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Abstract 9 

An origami metamaterial with two-stage programmable compressive strength is proposed by 10 

combining the stacked Miura-origami and rhombic honeycomb structure. By adjusting the 11 

geometries of the structure, the compressive response of each stage including the compressive 12 

strength and the densification strain can be programmed within a certain range. Furthermore, 13 

the initial peak force, as an undesired energy-absorbing characteristic, can be programmed to 14 

maintain at a low level. The commonly seen fluctuation of crushing resistance on honeycomb 15 

structure is also minimized during the second stage deformation. The crushing behaviour of 16 

origami metamaterial is investigated under quasi-static loading condition. The 17 

programmability of compressive properties is demonstrated for the two stages of the 18 

deformation. The analytical model of the two-stage compressive response of the proposed 19 

origami metamaterial is firstly developed with friction contribution being taking into 20 

consideration during the first deformation stage. The analytical model is then verified with 21 

numerical analysis and quasi-static compressive testing data. The programmability of its 22 

compressive properties such as the initial peak crushing resistance, mean crushing force for 23 

both stages of deformation are then analysed based on the verified analytical model.  24 
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Nomenclature 

a, b length of edges on the top section of the unit column  
h1, h2 height of half a Miura-ori cell and height of a rhombic tube cell 
h1,0, h1,f the initial and final height of half a Miura-ori cell 
H overall height of the structure 
W, L width and length of the unit column 
W0,Wf the initial and final width of the unit column 
L0, Lf initial and final length of the unit column 
m, n  number of unit column in X1 and X2 direction 
x, y number of Miura-ori cell and rhombic tube cell in the unit column 
T cell wall thickness  

 the angle of A2A1B1 on the top section of the Miura-ori cell 

 the angle between two faces on the top section of the Miura-ori cell 

 the angle between faces of Miura-ori cell and vertical plane 

 the angle between faces of Miura-ori cell and rhombic tube cell 

 the angle between faces of rhombic tube cell 

Asweep the total swept area of bottom edges on base throughout crushing 

 friction coefficient 

Pm1, Pm2 mean crushing force of the structure during the 1st and 2nd stage of deformation with 
friction considered 

F crushing force of the unit column during the 1st stage of deformation without 
considering the friction resistance 

Fm1 mean crushing force of the unit column during the 1st stage of deformation without 
considering the friction resistance 

Fm1(m×n) mean crushing force of metamaterial with m×n unit column without considering the 
friction resistance 

Fc critical crushing force during the 1st stage of deformation 
Ff average friction force on bottom edges during the 1st stage of deformation 
Fmf mean friction contributed crushing force during the 1st stage of deformation 
Eb bending energy of the Miura-ori section of the unit column during the 1st stage of 

deformation  
Ef total friction energy from the interfaces during the 1st stage of deformation  
Fm2,I, Fm2,II, 
Fm2,III 

mean crushing force of each Type I, II, III element in rhombic honeycomb section 
during 2nd stage of deformation 

M0 plastic bending moment per unit length 

 yield strength of the base material 

 coefficient of effective crushing distance during 2nd stage of deformation 

 the density of the base material 

r relative density of the structure 

D, D1,D2 overall densification strain, densification strain of the 1st and 2nd stage of deformation 

 29 



1 Introduction 30 

Cellular structures including lattice, foam, honeycomb and corrugated structures, often consist 31 

of unit cells formed by a group of the interconnected plate, sheets or struts [1]. Due to the 32 

advantages such as lightweight and high strength to weight ratio, these structures have been 33 

widely used and extensively studied [2-8]. The mechanical properties of these cellular 34 

structures can be architected based on the parameters such as geometries of the unit cell and 35 

the relative density. For instance, the microstructure of foam and lattice material can be 36 

categorized into bending or stretching dominated structures depending on the typical 37 

deformation of cell walls and struts, where stretching dominated structures often have 38 

significantly higher compressive strength than the bending dominated structures [1, 4]. The 39 

mechanical properties of honeycomb and corrugated structure are also governed by the 40 

geometries of the unit cell [9, 10].  41 

Mechanical metamaterials are defined as a class of multiscale structures, which exhibit 42 

characteristics of unusual deformation or counterintuitive mechanical responses [11], such as 43 

negative Poisson’s ratio [12, 13], negative thermal expansion [1], multi-stability [14-16], 44 

programmable stiffness [17]., etc. The unique mechanical properties of the structures are 45 

generated mostly from the structuring of the unit element rather than the mechanical behaviour 46 

of the base material. For example, by arranging the struts and cell wall within each unit cell of 47 

a cellular structure, auxetic metamaterials with a negative Poisson’s ratio could be achieved in 48 

2D [18, 19] and 3D [20, 21], even though the base material possess a positive Poisson’s ratio. 49 

Under compression, the auxetic material contracts in the direction perpendicular to the 50 

direction of compression, resulting in an enhanced energy absorption against impact loads [22-51 

