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Abstract

An origami metamaterial with two-stage programmable compressive strength is proposed by
combining the stacked Miura-origami and rhombic honeycomb structure. By adjusting the
geometries of the structure, the compressive response of each stage including the compressive
strength and the densification strain can be programmed within a certain range. Furthermore,
the initial peak force, as an undesired energy-absorbing characteristic, can be programmed to
maintain at a low level. The commonly seen fluctuation of crushing resistance on honeycomb
structure is also minimized during the second stage deformation. The crushing behaviour of
origami metamaterial 1is investigated under quasi-static loading condition. The
programmability of compressive properties is demonstrated for the two stages of the
deformation. The analytical model of the two-stage compressive response of the proposed
origami metamaterial is firstly developed with friction contribution being taking into
consideration during the first deformation stage. The analytical model is then verified with
numerical analysis and quasi-static compressive testing data. The programmability of its
compressive properties such as the initial peak crushing resistance, mean crushing force for

both stages of deformation are then analysed based on the verified analytical model.

Keywords: Origami metamaterial; two-stage compressive strength; programmable
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Nomenclature

a, b length of edges on the top section of the unit column

hi, h2 height of half a Miura-ori cell and height of a rhombic tube cell

hio, hiy the initial and final height of half a Miura-ori cell

H overall height of the structure

W, L width and length of the unit column

Wo, Wy the initial and final width of the unit column

Lo, Ly initial and final length of the unit column

m, n number of unit column in X; and X2 direction

X,y number of Miura-ori cell and rhombic tube cell in the unit column

T cell wall thickness

a the angle of A2A1B1 on the top section of the Miura-ori cell

B the angle between two faces on the top section of the Miura-ori cell

0 the angle between faces of Miura-ori cell and vertical plane

y the angle between faces of Miura-ori cell and rhombic tube cell

) the angle between faces of rhombic tube cell

Asweep the total swept area of bottom edges on base throughout crushing

7, friction coefficient

Pmi, Pm2 mean crushing force of the structure during the 1t and 2™ stage of deformation with
friction considered

F crushing force of the unit column during the 1% stage of deformation without
considering the friction resistance

Fmi mean crushing force of the unit column during the 1% stage of deformation without
considering the friction resistance

Fmigmxn) mean crushing force of metamaterial with m xn unit column without considering the
friction resistance

Fe critical crushing force during the 1% stage of deformation

Fr average friction force on bottom edges during the 1% stage of deformation

Fonr mean friction contributed crushing force during the 1% stage of deformation

Ep bending energy of the Miura-ori section of the unit column during the 1% stage of
deformation

Er total friction energy from the interfaces during the 1% stage of deformation

Fm21, Fm2u, | mean crushing force of each Type I, 1I, III element in thombic honeycomb section

Fomz.m1 during 2™ stage of deformation

Mo plastic bending moment per unit length

oy yield strength of the base material

K coefficient of effective crushing distance during 2" stage of deformation

Yoy, the density of the base material

Or relative density of the structure

ep, ep1, ep2 | overall densification strain, densification strain of the 1% and 2" stage of deformation
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1 Introduction

Cellular structures including lattice, foam, honeycomb and corrugated structures, often consist
of unit cells formed by a group of the interconnected plate, sheets or struts [1]. Due to the
advantages such as lightweight and high strength to weight ratio, these structures have been
widely used and extensively studied [2-8]. The mechanical properties of these cellular
structures can be architected based on the parameters such as geometries of the unit cell and
the relative density. For instance, the microstructure of foam and lattice material can be
categorized into bending or stretching dominated structures depending on the typical
deformation of cell walls and struts, where stretching dominated structures often have
significantly higher compressive strength than the bending dominated structures [1, 4]. The
mechanical properties of honeycomb and corrugated structure are also governed by the

geometries of the unit cell [9, 10].

Mechanical metamaterials are defined as a class of multiscale structures, which exhibit
characteristics of unusual deformation or counterintuitive mechanical responses [11], such as
negative Poisson’s ratio [12, 13], negative thermal expansion [1], multi-stability [14-16],
programmable stiffness [17]., etc. The unique mechanical properties of the structures are
generated mostly from the structuring of the unit element rather than the mechanical behaviour
of the base material. For example, by arranging the struts and cell wall within each unit cell of
a cellular structure, auxetic metamaterials with a negative Poisson’s ratio could be achieved in
2D [18, 19] and 3D [20, 21], even though the base material possess a positive Poisson’s ratio.
Under compression, the auxetic material contracts in the direction perpendicular to the
direction of compression, resulting in an enhanced energy absorption against impact loads [22-

24].

