 0}

Sv—k

st. ve. (3.3)

Thus, the robust cost function for Player k is
fk(vk, v*k) = max {vaA(vk +o R4 (51)*’“) ‘ H(Sv*kH < pp, e vk = 0}
= 0" Av + max {vaAév_k ‘ 160" < pg, e dvF = 0}

9

= vaAv + pk H[lTvk

where A = A(I,,— %ee—r) and the last equality follows from the fact that projection of AT v* onto

the hyperplane {v | e"v = 0} can be represented as (I, — Zee' )ATv*, I,,, is the m dimensional



unit matrix. By introducing an auxiliary variable vy € R, Problem (3.3) can be reduced to the
following optimization problem

min %' Av + prvo
st AT < v, v e Q. (3.4)

Proposition 3.2 Suppose that the matrix A in (3.4) is positive definite. Then, under As-

sumption 3.1, the user equilibrium s equivalent to a parametric second-order cone program with

parameter vk,

Proof. Since A is positive definite, B := # is symmetric and positive definite. Let

1
u= B2k + 537%/17)7]“.
Then (3.4) can be reformulated as

min ug

1
st. B + §B_%Av_k = u,

ATk = w,
(vo,w) =g 0, (ug — prvo,u) =g 0,
v € €,

which is a second-order cone program parametrically depending on v=*.

3.2 Entry-wise uncertainty in the cost matrix

In this subsection, we consider the case that the uncertainty in the cost matrix occurs indepen-
dently from entry to entry; that is,

Assumption 3.3

(a) Vi(v™F) = {v7"}.

(b) Da = {A+5A € rmxm ‘ ‘5Aij‘ < Iy (i,j = 1,-~-,m)}, where A and I' are given
matrices with I';; >0, 1,5 = 1,---,m.

Under Assumption 3.3 and the condition that v € Q, the cost function fi, can be written as
fe@® 0% = max{vaflv | Ae DA}

="' A+ max {v* 6Av | A+ 54 €Dy}

— o* Av + max {va(SAv | |04 < I‘ij}

T T
=oF Av+oF To,



where the last equality follows from the fact that vF > 0 and v > 0. Thus, the robust Nash-
Cournot problem solved by Player k is

, T T
min  fi(vF, 07F) = 0F Av+0F Tw

st. v eEQ, (3.5)

where v F is taken as fixed parameter. Therefore we have

Proposition 3.4 Suppose that the matrizc A and I are such that A + I" is positive definite.

Then, under Assumption 3.3, the user equilibrium is equivalent to the following parametric

second-order cone program with parameter v="

min ug

st. BoF + %B_%(A + Tk =u,
(uo,u) =0 0, (3.6)
v e Q,

T T
where B = %.

Proof. Since A+ 1T is positive definite, B := % is symmetric and positive definite. It
follows from (3.5)

I CARE I " Av +oF Ty
— (B2 B3 F 4ok (A4 Tk
1 21 2

- |]B;vk+23é<A+rw ~zBras e

Let u := B2ok + %B_%(A + Iv~*, then problem (3.5) and problem (3.6) have same optimal

solutions and their optimal objective values will differ by 1||B 3 (A+T)v=F|2 |

3.3 Columnwise uncertainty in the cost matrices

We now consider the case where the uncertainty in matrix A occurs columnwise independently.
That is,

Assumption 3.5

(a) Vi(v™F) = {v7"}.

(b) Dy := {A—|—<5A e Rmxm ’ [6AS] < v, 7 = 1,---,m}, where A is a given matriz and
v >0 is a given vector, and A5 denotes the jth column of matriz §A.



Proposition 3.6 Suppose that the matriz A in (3.8) is positive definite. Then, under Assump-
tion 3.5, a relaxzation of the user equilibrium problem is the following parametric second-order
cone program

min ug

st. Bk 4 %B_%(Av_k +9t) = u,

(o — (v ™)t +5),u) =00,

t,0%) =00, (3.7)
B3 (Av™" +91)) =0 0,

e,

e:ﬁ—n\

.
where B = %

Proof. Under Assumption 3.5, the cost function fk can be written as
~ T A ~
fe@® ™% =max {vk Av ‘ Ae DA}

— vaAv + max{va(SAU ‘ ||5Ac‘|| < 7]'}

-
=" A max Zv]
\MCII i j

-
=" Av + Z Vj H’UkH Vj
j=1
-
o Av+~To Hka .