24]. 52 

Origami structures have received wide attention in the area of mechanical metamaterials, as 53 

sheet material can be transformed into complex geometrical structures through coordinated 54 

folding [17, 25, 26]. Geometries of origami mechanical metamaterial are governed by 55 

parameters such as the magnitude, quantity, sequence, location and direction of the folds [1]. 56 

Kinematics and mechanical properties of origami structures, especially Miura-type origami 57 

structures, have been extensively studied [27-32]. Origami based mechanical metamaterials 58 

were investigated as well due to the unique properties, such as negative Poisson’s ratio and 59 

self-locking. Stacked Miura-ori metamaterials were investigated for their folding kinematics 60 

and energy absorption capacity [25, 26, 33]. Origami metamaterial with graded stiffness was 61 



proposed by varying the geometries on each stacked Miura-ori layer [34]. Origami-inspired 62 

deployable mechanical metamaterial with tunable stiffness was studied [35]. Miura-ori tubes 63 

assembled metamaterial with reconfigurable stiffness was proposed and investigated [36]. 64 

Origami mechanical metamaterial with programmable two-stage stiffness via self-interlocking 65 

was studied [17]. Recently, the studies on Miura-ori based mechanical metamaterials with 66 

multiple stages of deformation were carried out [37, 38]. By combining the Miura-ori and 67 

honeycomb structure,  a graded effect can be achieved through a developable creased pattern 68 

and good energy absorption capability has been demonstrated [37]. The programmability of 69 

Poisson’s ratio and stiffness was investigated for multi-stage origami mechanical 70 

metamaterials based on curved-crease Miura-ori [38]. However, the crushing responses such 71 

as peak and mean crushing force of the multi-stage origami metamaterial have not been 72 

investigated. 73 

In this study, a two-stage mechanical origami metamaterial with programmable crushing 74 

behaviour is proposed. The proposed metamaterial is developed by combining Miura-ori with 75 

rhombic honeycomb structure.  Due to the different deformation of the Miura-ori and rhombic 76 

honeycomb sections, a two-stage crushing response can be achieved. The compressive 77 

properties, such as compressive strength and densification strain for both stages, can be 78 

programmed by adjusting the geometric parameters, as shown in Figure 1. Initial peak force 79 

during the first stage can be minimized and the commonly seen fluctuation of the crushing 80 

resistance on honeycomb structure is also minimized during the second stage deformation. 81 

 82 

Figure 1. Illustration of the programmable compressive properties of the proposed origami 83 
metamaterial 84 



The analytical model was firstly developed for the proposed structure to predict the mean 85 

crushing force and determine the initial peak force during the first stage deformation under 86 

quasi-static lateral crushing. Due to the equal and opposite Poisson’s ratio in the two in-plane 87 

directions, the stacked Miura-ori section expands and contracts in both in-plane directions 88 

when subjected to the out-of-plane crushing, results in sliding of the edges at the contacting 89 

surface. The additional crushing resistance contributed by friction during this sliding was 90 

considered in the model. The analytical model was then verified against numerical simulations 91 

and crushing tests. The programmability of initial peak force, mean crushing force and 92 

densification strain against governing geometric parameters was analyzed using the validated 93 

analytical model.  94 

2 Geometric parameters 95 

 96 

Figure 2. (a) Initial state and (b) end of the first stage deformation of single-sheet origami 97 
metamaterial; (c) initial state and (d) end of the first stage deformation of origami metamaterial 98 
with m=3 n=2 x=2 y=3; unit column is marked out in blue lines 99 

The proposed origami metamaterial combines the Miura-origami with rhombic honeycomb 100 

structure. The Miura-type metamaterial is often referred to as the structure made of stacks of 101 

Miura-ori sheet layers, which have a series of tessellated zig-zag crease patterns on each layer. 102 

The stacked layers then form the Miura-type metamaterial with different compressive 103 

properties in the different principle directions and a changing Poisson’s ratio throughout 104 



crushing [25]. The rhombic honeycomb structure has the profile of a parallelogram for each 105 

unit cell instead of a hexagon on the conventional honeycomb structure. Similar to honeycomb 106 

structure, rhombic honeycomb structure can provide high compressive resistance under out of 107 

plane crushing [39]. The proposed origami metamaterial that combines Miura-type 108 

metamaterial and rhombic honeycomb deforms in two stages under compression. The Miura-109 

ori portion of the structure deforms first, followed by the deformation on rhombic honeycomb 110 

section.  111 

The initial state and the end of the first stage deformation of the proposed structure are shown 112 

in Figure 2. During the first stage of deformation, the faces of the Miura-ori sections undergo 113 

bending deformation along the existing creases with minimal deformation on the faces, 114 

therefore generate relatively low yet uniform crushing resistance throughout the deformation 115 

[26]. Once the faces of Miura-ori sections flatten out, the layers of the honeycomb sections 116 

start to buckle and provide a higher crushing resistance during the second deformation stage.  117 