Origami structures have received wide attention in the area of mechanical metamaterials, as
sheet material can be transformed into complex geometrical structures through coordinated
folding [17, 25, 26]. Geometries of origami mechanical metamaterial are governed by
parameters such as the magnitude, quantity, sequence, location and direction of the folds [1].
Kinematics and mechanical properties of origami structures, especially Miura-type origami
structures, have been extensively studied [27-32]. Origami based mechanical metamaterials
were investigated as well due to the unique properties, such as negative Poisson’s ratio and
self-locking. Stacked Miura-ori metamaterials were investigated for their folding kinematics

and energy absorption capacity [25, 26, 33]. Origami metamaterial with graded stiffness was
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proposed by varying the geometries on each stacked Miura-ori layer [34]. Origami-inspired
deployable mechanical metamaterial with tunable stiffness was studied [35]. Miura-ori tubes
assembled metamaterial with reconfigurable stiffness was proposed and investigated [36].
Origami mechanical metamaterial with programmable two-stage stiffness via self-interlocking
was studied [17]. Recently, the studies on Miura-ori based mechanical metamaterials with
multiple stages of deformation were carried out [37, 38]. By combining the Miura-ori and
honeycomb structure, a graded effect can be achieved through a developable creased pattern
and good energy absorption capability has been demonstrated [37]. The programmability of
Poisson’s ratio and stiffness was investigated for multi-stage origami mechanical
metamaterials based on curved-crease Miura-ori [38]. However, the crushing responses such
as peak and mean crushing force of the multi-stage origami metamaterial have not been

investigated.

In this study, a two-stage mechanical origami metamaterial with programmable crushing
behaviour is proposed. The proposed metamaterial is developed by combining Miura-ori with
rhombic honeycomb structure. Due to the different deformation of the Miura-ori and rhombic
honeycomb sections, a two-stage crushing response can be achieved. The compressive
properties, such as compressive strength and densification strain for both stages, can be
programmed by adjusting the geometric parameters, as shown in Figure 1. Initial peak force
during the first stage can be minimized and the commonly seen fluctuation of the crushing

resistance on honeycomb structure is also minimized during the second stage deformation.

t Stress : Programmable
compressive properties
Stage 2
) Stage 1 X
F. P P
€D1 Strain

Figure 1. [llustration of the programmable compressive properties of the proposed origami
metamaterial



85
86
87
88
89
90
91
92
93
94

95

96

97
98
99

100
101
102
103
104

The analytical model was firstly developed for the proposed structure to predict the mean
crushing force and determine the initial peak force during the first stage deformation under
quasi-static lateral crushing. Due to the equal and opposite Poisson’s ratio in the two in-plane
directions, the stacked Miura-ori section expands and contracts in both in-plane directions
when subjected to the out-of-plane crushing, results in sliding of the edges at the contacting
surface. The additional crushing resistance contributed by friction during this sliding was
considered in the model. The analytical model was then verified against numerical simulations
and crushing tests. The programmability of initial peak force, mean crushing force and
densification strain against governing geometric parameters was analyzed using the validated

analytical model.

2 Geometric parameters

x: number of
Miura-ori tube
cell

(@)

y: number of
rhombic tube cell

Figure 2. (a) Initial state and (b) end of the first stage deformation of single-sheet origami
metamaterial; (¢) initial state and (d) end of the first stage deformation of origami metamaterial
with m=3 n=2 x=2 y=3, unit column is marked out in blue lines

The proposed origami metamaterial combines the Miura-origami with rhombic honeycomb
structure. The Miura-type metamaterial is often referred to as the structure made of stacks of
Miura-ori sheet layers, which have a series of tessellated zig-zag crease patterns on each layer.
The stacked layers then form the Miura-type metamaterial with different compressive

properties in the different principle directions and a changing Poisson’s ratio throughout
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crushing [25]. The rhombic honeycomb structure has the profile of a parallelogram for each
unit cell instead of a hexagon on the conventional honeycomb structure. Similar to honeycomb
structure, rhombic honeycomb structure can provide high compressive resistance under out of
plane crushing [39]. The proposed origami metamaterial that combines Miura-type
metamaterial and rhombic honeycomb deforms in two stages under compression. The Miura-
ori portion of the structure deforms first, followed by the deformation on rhombic honeycomb

section.

The initial state and the end of the first stage deformation of the proposed structure are shown
in Figure 2. During the first stage of deformation, the faces of the Miura-ori sections undergo
bending deformation along the existing creases with minimal deformation on the faces,
therefore generate relatively low yet uniform crushing resistance throughout the deformation
[26]. Once the faces of Miura-ori sections flatten out, the layers of the honeycomb sections

start to buckle and provide a higher crushing resistance during the second deformation stage.

In this study, origami metamaterial with two layers of Miura-ori cell (x=2) are divided and
separated by three layers of the rhombic honeycomb (y=3) along X3 direction throughout this
paper. The metamaterial is divided into vertical “S-shaped” tubes with an array of m xn unit
column in X; and X2 directions, respectively. To analytically model the crushing response of
the proposed two-stage metamaterial, a unit column including x number of Miura-ori tube cell
and y number of rhombic tube cell is selected as marked out in blue lines in Figure 2. Geometric
parameters are shown in Figure 3. The vertices are the intersection of the edges and marked as
Ai4, Bi4, Ci4, D14 in Figure 3 (b) along the top, middle and bottom sections of the Miura-ori
tube cell and rhombic tube cell. The pattern geometry is governed by six parameters only: the
edge length of the top section, a, b; the angle of the top face, «; the folding angle between a
top sidewall (A1B1B2A2) and vertical plane (A1B1B3A3), €, the middle section height, /2, and

the sheet thickness, 7. Other parameters can be determined as follows:

W =2a-sinfsina (1)

_ b-cosOtanax 2
J1+cos® Otan’

L =2a1-sin?0@sin’a (3)

H = 2xh + yh, @)



sin (g) =sinfsinx (5)

) V4 cosd
sin ( y— Ej = (6)

cosa -1+ cos? Otan’

_ 8xabsina-t+4yahyt
o W-L-(2xh + yh,)

(7)

130  where W and L are the width (A2A4) and length (A1A3) of the unit column, #4; is the height of
131  the half of a Miura cell; H is the overall height of a unit column, x, y is the number of Miura-
132 ori cell and rhombic tube cell in a unit column, ¢ is the angle between the middle section faces
133 (B2C2C3B3 and B3C3CsB4), and y is the angle between adjacent faces of the top and middle
134 sections (A1Bi1B2A2 and B1Ci1C2B2). pr is the volumetric density.