Thus, Player k£ solves the following problem

min [ (vF,07F) = ot Av + v y|lo"||

st. ve. (3.8)

Introducing variables ug and ¢, we can rewrite the optimization problem (3.8) as

min ug
-
st oF Av 40Tyt < ug, (3.9)
k
0" = ¢,

v e Q.
Let B = . Then (3.9) can be rewritten as
o* BuF 4 ’UkT(AU_k + 1) < ug—ty vk

Setting
1
u=Bzv* + iBfé(Av*’“ + 1),
it follows from the above inequality that

[ull® < ug =ty v 4 s,



with
1 _1 —k 2
s=7 HB 2(Av +’yt)H .
Thus, the optimization problem (3.8) is equivalent to the following problem
min g
1
st. Bof + §B_%(Av_k +t) = u,
k
HU H =1,
[ull® < uop —ty T 45,
1 1
B (A0 )2 =
v e Q.
Relaxing the second and the fourth constraints in the above optimization problem, we get
min ug
1
st. Bk 4 §B_%(Av_k +t) = u,
[0 < ¢,
ul|? < ug —ty v™F + s,
1
BT (A )P < s,
v E Q,

which is equivalent to (3.7). O

3.4 Uncertainty in both opponents’ strategy and the cost matrix (column-
wise)

In this subsection, we consider the case that Player k can estimate neither the cost matrix nor

his/her opponents’ strategies exactly and the uncertainty in the cost matrices occurs in columns.
That is, we make the following assumption:

Assumption 3.7
(a) Vi(v™F) = {v_k + vk ‘ 1607k < pg, eTov™F =0, v™F + 607k > O},

b) Dy :=JA+0A€ R™™ | |6AS|| <4, 7=1,---,m¢, where A is a given matriz, v > 0
7 ’YJ Y
is a given vector, and 5A§ denotes the jth column of matriz §A.

Under Assumption 3.7, the cost function fk can be written as
fk(vk> v_k)
=  max {vk—rfl(vk + ok 4 507F) ’ AeDy, vF+ov ke Vk(v_k)}
= 0" Av + max {vaA(Sv_k + vaéA(v + 60k ‘ A+0Ae Dy, v F+o0F e Vk(v_k)}

= 0" Av+ max {vaA(Sv_k + 3 (04N TR (0 + 608); | 184S < 5, v + 007 € V(v )
j=1

|



= 0" Av+ max {vaAév_k + 3 o (o + 0078); |0+ uh e Vk(v_k)}
=1

< ot Av + ¥ |lo "y + max{vaAévfk + Hka 5v*kT”y ‘ 160" < pg, e 6vF = 0}
= T Auy Hka vy + pr H(Im —m lee")(ATV* + ||vk|]7)H .
Thus, a relaxation of Player k’s problem is
min v*' Av + vF |l Ty + pr H(Im —m tene) V(AT R + ”"UkH’Y)H
st. ve. (3.10)

By introducing auxiliary variables t,s € R, problem (3.10) can be further relaxed to a second-

k

order cone program with parameter v~% as shown in the following proposition. The proof is

omitted since it is very similar to the proof of Proposition 3.6.

Proposition 3.8 Suppose that the matrix A in (3.10) is positive definite. Then, under As-
sumption 8.7, the user equilibrium can be relazed to the following parametric second-order cone
program

-
where B = %

3.5 Uncertainty in both opponents’ strategy and the cost matrix (entrywise)

In this subsection, we consider the case that Player k can estimate neither the cost matrix nor
his/her opponents’ strategies exactly and the uncertainty in the cost matrix occurs entrywise
independently; that is,

Assumption 3.9

(a) Vi(v™F) = {v ™% + 507 % | ||6v™F| < pr, eTovF =00v7F +6v7F > 0},

(b) Dy :={A+0A € R™™ | [6Ai;| < Ty, g =1,---,m)} where I' is a given matriz with
Ty > 0.