In this study, origami metamaterial with two layers of Miura-ori cell (x=2) are divided and 118 

separated by three layers of the rhombic honeycomb (y=3) along X3 direction throughout this 119 

paper. The metamaterial is divided into vertical “S-shaped” tubes with an array of m×n unit 120 

column in X1 and X2 directions, respectively. To analytically model the crushing response of 121 

the proposed two-stage metamaterial, a unit column including x number of Miura-ori tube cell 122 

and y number of rhombic tube cell is selected as marked out in blue lines in Figure 2. Geometric 123 

parameters are shown in Figure 3. The vertices are the intersection of the edges and marked as 124 

A1-4, B1-4, C1-4, D1-4 in Figure 3 (b) along the top, middle and bottom sections of the Miura-ori 125 

tube cell and rhombic tube cell. The pattern geometry is governed by six parameters only: the 126 

edge length of the top section, a, b; the angle of the top face, the folding angle between a 127 

top sidewall (A1B1B2A2) and vertical plane (A1B1B3A3), the middle section height,h2; and 128 

the sheet thickness, t. Other parameters can be determined as follows: 129 
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where W and L are the width (A2A4) and length (A1A3) of the unit column, h1 is the height of 130 

the half of a Miura cell; H is the overall height of a unit column, x, y is the number of Miura-131 

ori cell and rhombic tube cell in a unit column, is the angle between the middle section faces 132 

(B2C2C3B3 and B3C3C4B4), and  is the angle between adjacent faces of the top and middle 133 

sections (A1B1B2A2 and B1C1C2B2). r is the volumetric density. 134 

 135 

Figure 3. Geometric parameters at the initial state for (a) sheet; (b) column cell; and at the end 136 
of the first stage of deformation (c) sheet; (d) column cell 137 



3 Analytical model  138 

The analytical derivation of the crushing response of the proposed origami metamaterial can 139 

be divided into two parts owing to the two-stage deformation. Ductile metal sheet such as 140 

aluminium sheet is selected as the material for the proposed origami metamaterial, as it can 141 

undergo large plastic deformation and absorb energy. Furthermore, ductile metal sheet can be 142 

easily formed into desired shapes by press moulding. It is assumed that the strain hardening at 143 

the folding creases caused by press moulding fabrication is not considered and only plastic 144 

energy is considered during the compression of the proposed metamaterial.  145 

3.1 1st stage of deformation 146 

In this section, the first stage of deformation is modelled. Throughout the 1st stage crushing, 147 

the bending deformation along the existing folding creases such as A1B1, B1B2 and B1C1 is 148 

expected with minimal buckling deformation on the faces, as suggested by the previous studies 149 

[26, 33]. Thus, only bending along the existing folding creases are considered during the first 150 

stage of deformation. Friction induced additional compression force is considered in this study, 151 

as the contacting base area is constantly changing during the 1st stage of crushing. 152 

3.1.1 Crushing force of each unit column 153 

The crushing force of a unit column during the first stage deformation along X3 direction, F, 154 

can be expressed by including the bending in three groups of creases as follows  155 

1 0 0 2 02 16 16 4F x dh x bM d x aM d y h M d           (8) 

where x, y is the number of Miura-ori unit cell and rhombic tube cell in each unit column and 156 

M0 is the plastic bending moment per unit length [40] as expressed as 157 
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where 0 and t are the yield strength and thickness of the metal sheet, respectively. Furthermore, 158 

the crushing force can be rewritten with respect to  based on equation (8): 159 
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are obtained from equation (1)- (6) and 161 
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The critical crushing force or the initial peak force during the 1st stage of deformation, Fc, 162 

occurs at its initial position. Since only plastic deformation is considered, Fc, is therefore 163 

obtained by substituting 0   into equation (12) and expressed as 164 
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where 0  is the initial angle of  . 165 

The bending energy throughout the crushing is expressed from equation (8) as  166 
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The mean crushing force without friction, Fm1, is obtained by substituting equation (2): 167 
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where 0  0  and f , f are the initial and final angles of   and   during the 1st stage 168 

deformation. The after-crush angle of f  can be calculated by assuming that the full 169 

densification of Miura-ori section is reached at the end of stage 1 compression [26], the volume 170 



consisting of eight faces on Miura-ori section becomes the same as the final volume of the 171 

Miura-ori section in a unit column: 172 

1,

1
16 sin 2

2 f f fab t W L h      (16) 

and the after-crush angle of f , f are obtained as 173 
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where both f , f are close to but not equal to 90° due to column wall thickness. 174 

 The densification strain of the first stage of deformation, 1D is expressed as 175 
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3.1.2 Mean crushing force of a structure with m×n unit columns 176 