135

136  Figure 3. Geometric parameters at the initial state for (a) sheet; (b) column cell; and at the end
137  of the first stage of deformation (c) sheet; (d) column cell
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3 Analytical model

The analytical derivation of the crushing response of the proposed origami metamaterial can
be divided into two parts owing to the two-stage deformation. Ductile metal sheet such as
aluminium sheet is selected as the material for the proposed origami metamaterial, as it can
undergo large plastic deformation and absorb energy. Furthermore, ductile metal sheet can be
easily formed into desired shapes by press moulding. It is assumed that the strain hardening at
the folding creases caused by press moulding fabrication is not considered and only plastic

energy is considered during the compression of the proposed metamaterial.

3.1 1% stage of deformation

In this section, the first stage of deformation is modelled. Throughout the 1% stage crushing,
the bending deformation along the existing folding creases such as AiBi1, BiB2 and B1Ci is
expected with minimal buckling deformation on the faces, as suggested by the previous studies
[26, 33]. Thus, only bending along the existing folding creases are considered during the first
stage of deformation. Friction induced additional compression force is considered in this study,

as the contacting base area is constantly changing during the 1% stage of crushing.

3.1.1 Crushing force of each unit column

The crushing force of a unit column during the first stage deformation along X3 direction, F,

can be expressed by including the bending in three groups of creases as follows
F-x-2dh =x-16bM d0 + x-16aM dy + y-4h,M ,d ¢ (8)

where x, y is the number of Miura-ori unit cell and rhombic tube cell in each unit column and

Mo is the plastic bending moment per unit length [40] as expressed as

)

where o, and ¢ are the yield strength and thickness of the metal sheet, respectively. Furthermore,

the crushing force can be rewritten with respect to ¢ based on equation (8):

Fox 29 40— c6bm,d6 + x-16am, L a6+ - anmr, 22 ao (10)
00 00 00

where
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Oh sinftan o .
00 (1 +cos’ Atan’ a)m ’

% B sin@seca

cos’Osec’ a (1)

(1+cos” @tan’ a)”\/l— . -
I+cos” Atan”

% _ 2cos fsin o
00  J1—sin®Gsin’ «

are obtained from equation (1)- (6) and

3/2
(1 +cos’ ftan’ 06) a1+ cos? ftan’

F=8M, .
sin f'tan & btan oz\/cos2 a (1 +cos” Atan? a) —cos* @

(12)

h v cosa (1 +cos” ftan” a)m
+4M, LY

b X tan@1—sin? Gsin’ &

The critical crushing force or the initial peak force during the 1st stage of deformation, Ft,
occurs at its initial position. Since only plastic deformation is considered, Ft, is therefore

obtained by substituting =6, into equation (12) and expressed as

3/2
(1 +cos’ 6, tan’ a) a\/l +cos’ 6, tan”

F,=8M, .
sin 6, tan o b tan 05\/cos2 0{(1+cos2 0, tan’ a)—0052 6,

(13)

cosa (1+cos’ @, tan )
+4M0h—ZZ ( - )
b x tan 490\/1—sin2 8, sin’

where 6, is the initial angle of ¢ .

The bending energy throughout the crushing is expressed from equation (8) as
hl./’ 7/. 6/. (0/.
E,=2x | F-dh=x[16a-M,-dy+x[16b-M,-d0+y [ 4h,M dgp
o 70 b Po (14)

= [16xa(7/0 - 7/f) +16Xb(0f - 00) + 4yhz(¢f - (00)]M0
The mean crushing force without friction, F/, is obtained by substituting equation (2):

E [8xa(y, —7,) +8xb(6, —6,)+ 2¥(p, — )y | M,

ml — -
2x(hy—h ;) cos 6, - tan o ~ cosd, -tana (15)
1/2 1/2

(1+cos’ 6, -tan’ @)"*  (1+cos’ @, -tan” &)
where y,, 6, and y ,, 6, are the initial and final angles of y and ¢ during the 1% stage
deformation. The after-crush angle of §, can be calculated by assuming that the full

densification of Miura-ori section is reached at the end of stage 1 compression [26], the volume
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consisting of eight faces on Miura-ori section becomes the same as the final volume of the

Miura-ori section in a unit column:

16-%absina-t=Wf-Lf-2hl,f (16)

and the after-crush angle of 6,, y , are obtained as

6, = arccos \/l— l—L (17)
/ 2 V4 a’sin*a
T ) cosd,
¥, =—+arcsin : 18
72 cosoz-\/l+cos2 0, tan’ o (18)
where both 6,y , are close to but not equal to 90° due to column wall thickness.
The densification strain of the first stage of deformation, &, is expressed as
2x(hyy—h ;) . cosﬁf\/lﬂ:os2 0, tan®
— 2 2 =]— (19)