Under Assumption 3.9, the cost function fk can be written as

fk(Uk, Uﬁk)



= max {vaA(U + 60 ") ‘ AeDy, v F+ov ke Vk(v*k)}
—
+ max {vaAév*k + vaéA(v + 6vF) ‘ A4+6Ae Dy, v 4607k e Vk(v*k)}

— o Aw + max {UkTA(Sv Z 5Aljv v+ v F )j ’ |0A;] < Ty, vF ok e Vk(v—k)}
j:

= o* T Ap o TTw 4 max{ ( +T)ov " ‘ (v 460" e Vk(v_k)}
< %" Av + % Ty +max{ ( +T)ov*k ‘ 16v7F|| < pr, e, vk = 0}
= va(A+F)v+pkH[Im—m leel } (A—i—F)T kH

Thus, a relaxation of Player k’s problem is

min o (A+ D)o+ py [ = m~emel] (A+ D)o
s.t. wve.

Based on a similar approach to the proofs of Proposition 3.4 and Proposition 3.8, we can
obtain the following result.

Proposition 3.10 Suppose that the matriz A and I' are such that A + I’ is positive definite.
Then, under Assumption 3.9, the user equilibrium can be relazed to the following parametric
second-order cone program

min  ug
1

st. Brob + B 7(A+Fv_k) u,

NJ

[ } A—i—F =r,
(uo — prs, U) =90,

(s,7) =00,

v €,

T T
where B = AL+ATIT

In concluding this section, we explain how the parametric second-order cone programs of the
players can be combined into a (non-parametric) second-order complementarity problem (SOCCP)!.
Let user &'s (robust) optimization problem be denoted by Py(v~F), which depends on v=*. Then,
Py (v=*) reduces to an SOCCP for any fixed v~*. Now, notice that the robust Nash-Cournot
equilibrium problem is to find {(v*)¥}%_, such that (v*)* solves Py(v=*) for all k € N simulta-
neously. Since the KKT conditions of P(v™F) can be rewritten as an SOCCP, say KK Ty, (vF),
by combining all users SOCCPs KKT;(v1),...,.KKT, (v™™), we can obtain a large SOCCP with

variables (v!,...,0™). For more detailed discussion in this matter, see [12].

1This paragraph is cited from a referee’s comments.
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4 The price of anarchy for the robust Nash-Cournot equilibria

We now consider the price of anarchy (PA) for robust Nash-Cournot equilibria and derive several
bounds for it. Recall that the PA is the ratio between the total cost at robust Nash-Cournot
equilibrium and the system cost. Let v* denote a robust Nash-Cournot equilibrium and v denote
the system optimal, then the PA p is

Zu _ Yaemta(v vy _ (v*)7 Av*

Q' = = = T T T A=
7 > aem ta(0)0, ol Av

To derive the bounds, we need to define the degree of asymmetry of a matrix A.

Definition 4.1 The degree of asymmetry of a positive definite matrix A is defined as

S— Aw||? TATS 14
02 — HsflAH% = sup H wHS = sup w w
w

40 [wll wto W Sw o
where -
A+ A
S = A+A4
2
is the symmetrized part of the matriz A and || - ||s denotes the S-norm of a vector, i.e. ||z|s =

VT Sz and HS*IAHS is the operator norm of S~'A induced by this vector norm.

It is obvious that ¢ = 1 when A is positive definite and symmetric. The constant ¢ was
originally introduced by Hammond [11] and has the following property.

Lemma 4.2 If A? is a positive definite matriz, then ¢ < 2.

We now analyze the PA under uncertainties. Since the analysis for Assumption 3.1 and the
other assumptions is very similar, we just focus on the case where Assumption 3.1 holds.