The crushing force with respect to angle  of a unit column, as well as its mean crushing force 177 

are derived in the section 3.1.1. The mean crushing force of a structure with m×n unit columns 178 

is greater than the mean crushing force of the single unit column times m×n because of the 179 

strong bonding along the four longitudinal edges between the adjacent unit columns. It was 180 

reported that the additional bending energy due to bonding between adjacent cells is equal to 181 

the bending energy of the edge in the cell [6]. For example, the additional bending energy due 182 

to bonding connection with the adjacent unit cells along A1B1 is 02bM d , equals to the 183 

bending energy of the edge A1B1 itself. Therefore, the overall crushing force of an m×n origami 184 

metamaterial, Fm1(m×n), can be written as: 185 
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where the first term is related to the m×n individual unit columns and the second term is the 186 

number of bonding connections ( 1) ( 1)m n n m   , multiplied by the bending energy along 187 

each longitudinal bonding connection. Bending energy during the first stage deformation of a 188 

unit column, Eb, is given in equation (14). 189 



3.1.3 Additional crushing resistance contributed by friction 190 

The additional crushing resistance contributed by friction is considered in this section. During 191 

the first stage of compression, contacting edges of the structure on both top and bottom 192 

interfaces move along the two in-plane directions. Due to friction between the pressing surfaces 193 

and the top/ bottom edges, this sliding movement of the contacting top and bottom edges results 194 

in additional work done which is proportional to the swept area of the edges on the contacting 195 

surfaces throughout the first stage of deformation. An example of a structure with 3×2 unit 196 

columns is shown in Figure 4, under lateral compression, where the proposed origami 197 

metamaterial expands in X2 direction and contracts in X1 direction.  198 

 199 

Figure 4. Illustration of the initial, final base shape and the swept area of an edge at the 200 
contacting surface on a structure with 3×2 unit columns 201 

The work done due to the friction can be expressed as 202 

1( )2

4 2
f m m n

f sweep sweep

F F
E A A

a mn amn
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where fF is the average friction force on contacting edges of the whole structure during the 203 

first stage of deformation,  is the friction coefficient, and sweepA  is the swept area of edges on 204 

contacting surfaces during the first stage of deformation, m, n are the number of unit column 205 

along the two in-plane directions. The friction force is assumed to be evenly distributed on the 206 

contacting edges over the total length of 4a mn . It should be noted that a generic formula for 207 

swept area, sweepA , of any given m×n structure is difficult to derive, and the swept area is 208 



measured in AutoCAD in this study. The compression force on the whole structure caused by 209 

friction, mfF , is obtained by using work done by friction during the first stage of deformation 210 

divided by the compressed height as   211 
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and the contributing factor of friction is derived as  212 

1( ) 1,0 1,4 ( )
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 213 

Figure 5. (a) Total swept area of interface edges after the first stage of crushing (Asweep); (b) 214 
ratio of swept area (Asweep) to initial base area (A0); (c) ratio of friction contributed crushing 215 
force (Fmf) to the mean crushing force without considering friction (Fm1(m×n)) during the first 216 
stage of deformation; with respect to the different number of the unit column (m, n); a=b=20 217 
mm, x=2, y=3, h1=10.83 mm,    218 

The contribution factor increases with the number of unit column m×n, due to the non-linear 219 

increase of bottom edge swept area with respect to the unit column number. Example of the 220 

influence of friction for the proposed structure with different array configurations is shown in 221 



Figure 5. For the given pattern geometry, the friction contribution factor of mean crushing force 222 

increases from around 4% to 14%, when the number of unit column of the metamaterial 223 

increases from 3×2 to 8×8, because of the non-linear increase of the swept area at contacting 224 

surfaces. 225 

The mean crushing force of the structure during the first deformation stage with friction 226 

contribution (Fmf) considered can be expressed as  227 

1 1( ) 1( )
1,0 1,

1
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sweep
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3.2 2nd stage of deformation 228 

At the end of the first stage deformation, the Miura-ori section of the structure becomes fully 229 

crushed with a residual height of 1,2 fxh and this section is assumed to be densified. During the 230 

second stage of deformation, the buckling deformation of the faces of the rhombic honeycomb 231 

becomes dominate, resulting in a significantly higher crushing resistance than the first stage of 232 

deformation. Grid structures, including square and circular hollow columns [40-43], multi-cell 233 

columns [44-47], square and rhombic honeycomb have been extensively studied [7, 10, 39]. 234 

Analytical models with different coefficients of the crushing resistance of these structures were 235 

developed and compared. Therefore, an established analytical model for rhombic honeycomb 236 

is used for this study where inextensional damage mode was selected for corner element with 237 

an angle less than 135° [39, 45]. Three energy dissipation mechanisms were considered in this 238 

model, including the bending of the stationary hinge lines, the rolling of the moving hinge lines 239 

as well as the membrane deformation in the forming of the toroidal surface [6, 39]. 240 

 241 

Figure 6. Rhombic honeycomb layer of origami metamaterial with different number of unit 242 
columns (m×n) 243 