Dl —
2xy cos G, \/ 1+cos’ 0, tan’ a

3.1.2  Mean crushing force of a structure with m xn unit columns

The crushing force with respect to angled of a unit column, as well as its mean crushing force
are derived in the section 3.1.1. The mean crushing force of a structure with m xn unit columns
is greater than the mean crushing force of the single unit column times m xn because of the
strong bonding along the four longitudinal edges between the adjacent unit columns. It was
reported that the additional bending energy due to bonding between adjacent cells is equal to
the bending energy of the edge in the cell [6]. For example, the additional bending energy due
to bonding connection with the adjacent unit cells along AiB1 is 2bM ,d6 , equals to the

bending energy of the edge A1B1 itself. Therefore, the overall crushing force of an m xn origami

metamaterial, Fruiomxn), can be written as:

g, [nDne () {2660, 220+ 0, o [My

Flmxn -
it 2x(h1,0 _h‘l,f) 2x(hl,() _h‘l,f)

where the first term is related to the m x»n individual unit columns and the second term is the

number of bonding connections (m—1)n+(n—1)m, multiplied by the bending energy along

each longitudinal bonding connection. Bending energy during the first stage deformation of a

unit column, Ep, is given in equation (14).



190

191
192
193
194
195
196
197
198

199

200
201

202

203
204

205
206
207
208

3.1.3 Additional crushing resistance contributed by friction

The additional crushing resistance contributed by friction is considered in this section. During
the first stage of compression, contacting edges of the structure on both top and bottom
interfaces move along the two in-plane directions. Due to friction between the pressing surfaces
and the top/ bottom edges, this sliding movement of the contacting top and bottom edges results
in additional work done which is proportional to the swept area of the edges on the contacting
surfaces throughout the first stage of deformation. An example of a structure with 3x2 unit
columns is shown in Figure 4, under lateral compression, where the proposed origami

metamaterial expands in X2 direction and contracts in X1 direction.

Initial base shape
—— Final base shape
Q [ Swept area of an edge

Figure 4. Illustration of the initial, final base shape and the swept area of an edge at the
contacting surface on a structure with 3x2 unit columns

The work done due to the friction can be expressed as

2F Y7
E = S oy I miea) g Q1)
f 4Cl -mn sweep 2aml’l sweep

where F, is the average friction force on contacting edges of the whole structure during the
first stage of deformation, x is the friction coefficient, and 4, ,, is the swept area of edges on

contacting surfaces during the first stage of deformation, m, n are the number of unit column
along the two in-plane directions. The friction force is assumed to be evenly distributed on the
contacting edges over the total length of 44 -mn . It should be noted that a generic formula for

swept area, A of any given mxn structure is difficult to derive, and the swept area is

sweep
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measured in AutoCAD in this study. The compression force on the whole structure caused by

friction, F,,, is obtained by using work done by friction during the first stage of deformation

divided by the compressed height as

F ; — Ef — /Ule(mxn) ' Asweep (22)
T 2x(hy, - hl’f) damnx(h, , — hl’f)
and the contributing factor of friction is derived as
me — M Asweep (23)
le(mxn) 4amn - x(hl,o - hl,f)
60| N
A 14
=
£ 45
=)
5Q30 .
<
15F
° 3 4 5 6 7 8
(a) n (number of unit column in X,) (b) n (number of unit column in X,)
15
12t
X
ut m=8
\»é m=7
- 6 | m=6
m=>5
m=4
m=3
3 1 1 1 1 1 1 1
2 3 4 5 6 7 8
(C) n (number of unit column in X,)

Figure 5. (a) Total swept area of interface edges after the first stage of crushing (Asweep); (b)
ratio of swept area (Asweep) to initial base area (4o); (c) ratio of friction contributed crushing
force (Fmf) to the mean crushing force without considering friction (Fmim=n) during the first
stage of deformation; with respect to the different number of the unit column (m, n); a=b=20
mm, x=2, y=3, h1=10.83 mm, a=45°, 0,=50°, 1 =0.25

The contribution factor increases with the number of unit column m Xn, due to the non-linear
increase of bottom edge swept area with respect to the unit column number. Example of the

influence of friction for the proposed structure with different array configurations is shown in
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Figure 5. For the given pattern geometry, the friction contribution factor of mean crushing force
increases from around 4% to 14%, when the number of unit column of the metamaterial
increases from 3x2 to 8x8, because of the non-linear increase of the swept area at contacting

surfaces.

The mean crushing force of the structure during the first deformation stage with friction

contribution (Fwy) considered can be expressed as

-A
Pml = le(mxn) + me - le(mxn) |:1 4am::x(hfweep hl :l (24)
0

3.2 2" stage of deformation

At the end of the first stage deformation, the Miura-ori section of the structure becomes fully

crushed with a residual height of 2x/, , and this section is assumed to be densified. During the

second stage of deformation, the buckling deformation of the faces of the rhombic honeycomb
becomes dominate, resulting in a significantly higher crushing resistance than the first stage of
deformation. Grid structures, including square and circular hollow columns [40-43], multi-cell
columns [44-47], square and rhombic honeycomb have been extensively studied [7, 10, 39].
Analytical models with different coefficients of the crushing resistance of these structures were
developed and compared. Therefore, an established analytical model for rhombic honeycomb
is used for this study where inextensional damage mode was selected for corner element with
an angle less than 135° [39, 45]. Three energy dissipation mechanisms were considered in this
model, including the bending of the stationary hinge lines, the rolling of the moving hinge lines

as well as the membrane deformation in the forming of the toroidal surface [6, 39].