Theorem 4.3 Suppose that the matriz A in (3.4) is a positive definite matriz and Assumption
3.1 holds. Furthermore, suppose that A;; > 0 for all 1,5 = 1,---,m and there are two scalers
0 < a,a <1, such that ok < av and v** > av* for all k € N'. Then, the PA o satisfies the
following inequality

L2+ (1-aPP+ (1-a)e/(-aPP+da 1 Sen oi (IATF] = || Avt=))
e= 2 1 (1-a)b (0) T Av
(4.11)
where by is given by (4.15)-(4.16) below.

Proof. Since v* is a solution of the robust Nash-Cournot equilibrium and v € €2, it follows from
(3.4) that

V)T Av* 4 pil| Aot

< (@M TA@" + v + | AD¥|

= (TM) T AT + (T%) T Av* — (T°) T Av™* + pi|| ATE|
< a(@*) " Av + (1 - )(T") " Av* + pi || AD"|,

(

11



where the first inequality follows from the fact that v** is a solution of (3.4) and the last inequality
follows from the o¥ > 0, v* > 0 and Aijj > 0 for all 4,5 = 1,---,m and the assumptions that
oF < av and v** > av*. Summing up both sides for all k£ € N, we get

(") "Av* + Y pef At

keN
<av'Av+(1—a)v" Av* + > pil|AF|
keN
=av Av+ (1—a)o  AST'Sv* + Y pi| Av*|
keN
<av’ Av+ (1 —a)l[o" AS™ sllv*]ls + D pxll A"
keN
<av' Av+ (1 = a)l|v]|slv*]ls + Y pxll A", (4.12)
keN

where the second inequality follows from Cauchy-Schwarz inequality and the last one follows
from the norm inequality.

For any two vectors x and y in R", we have

2v/bibs|z||sllylls < bill2)|% + b2llyl%
if by, b9 > 0. This implies that
cllzllsllylls < billz||E + ballyll (4.13)
if by,by > 0 and byby > ¢?/4. Tt follows from (4.12) and (4.13) that

(1= (1—a)bp)(v") T Av* < (a+ (1 —a)br)o" Ao+ Y pr(]|A0"|| — [ Av**])).
keN

If b > 1/(1—a), then the above inequality may hold trivially (at least in some cases). Thus, we
need to add the constraint that bs < 1/(1 — ). We may find the best upper bound by solving

a+(1—a)b

- (1 —a)by

s. t. biby > ¢? /4
0<by<1/(1-aq).

min

Since we just want to find an upper bound of the price of anarchy, we can tighten the second
constraint in the above optimization problem

. a+ (1 — g)bl
min —
1-— (1 — Q)bg
s.t. biby > c%/4 (4.14)
0<by<1.

The optimal objective value of (4.14) is

_ 20+ (1—a)?c + (1 - a)ey/(1 — )22 + da

t )
2

(4.15)

12



which is obtained at

This completes the proof. O

Remark. Unlike the game with complete information, in our bound, there is a term inherited
from the uncertainties of the data (the second term in the right hand of (4.11)). If p, = 0 for all
k € N, the case reduces to the one with complete information and the bound (4.11) reduces to

c2a+(1- a)?? + (1 - a)ey/(1 — a)?c? + da
0> )
2

(4.17)

which appears to be new in the literature. Furthermore, if n = 1, that is, if there is only a
monopoly player controls all users in the network, we have @ = @ = 1 and the bound given in
(4.17) is o = 1, indicating there is no efficiency loss. For n > 2, it is possible that @ = 1 and
a = 0. For example, this occurs for the network game with unsplittable flows. For this case, the
bound in (4.17) reduces to

- 2+ +eve2+4
0= .
2

Moreover, if the cost matrix is symmetric, i.e., ¢ = 1, then p < 33—‘/5 = 2.618, which is just the
bound derived by Awerbuch et al. [3]. O

5 Conclusions

We considered a traffic game with incomplete information. We proved that in some interesting
cases, the robust Nash-Cournot equilibrium problem can be reformulated as a second-order cone
program. We also gave some bounds of the PA of the robust Nash-Cournot equilibria, which
appears not to have been considered in the literature.

Acknowledgment. The authors would like to thank Professor Fukushima of Kyoto University
and a referee for their very constructive comments, which lead to many improvements of this
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