The mean crushing force of rhombic honeycomb layer is calculated by summing up the mean 244 

crushing force of the two types of the corner elements and the ‘X-shape’ intersection elements, 245 

as shown in Figure 6. The mean crushing force for each Type I corner element, 2,m IF , [39] can 246 

be expressed as 247 

1 5

3 3
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and the mean crushing force for each Type II corner element, 2,m IIF , [39] is expressed as  248 
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The mean crushing force for each Type III ‘X-shape’ intersection element, 2,m IIIF , [39] is 249 

predicted by 250 
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where a is the edge length of the cell, t is the wall thickness, 0 is the yield strength of the base 251 

material,  is the angle of the adjacent cell faces. It should be noted that the angle   changes 252 

during the first stage of deformation, but remains unchanged during the second stage of 253 

deformation.   used in this section can be obtained by substituting the final angle, f , 254 

obtained from equation (17), into equation (5).  255 

Densification strain of the second stage deformation, 2D , or the effective crushing coefficient 256 

referred in the previous studies [6, 39, 40], is the ratio of crushed distance and the original 257 

height of the rhombic honeycomb section. It was recorded to be 73% for a square tube under 258 

the inextensional mode of deformation [41], it can be also estimated from numerical results 259 

[39]. The rhombic honeycomb sections in the proposed structure are divided by the Miura-ori 260 

sections into multiple layers, resulting in a lower ratio of cell edge length to height than that of 261 

square tubes. This could lead to a lower effective crushing coefficient due to uncompleted 262 

folding after crushing. Thus, in this study, the effective crushing coefficient ( 2D ) is obtained 263 



from the numerical simulation rather than 73% of the conventional square tubes reported in 264 

[41]. 265 

The mean crushing force of origami metamaterial with 3×2 unit columns during the second 266 

stage 2mP is  267 

2 2, 2, 2,2 2 [( 1) ( 1) ]m m I m II m IIIP mF nF m n n m F       (28) 

To summarize, the mean force of an m×n metamaterial without considering friction at 268 

interfaces can be calculated by using equation (20) for the displacement in X3 1 1,0(0, 2 ]D xh  269 

and equation (28) for the displacement in X3 1 1,0 1 1,0 2 2( 2 , 2 ]D D Dxh xh yh    . Equation (24) 270 

can be used to calculate the 1st stage mean crushing force considering friction, where swept 271 

area, sweepA  needs to be measured for a specific m×n metamaterial. The overall densification 272 

strain can be expressed as  273 

1 1,0 2 2

1,0 2

2

2
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4 Model verification 274 

4.1 Quasi-static crushing test 275 

 276 

Figure 7. (a) 3D-printed pressing mould for layer fabrication; (b) pressed layer after trimming 277 
along the outer edges; (c) 3×2 specimen by bonding four heat-treated layers 278 

Quasi-static crushing tests of 3×2 (m×n) origami metamaterials with and without heat treatment 279 

were carried out. The geometry parameters used for this metamaterials are given in Table 1. 280 



To form the specimen with 3×2 unit columns, each layer was firstly fabricated by mould-281 

pressing from Al 1060 metal sheet with a thickness of 0.26 mm, as shown in Figure 7 (a). The 282 

one-stage pressing mould was 3D printed using photopolymer. The pressed sheets were 283 

trimmed with a 3 mm-wide strip left on each end of the sheet for better gluing as shown in 284 

Figure 7 (b). Heat-treatment at 350°C for 4 minutes was applied to remove the residual stress 285 

caused in the mould pressing fabrication along the crease lines. As shown in Figure 7 (c), four 286 

heat-treated layers were then bonded together by using Ergo 1665 NB adhesive with tensile 287 

strength over 22 MPa and curing time of at least 24 hrs. SUNS® UT4304 universal testing 288 

machine was used for the quasi-static compression tests. The metamaterial specimens were 289 

placed between the cross-head and supporting disc without the constraint at interfaces. Both 290 

the supporting disc and cross-head have 150 mm diameter. The specimens were then crushed 291 

under quasi-static loading condition with a constant speed of 2 mm/min. 292 

a (mm) b (mm) t (mm) h1 (mm) h2 (mm) H (mm) x y  0  

20 20 0.26 10.8 15 88.3 2 3 45° 50° 
Table 1. Geometric parameters for the metamaterial used in quasi-static tests 293 

 294 

Figure 8. True tensile stress-strain curves of Al 1060 aluminium sheet with and without heat 295 
treatment, where the strain was measured using the 2D-DIC technique 296 



The tensile tests were also carried out for the heat-treated and unheat-treated Al 1060 sheet 297 

used in the specimen preparation. The quasi-static loading rate was kept constant at 0.7 298 

mm/min. The engineering stress-strain curves were firstly captured using 2-dimensional direct 299 

image correlation (DIC) technique and converted into true stress-strain curves, as shown in 300 

Figure 8. A slight reduction around 3 MPa was observed while Young’s modulus remained the 301 

same. This reduction is caused by releasing a portion of the residual stress during heat treatment, 302 

as the sheet could be cold-rolled in the fabrication stage with work hardening. The density of 303 

Al 1060 is 2710 kg/m3, and yield strength of Al 1060 is 110 MPa and 106 MPa, before and 304 

after 350°C heat treatment, respectively.  305 

4.2 Finite element analysis 306 

Numerical analysis of the tested specimens was conducted using FE software LS-DYNA. 307 