Typel Typell

>

honeycomb ceII

m=2,n=2 m=3,n=2
X4 m=3,n=3 m=4,n=4

Figure 6. Rhombic honeycomb layer of origami metamaterial with different number of unit
columns (m xn)
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The mean crushing force of rhombic honeycomb layer is calculated by summing up the mean

crushing force of the two types of the corner elements and the ‘X-shape’ intersection elements,

as shown in Figure 6. The mean crushing force for each Type I corner element, F,, ,, [39] can
be expressed as
1 alsl 2 tan(% —%)
m2.I :?00(5)%3 p 0 (25)
/) _ /) _
e O.l63[tan( 7, ~9)+0.06/ tan(7, ¥/, )}

and the mean crushing force for each Type II corner element, F, [39] is expressed as

2,11 °

1 all 27ztan((7)
Ly :2—0-0(5)3t3 2 (26)
Ep O.l63[tan(% )+0.06/ tan(%, )}
The mean crushing force for each Type III ‘X-shape’ intersection element, F,, ,, , [39] is
predicted by
1
2 al?’ 2t )2
Fom= EUO(E)W\/ﬂ tan(%)+47r sec(%) (;J ; for goe(O,%]
! (27)

2 at? 2t \2
-_= = _® _® . T
Fuam = o—o<2>2z2\/ﬁtan<% 7))+ dmsec(74 4)(17} for g [/, 7)

where a is the edge length of the cell, ¢ is the wall thickness, o, 1s the yield strength of the base
material, ¢ is the angle of the adjacent cell faces. It should be noted that the angle ¢ changes

during the first stage of deformation, but remains unchanged during the second stage of

deformation. ¢ used in this section can be obtained by substituting the final angle, 6,

obtained from equation (17), into equation (5).

Densification strain of the second stage deformation, ¢, , or the effective crushing coefficient

referred in the previous studies [6, 39, 40], is the ratio of crushed distance and the original
height of the rhombic honeycomb section. It was recorded to be 73% for a square tube under
the inextensional mode of deformation [41], it can be also estimated from numerical results
[39]. The rhombic honeycomb sections in the proposed structure are divided by the Miura-ori
sections into multiple layers, resulting in a lower ratio of cell edge length to height than that of
square tubes. This could lead to a lower effective crushing coefficient due to uncompleted

folding after crushing. Thus, in this study, the effective crushing coefficient ( &,,) is obtained
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from the numerical simulation rather than 73% of the conventional square tubes reported in
[41].
The mean crushing force of origami metamaterial with 3x2 unit columns during the second

stage P ,is

P,=2mF,,, +2nF,, , + [(m-T)n+(n- l)m]sz,m (28)

m

To summarize, the mean force of an mxn metamaterial without considering friction at

interfaces can be calculated by using equation (20) for the displacement in X3 € (0,&,,2xh, ]
and equation (28) for the displacement in X3 € (&,,,2xh, ,,&,,,2xh, , + £,,yh,] . Equation (24)

can be used to calculate the 1% stage mean crushing force considering friction, where swept

area, 4., needs to be measured for a specific m xn metamaterial. The overall densification

strain can be expressed as

_ ngthLo +&p,0h,
P 2xh, o + yh,

(29)

4 Model verification

4.1 Quasi-static crushing test

Figure 7. (a) 3D-printed pressing mould for layer fabrication; (b) pressed layer after trimming
along the outer edges; (c) 3%2 specimen by bonding four heat-treated layers

Quasi-static crushing tests of 3x2 (mxn) origami metamaterials with and without heat treatment

were carried out. The geometry parameters used for this metamaterials are given in Table 1.
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To form the specimen with 3%2 unit columns, each layer was firstly fabricated by mould-
pressing from Al 1060 metal sheet with a thickness of 0.26 mm, as shown in Figure 7 (a). The
one-stage pressing mould was 3D printed using photopolymer. The pressed sheets were
trimmed with a 3 mm-wide strip left on each end of the sheet for better gluing as shown in
Figure 7 (b). Heat-treatment at 350°C for 4 minutes was applied to remove the residual stress
caused in the mould pressing fabrication along the crease lines. As shown in Figure 7 (c), four
heat-treated layers were then bonded together by using Ergo 1665 NB adhesive with tensile
strength over 22 MPa and curing time of at least 24 hrs. SUNS® UT4304 universal testing
machine was used for the quasi-static compression tests. The metamaterial specimens were
placed between the cross-head and supporting disc without the constraint at interfaces. Both
the supporting disc and cross-head have 150 mm diameter. The specimens were then crushed

under quasi-static loading condition with a constant speed of 2 mm/min.

a(mm) | b(mm) | t(mm) | hi (mm) | hy(mm) | H(mm) | x|y | « | 6

20 20 0.26 10.8 15 88.3 [2]3]45°]|50°
Table 1. Geometric parameters for the metamaterial used in quasi-static tests
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Figure 8. True tensile stress-strain curves of Al 1060 aluminium sheet with and without heat
treatment, where the strain was measured using the 2D-DIC technique
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The tensile tests were also carried out for the heat-treated and unheat-treated Al 1060 sheet
used in the specimen preparation. The quasi-static loading rate was kept constant at 0.7
mm/min. The engineering stress-strain curves were firstly captured using 2-dimensional direct
image correlation (DIC) technique and converted into true stress-strain curves, as shown in
Figure 8. A slight reduction around 3 MPa was observed while Young’s modulus remained the
same. This reduction is caused by releasing a portion of the residual stress during heat treatment,
as the sheet could be cold-rolled in the fabrication stage with work hardening. The density of
Al 1060 is 2710 kg/m?, and yield strength of Al 1060 is 110 MPa and 106 MPa, before and

after 350°C heat treatment, respectively.