Piecewise linear plastic model was used for modelling the aluminium sheets of the 3×2 (m×n) 308 

origami metamaterials. The material properties measured including true stress-strain data for 309 

both cases were implemented in the material model. For simplicity, the bonding connections 310 

between the layers of the specimen were not included. Instead, the layers of pressed sheets 311 

were modelled as a whole structure. Mesh size of 1 mm was selected after the convergence 312 

tests. Both cross-head and support plate were modelled as rigid blocks. The friction between 313 

interfaces and within the structure was considered with a coefficient of 0.25 [48]. The crushing 314 

speed was set to be constant as 1m/s, which was found to be sufficient to simulate the quasi-315 

static loading condition with the kinetic energy to internal energy less than 5% [48, 49].  316 

4.3 Model validation 317 

Load-displacement curves from experiments and FE analysis for different heat-treated 318 

conditions are firstly compared, as shown in Figure 9. The folding process induces residual 319 

stress via work hardening as the aluminium sheets are deformed plastically and lead to a higher 320 

material strength near the creases. This folding induced residual stress at the creases results in 321 

a higher crushing resistance of the 1st stage of deformation where most deformation occurs 322 

near the creases. Thus, higher crushing resistance during the 1st stage of deformation is 323 

observed in the test without heat treatment as compared to FE result, as marked out in blue and 324 

red solid lines in Figure 9 (b). The heat treatment was then carried out aiming to release the 325 

residual stress along the creases. The crushing resistance, especially the initial peak force, is 326 

reduced with 4 minutes of annealing, but the discrepancies can still be noticed during the 1st 327 

stage crushing as marked in blue and red dash lines, indicating residual stress near creases from 328 



mould-pressing is not fully released. However, further annealing leads to a noticeable drop in 329 

crushing resistance in the 2nd stage. This is because the residual stress from metal sheet 330 

fabrication is released during the longer annealing process, besides of that from mould-pressing 331 

as intended. Therefore, a 4-minute heat treatment is used for the study despite the mould-332 

pressing induced residual stress is not fully released. In other word, the crushing resistance 333 

during the 1st stage of deformation from the test is expected to be higher than that of the 334 

analytical and FE results. 335 

 336 

Figure 9. (a) Load-displacement curves from quasi-static crushing tests; (b) comparisons 337 
between FE and test data; with the initial state, end of the first and second stage deformation 338 
marked out as (1)/(2)/(3) 339 

Three key states, i.e. initial, end of the 1st and 2nd stage of deformation from tests and FE results, 340 

corresponding to the three turning points in load-displacement curves (Figure 9 b) are 341 

compared in Figure 10. The deformation modes are matched between test and FE results, 342 

although the deformation mode in FE seems more ideal with minimal face deformation during 343 

the 1st stage of deformation. It can be observed that the crease lines of the prepared specimens 344 

were not perfectly pressed with a noticeable bending radius around the designed lines, and 345 

slight imperfection was induced on the faces during the mould-pressing process. This imperfect 346 

folding leads to the slightly more face deformation in testing during the 1st stage of deformation 347 

while only bending deformation along crease lines are observed from FE results. The face 348 

deformation also contributes to the slightly higher crushing resistance in tests than FE results. 349 

At the initial state of the 2nd stage of deformation, the offsets between rhombic layers leads to 350 

a local buckling at the contacted areas rather than the multiple folding deformations common 351 

in honeycomb and tubular structure. Thus, no initial peak is observed during the 2nd stage of 352 



deformation and it takes longer distance for the layer to reach plateau resistance. The offsets 353 

between rhombic honeycomb layers are governed by the geometric parameters of the Miura 354 

section, and there could be infinite number of possible values, where each offset between layers 355 

could affect the initial stage of deformation. Therefore, the limitation in analytical model at the 356 

initial stage during the deformation of rhombic honeycomb layer is noted. 357 

 358 

Figure 10. Deformation modes comparison between (a) FE result and (b) quasi-static test, at 359 
the initial stage (1), end of the first (2) and end of the second stage of deformation (3) 360 

To better validate the analytical model, a numerical model without the strips which were used 361 

for bonding in the tests was then constructed based on the previously verified FE model, as 362 

shown in Figure 11. The analytical model for predicting the mean crushing forces of both stages 363 

of the metamaterial is compared with the numerical model without the bonding strips. The FE 364 

model without the strips shows a slightly lower crushing resistance and it is well matched with 365 

the analytical model of the mean crushing force prediction. The mean crushing forces of 366 

numerical results were taken average between initial, densification of the 1st and 2nd stage of 367 

deformation, as listed in Table 2. The mean crushing force Pm1, and densification strain, 1D , 368 

of the 1st stage of deformation are in good agreement with errors less than 7.5%, while the 369 

analytical mean crushing force of the 2nd stage, Pm2 , is overestimated as compared to FE model. 370 

The overestimation is caused by the change of deformation mode at the initial stage of the 2nd 371 



deformation stage. The analytical model of the 2nd stage mean crushing force is based on the 372 

classic kinematic model of the square tubes where the multiple folds are presented on the 373 

structures. For this proposed metamaterial, the rhombic honeycomb layers may not be stacked 374 

perfectly depending on the geometries and could lead to localized buckling deformation near 375 

the contacts at the beginning as shown in Figure 10. However, the overall trend and the mean 376 

crushing force at both deformation stages are in good agreement between FE and analytical 377 

model. 378 

 379 

Figure 11. Load-displacement response comparison among test, FE and analytical model; Note: 380 
two FE models (with and without the 3mm strip) marked as solid and red dash lines are 381 
included to respectively represent the test and analytical model 382 

Pm1 (kN) D1 Pm2 (kN) 

FE Analytical Error FE Analytical Error FE Analytical Error 

0.347 0.321 -7.5% 0.933 0.965 3.4% 2.775 3.364 21.2% 

Table 2. Mean crushing force comparison between analytical and numerical model without 383 
strip 384 



5 Programmable compressive properties 385 

5.1 Initial peak force 386 

As an important criterion for energy absorbing structures, initial peak force must be kept below 387 

the threshold that would lead to damage or injury to the protected personnel and structures [50]. 388 

For common cellular structures such as honeycomb [10], lattice [51] and foam [52], both the 389 

initial peak force and mean crushing resistance are in power law relationship with the relative 390 

density. Therefore, the structure with a higher energy absorption capacity often has a high 391 

initial peak force. For the proposed origami metamaterial, the initial peak force could be 392 

significantly reduced with minimal reduction in mean crushing resistance by adjusting the 393 

related geometric parameters.  394 

 395 

Figure 12. Comparison of normalized force-displacement curves of a unit column with 396 
different geometric parameters during the 1st deformation stage; (a) and ; (b) edge length 397 



a, b; (c) relative density r ; (d) height of rhombic honeycomb layer, h2;   398 

a=b=20mm, h2=15mm, t=0.26mm, x=2, y=3 unless otherwise noted; 399 

The crushing responses of the 1st deformation stage of the proposed origami metamaterial with 400 

different geometric parameters are obtained from the analytical model of a unit column as 401 

shown in Figure 12. It should be noted that the unit column used for theoretical analysis is a 402 

unit cell of metamaterial rather than an actual column, as the metamaterial is very unlikely to 403 

be used in the form of a single column for energy absorption. Furthermore, friction contributed 404 

crushing force is not included as it is more prominent only for the structure with a large number 405 

of unit columns as shown previously in Figure 5 (c). Both face angle of the Miura-ori section 406 

and the initial folding angle of  have significant influences on initial peak force, as shown 407 

in Figure 12 (a). With the increase in and decrease the initial peak force is reduced, where 408 

the crushing resistance at later stage is less affected. With the static angle closer to 90°, the 409 

Miura-ori section is closer to a square tube. With a larger initial folding angle , the unit 410 

column becomes more slender and more difficult to bend along the horizontal creases. The 411 

crushable distance can be affected by these two angles as well. Furthermore, with the increase 412 

of edge length ratio of a/b, the initial peak force increases, while the crushable distance is solely 413 

dependent on b. Change of the layer height of rhombic honeycomb section, h2, has minimal 414 

influence on the crushing response of the first stage of deformation, as the bending along 415 

vertical edges (h2) of rhombic honeycomb section is minimal during the first deformation stage. 416 

It should be noted that the relative density, r , and wall thickness, t, different from common 417 

cellular structures, are not directly related to the initial peak force. For instance, as shown in 418 

Figure 12 (c), the origami metamaterial with lower volumetric density or wall thickness could 419 

have a larger initial peak force. The crushing response for the proposed origami metamaterial 420 

is predominately dependent on the governing geometric parameters a, b, and In general, 421 

the trend of the crushing resistance as well as the initial peak force is strongly depended on 422 

and and the mean crushing force is more affected by the side length a, b and wall 423 

thickness t.  424 

The ratio of initial peak to average crushing resistance is often used to measure the efficiency 425 

of an energy absorbing structure. This ratio is calculated from analytical model for a unit 426 

column with various geometric parameters as given in Figure 13. Similar to Figure 12, a smaller 427 

static angle or a larger initial folding angle leads to a smaller ratio of initial peak to 428 

average crushing resistance, indicating a more uniform crushing response and superior energy 429 



absorbing performance. The value of both edge length, a, b as well as the honeycomb layer 430 

height, h2, have less influence on the peak to average ratio. The structures with the peak to 431 

average crushing force ratio less than 2 can be considered to be an ideal energy absorber, as 432 

this ratio could reach 3 or 4 for some square columns [45, 53].  433 

 434 

Figure 13. The ratio between initial peak (Fc) and average crushing force (Fm1) of a unit 435 
column during the 1st stage of deformation with respect to and  under different 436 
configurations; (a) a=10 mm, b=20 mm, h2=15 mm; (b) a=20 mm, b=20 mm, h2=15 mm;  (c) 437 
a=20 mm, b=10 mm, h2=15 mm; (d) a=20 mm, b=20 mm, h2=20 mm;  (e) a=20 mm, b=20 438 
mm, h2=30 mm;   439 