4.2 Finite element analysis

Numerical analysis of the tested specimens was conducted using FE software LS-DYNA.
Piecewise linear plastic model was used for modelling the aluminium sheets of the 3x2 (mxn)
origami metamaterials. The material properties measured including true stress-strain data for
both cases were implemented in the material model. For simplicity, the bonding connections
between the layers of the specimen were not included. Instead, the layers of pressed sheets
were modelled as a whole structure. Mesh size of 1 mm was selected after the convergence
tests. Both cross-head and support plate were modelled as rigid blocks. The friction between
interfaces and within the structure was considered with a coefficient of 0.25 [48]. The crushing
speed was set to be constant as 1m/s, which was found to be sufficient to simulate the quasi-

static loading condition with the kinetic energy to internal energy less than 5% [48, 49].

4.3 Model validation

Load-displacement curves from experiments and FE analysis for different heat-treated
conditions are firstly compared, as shown in Figure 9. The folding process induces residual
stress via work hardening as the aluminium sheets are deformed plastically and lead to a higher
material strength near the creases. This folding induced residual stress at the creases results in
a higher crushing resistance of the 1st stage of deformation where most deformation occurs
near the creases. Thus, higher crushing resistance during the 1% stage of deformation is
observed in the test without heat treatment as compared to FE result, as marked out in blue and
red solid lines in Figure 9 (b). The heat treatment was then carried out aiming to release the
residual stress along the creases. The crushing resistance, especially the initial peak force, is
reduced with 4 minutes of annealing, but the discrepancies can still be noticed during the 1%

stage crushing as marked in blue and red dash lines, indicating residual stress near creases from
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mould-pressing is not fully released. However, further annealing leads to a noticeable drop in
crushing resistance in the 2™ stage. This is because the residual stress from metal sheet
fabrication is released during the longer annealing process, besides of that from mould-pressing
as intended. Therefore, a 4-minute heat treatment is used for the study despite the mould-
pressing induced residual stress is not fully released. In other word, the crushing resistance
during the 1% stage of deformation from the test is expected to be higher than that of the

analytical and FE results.

8 8
Exp (no heat treatment) Exp (no heat treatment) '
Exp (350°C 4mins)

! ) ) ----Exp (350°C 4mins)
Exp (350°C 6mins+30mins oven cooling) FE (no heat treatment) 3

= 6t = 6f - - = =FE (heat-treated material data)
=S 3
3 8
8 8
4 4
2 g
< <
> >
(@) (@)

N
N

> 4

//
O0 2I0 4I0 6I0 80 0O 20 ) 4I0 60 80
(a) Displacement (mm) (b) Displacement (mm)

Figure 9. (a) Load-displacement curves from quasi-static crushing tests; (b) comparisons
between FE and test data; with the initial state, end of the first and second stage deformation
marked out as (1)/(2)/(3)

Three key states, i.e. initial, end of the 1% and 2" stage of deformation from tests and FE results,
corresponding to the three turning points in load-displacement curves (Figure 9 b) are
compared in Figure 10. The deformation modes are matched between test and FE results,
although the deformation mode in FE seems more ideal with minimal face deformation during
the 1 stage of deformation. It can be observed that the crease lines of the prepared specimens
were not perfectly pressed with a noticeable bending radius around the designed lines, and
slight imperfection was induced on the faces during the mould-pressing process. This imperfect
folding leads to the slightly more face deformation in testing during the 1% stage of deformation
while only bending deformation along crease lines are observed from FE results. The face
deformation also contributes to the slightly higher crushing resistance in tests than FE results.
At the initial state of the 2" stage of deformation, the offsets between rhombic layers leads to
a local buckling at the contacted areas rather than the multiple folding deformations common

in honeycomb and tubular structure. Thus, no initial peak is observed during the 2™ stage of
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deformation and it takes longer distance for the layer to reach plateau resistance. The offsets
between rhombic honeycomb layers are governed by the geometric parameters of the Miura
section, and there could be infinite number of possible values, where each offset between layers
could affect the initial stage of deformation. Therefore, the limitation in analytical model at the

initial stage during the deformation of rhombic honeycomb layer is noted.

Figure 10. Deformation modes comparison between (a) FE result and (b) quasi-static test, at
the initial stage (1), end of the first (2) and end of the second stage of deformation (3)

To better validate the analytical model, a numerical model without the strips which were used
for bonding in the tests was then constructed based on the previously verified FE model, as
shown in Figure 11. The analytical model for predicting the mean crushing forces of both stages
of the metamaterial is compared with the numerical model without the bonding strips. The FE
model without the strips shows a slightly lower crushing resistance and it is well matched with
the analytical model of the mean crushing force prediction. The mean crushing forces of
numerical results were taken average between initial, densification of the 1 and 2" stage of
deformation, as listed in Table 2. The mean crushing force Pni, and densification strain, &, ,
of the 1% stage of deformation are in good agreement with errors less than 7.5%, while the
analytical mean crushing force of the 2" stage, Pu2, is overestimated as compared to FE model.