5.2 Mean crushing force of the 1st and 2nd stages 440 

The geometric parameters governing the mean crushing force of a unit column without the 441 

friction contribution during the 1st deformation stage are shown in Figure 14. It should be noted 442 

that only structures with uniform crushing response with peak to mean crushing force ratio less 443 

than 2 are included in Figure 14. The static angle, has the most significant influence on the 444 

mean crushing force during the 1st stage of deformation. The mean crushing force can be three 445 

times different with  changed from 75° to 30°, while little changes in mean crushing force 446 

can be observed with the change of , for all three edge length (a,b) configurations. A larger 447 

a/b may also lead to an increase in mean crushing force during the 1st stage of deformation. 448 

However, a smaller edge length of b leads to a reduction in crushable distance from equation 449 



(2), while the densification strain of the 1st stage of deformation, D1, is determined only by a, 450 

t,  according to equation (17) and (19). It should be noted that the connection bending 451 

resistance and the friction contributed crushing should be considered accordingly for the 452 

structures with multiple unit columns as expressed in equation (20) and (24) 453 



 454 

Figure 14. Mean crushing force of one unit column (Fm1) during the 1st deformation stage 455 
(without friction contribution) with respect to and  under different edge lengths; (a) 456 
a=10 mm, b=20 mm; (b) a=20 mm, b=20 mm; (c) a=20 mm, b=10 mm; 457 



Similar to honeycomb and multi-corner structures, the mean crushing force of the proposed 458 

origami metamaterial during the 2nd stage of deformation is predominately dependent on the 459 

cell size and wall thickness. As shown in Figure 15, with the increase of cell wall angle until 460 

90°, the mean crushing force increases slightly, due to the symmetry of the dominating factor 461 

of “X-shaped” intersection elements. For instance, an “X-shaped” intersection element with 462 

of 60° has the same mean crushing force as compared to that with  of 120°, due to the 463 

symmetry of the element. Furthermore, the increase of the unit columns number (m×n) within 464 

a structure leads to a non-linear increase of the crushing force, due to the increase of the number 465 

of “X-shaped” elements, especially when m,n is small. It should be noted that the mean 466 

crushing force during the 2nd deformation stage is overestimated, as some localized buckling 467 

deformation occurs at the initial state of the 2nd stage deformation on the cell wall due to the 468 

off-set between rhombic layers. For the structures with b=Lf , the unit cells of rhombic 469 

honeycomb layer stack directly on top of the other as the offset distance is equal to the length 470 

of one unit cell at the beginning of the 2nd stage of deformation. The mean crushing force 471 

predicted by the analytical model is likely to be more accurate for such structure, as each unit 472 

cell on the rhombic honeycomb layer is supported by the lower layer.  473 

 474 

Figure 15. Mean crushing force of structure with m×n unit columns during the 2nd deformation 475 
stage (Pm2(m×n)) with respect to different geometric parameters: (a) a=20 mm; (b) =90°; Note: 476 
h2=15mm, t=0.26mm 477 

6 Conclusions 478 

By combining Miura origami and rhombic honeycomb structure, a two-stage origami 479 

metamaterial is proposed. The analytical model of the proposed structure has been developed 480 



to predict the compressive properties for both deformation stages. The additional crushing force 481 

contributed by friction due to the equal and opposite Poisson’s ratio in two in-plane directions 482 

during the 1st stage of deformation is included in the analytical model. Numerical simulation 483 

and quasi-static crushing tests of heat-treated specimens have been carried out. The analytical 484 

model is then verified with the numerical and quasi-static testing results. Good agreement of 485 

compressive properties is obtained between the analytical and numerical model, with slight 486 

discrepancies at the initial state of the 2nd deformation stage due to unit cell offset between 487 

rhombic honeycomb layers. The influence of geometric parameters on the compressive 488 

properties such as initial peak force, mean crushing force for both stages of deformation, has 489 

been investigated.  490 

Different to common cellular structures, the relative density and wall thickness are not the sole 491 

governing parameters for the compressive properties of the structure. Other geometric 492 

parameters such as a, b, and  affect the compressive response of the structure 493 

predominantly. The initial peak force of the 1st stage is mostly governed by the angles of and 494 

, while the edge length, a, b has more influence on the mean crushing force of the 1st stage. 495 

The additional crushing force attributed by friction during the 1st stage increases significantly 496 

with the increasing number of unit column and should not be neglected, due to the increases in 497 

swept area at the interfacial edges of the structure. For the 2nd stage of deformation, the 498 

compressive properties depend on the geometric parameters as well as the number of unit 499 

column within the structure. It is found that some of the undesired characteristics such as high 500 

initial peak crushing resistance can be mitigated by proper programming of the governing 501 

geometric parameters, without reducing the mean crushing resistance. A “graded” effect of 502 

crushing response with two uniform and programmable stages can be achieved without 503 

inducing initial peak force at either stage while keeping a uniform density throughout the 504 

structure. 505 
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