The overestimation is caused by the change of deformation mode at the initial stage of the 2
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deformation stage. The analytical model of the 2™ stage mean crushing force is based on the
classic kinematic model of the square tubes where the multiple folds are presented on the
structures. For this proposed metamaterial, the rhombic honeycomb layers may not be stacked
perfectly depending on the geometries and could lead to localized buckling deformation near
the contacts at the beginning as shown in Figure 10. However, the overall trend and the mean

crushing force at both deformation stages are in good agreement between FE and analytical

model.
8
Exp (350°C 4mins) /
—— FE (heat treated material data) fo
- = =-FE (HT material data, no strip)
6 Analytical mean crushing force

I

Crushing force (kN)

80

Displacement (mm)

Figure 11. Load-displacement response comparison among test, FE and analytical model; Note:
two FE models (with and without the 3mm strip) marked as solid and red dash lines are
included to respectively represent the test and analytical model

Pmi (kN) EDI P2 (kN)

FE Analytical | Error | FE Analytical | Error | FE Analytical | Error

0.347 |0.321 -7.5% 10933 |0.965 34% | 2.775 | 3.364 21.2%

Table 2. Mean crushing force comparison between analytical and numerical model without
strip
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5 Programmable compressive properties

5.1 Initial peak force

As an important criterion for energy absorbing structures, initial peak force must be kept below
the threshold that would lead to damage or injury to the protected personnel and structures [50].
For common cellular structures such as honeycomb [10], lattice [51] and foam [52], both the
initial peak force and mean crushing resistance are in power law relationship with the relative
density. Therefore, the structure with a higher energy absorption capacity often has a high
initial peak force. For the proposed origami metamaterial, the initial peak force could be
significantly reduced with minimal reduction in mean crushing resistance by adjusting the

related geometric parameters.

15,

20 — a45°, ¢,35° \
o g 50° ! a=10mm, b=20mm
- = 4% 6,50 \ = = a=20mm, b=20mm
s e a45°, 6,70° D a=20mm, b=10mm
S a 60°, 6,35°
2 . a 60°, 6, 50°
Mo a 60°, 6,70°
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.-
-
- -
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(a) Displacement (mm) (b) Displacement (mm)
12
o 0 $— \
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Figure 12. Comparison of normalized force-displacement curves of a unit column with
different geometric parameters during the 1% deformation stage; (a) a and &s; (b) edge length
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a, b; (c) relative density p, ; (d) height of rhombic honeycomb layer, h2; a=45°, 6,=50°,
a=b=20mm, h>=15mm, =0.26mm, x=2, y=3 unless otherwise noted,

The crushing responses of the 1% deformation stage of the proposed origami metamaterial with
different geometric parameters are obtained from the analytical model of a unit column as
shown in Figure 12. It should be noted that the unit column used for theoretical analysis is a
unit cell of metamaterial rather than an actual column, as the metamaterial is very unlikely to
be used in the form of a single column for energy absorption. Furthermore, friction contributed
crushing force is not included as it is more prominent only for the structure with a large number
of unit columns as shown previously in Figure 5 (c). Both face angle of the Miura-ori section
« and the initial folding angle of &y have significant influences on initial peak force, as shown
in Figure 12 (a). With the increase in « and decrease 6, the initial peak force is reduced, where
the crushing resistance at later stage is less affected. With the static angle « closer to 90°, the
Miura-ori section is closer to a square tube. With a larger initial folding angle 6y, the unit
column becomes more slender and more difficult to bend along the horizontal creases. The
crushable distance can be affected by these two angles as well. Furthermore, with the increase
of edge length ratio of a/b, the initial peak force increases, while the crushable distance is solely
dependent on b. Change of the layer height of rhombic honeycomb section, /2, has minimal
influence on the crushing response of the first stage of deformation, as the bending along
vertical edges (42) of rhombic honeycomb section is minimal during the first deformation stage.

It should be noted that the relative density, p, , and wall thickness, ¢, different from common

cellular structures, are not directly related to the initial peak force. For instance, as shown in
Figure 12 (c), the origami metamaterial with lower volumetric density or wall thickness could
have a larger initial peak force. The crushing response for the proposed origami metamaterial
is predominately dependent on the governing geometric parameters a, b, &, and 6. In general,
the trend of the crushing resistance as well as the initial peak force is strongly depended on
a, and 6, and the mean crushing force is more affected by the side length a, b and wall

thickness ¢.

The ratio of initial peak to average crushing resistance is often used to measure the efficiency
of an energy absorbing structure. This ratio is calculated from analytical model for a unit
column with various geometric parameters as given in Figure 13. Similar to Figure 12, a smaller
static angle ¢, or a larger initial folding angle &pleads to a smaller ratio of initial peak to

average crushing resistance, indicating a more uniform crushing response and superior energy
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absorbing performance. The value of both edge length, a, b as well as the honeycomb layer

height, /2, have less influence on the peak to average ratio. The structures with the peak to

average crushing force ratio less than 2 can be considered to be an ideal energy absorber, as

this ratio could reach 3 or 4 for some square columns [45, 53].

a=20mm
b=20mm
hy=15mm

20 40 60 80
0, (degree)

75°

30°

( C) 0 Zb 4‘0 Gb 80
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20 ) 80
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80 (e) 0 20 20
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60 80

Figure 13. The ratio between initial peak (¥¢) and average crushing force (F#m:) of a unit
column during the 1* stage of deformation with respect to , and 6y under different
configurations; (a) =10 mm, =20 mm, 4>=15 mm; (b) =20 mm, b=20 mm, 4>=15 mm; (c)
a=20 mm, b=10 mm, ~>=15 mm; (d) a=20 mm, b=20 mm, 4>=20 mm; (e) a=20 mm, b=20

mm, />=30 mm,;

5.2 Mean crushing force of the 1%t and 2" stages

The geometric parameters governing the mean crushing force of a unit column without the

friction contribution during the 1% deformation stage are shown in Figure 14. It should be noted

that only structures with uniform crushing response with peak to mean crushing force ratio less

than 2 are included in Figure 14. The static angle, ¢, has the most significant influence on the

mean crushing force during the 1% stage of deformation. The mean crushing force can be three

times different with  changed from 75° to 30°, while little changes in mean crushing force

can be observed with the change of 6y, for all three edge length (a,b) configurations. A larger

a/b may also lead to an increase in mean crushing force during the 1% stage of deformation.

However, a smaller edge length of b leads to a reduction in crushable distance from equation
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(2), while the densification strain of the 1% stage of deformation, £p;, is determined only by a,
t, a, By according to equation (17) and (19). It should be noted that the connection bending
resistance and the friction contributed crushing should be considered accordingly for the

structures with multiple unit columns as expressed in equation (20) and (24)
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Similar to honeycomb and multi-corner structures, the mean crushing force of the proposed
origami metamaterial during the 2" stage of deformation is predominately dependent on the
cell size and wall thickness. As shown in Figure 15, with the increase of cell wall angle ¢ until
90°, the mean crushing force increases slightly, due to the symmetry of the dominating factor
of “X-shaped” intersection elements. For instance, an “X-shaped” intersection element with
@ of 60° has the same mean crushing force as compared to that with ¢ of 120°, due to the
symmetry of the element. Furthermore, the increase of the unit columns number (m>n) within
a structure leads to a non-linear increase of the crushing force, due to the increase of the number
of “X-shaped” elements, especially when m,n is small. It should be noted that the mean
crushing force during the 2" deformation stage is overestimated, as some localized buckling
deformation occurs at the initial state of the 2™ stage deformation on the cell wall due to the
off-set between rhombic layers. For the structures with b=Ls, the unit cells of rhombic
honeycomb layer stack directly on top of the other as the offset distance is equal to the length
of one unit cell at the beginning of the 2™ stage of deformation. The mean crushing force
predicted by the analytical model is likely to be more accurate for such structure, as each unit

cell on the thombic honeycomb layer is supported by the lower layer.

2000 2000
Pml (2x2) sz, (2x2)
Pra @) a=20mm P2, @a2) »=90°
——P ——P
1500 m2, (3x3) 1500 H m2, (3x3)
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Figure 15. Mean crushing force of structure with m Xz unit columns during the 2" deformation
stage (Pm2(mxn)) With respect to different geometric parameters: (a) =20 mm; (b) ¢=90°; Note:

h>=15mm, =0.26mm
6 Conclusions

By combining Miura origami and rhombic honeycomb structure, a two-stage origami

metamaterial is proposed. The analytical model of the proposed structure has been developed
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to predict the compressive properties for both deformation stages. The additional crushing force
contributed by friction due to the equal and opposite Poisson’s ratio in two in-plane directions
during the 1% stage of deformation is included in the analytical model. Numerical simulation
and quasi-static crushing tests of heat-treated specimens have been carried out. The analytical
model is then verified with the numerical and quasi-static testing results. Good agreement of
compressive properties is obtained between the analytical and numerical model, with slight
discrepancies at the initial state of the 2" deformation stage due to unit cell offset between
rhombic honeycomb layers. The influence of geometric parameters on the compressive
properties such as initial peak force, mean crushing force for both stages of deformation, has

been investigated.

Different to common cellular structures, the relative density and wall thickness are not the sole
governing parameters for the compressive properties of the structure. Other geometric
parameters such as a, b, «, and 6y affect the compressive response of the structure
predominantly. The initial peak force of the 1% stage is mostly governed by the angles of «, and
6y, while the edge length, a, b has more influence on the mean crushing force of the 1% stage.
The additional crushing force attributed by friction during the 1% stage increases significantly
with the increasing number of unit column and should not be neglected, due to the increases in
swept area at the interfacial edges of the structure. For the 2" stage of deformation, the
compressive properties depend on the geometric parameters as well as the number of unit
column within the structure. It is found that some of the undesired characteristics such as high
initial peak crushing resistance can be mitigated by proper programming of the governing
geometric parameters, without reducing the mean crushing resistance. A “graded” effect of
crushing response with two uniform and programmable stages can be achieved without
inducing initial peak force at either stage while keeping a uniform density throughout the

structure.
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