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Abstract: This study aimed to examine the shear strength characteristics of sand–granular rubber
mixtures in direct shear tests. Two different sizes of rubber and one of sand were used in the
experiment, with the sand being mixed with various percentages of rubber (0%, 10%, 20%, 30%, and
50%). The mixtures were prepared at three different densities (loose, slightly dense, and dense), and
shear stress was tested at four normal stresses (30, 55, 105, and 200 kPa). The results of 80 direct
shear tests were used to calculate the peak and residual internal friction angles of the mixtures, and
it was found that the normal stress had a significant effect on the internal friction angle, with an
increase in normal stress leading to a decrease in the internal friction angle. These results indicated
that the Mohr–Coulomb theory, which applies to rigid particles only, is not applicable in sand–rubber
mixtures, where stiff particles (sand) and soft particles (rubber) are mixed. The shear strength of
the mixtures was also influenced by multiple factors, including particle morphology (size ratio,
shape, and gradation), mixture density, and normal stress. For the first time in the literature, genetic
programming, classification and regression random forests, and multiple linear regression were used
to predict the peak and residual internal friction angles. The genetic programming resulted in the
creation of two new equations based on mixture unit weight, normal stress, and rubber content. Both
artificial intelligence models were found to be capable of accurately predicting the peak and residual
internal friction angles of sand–rubber mixtures.

Keywords: Mohr–Coulomb; shear strength; internal friction angle; recycle waste material; sand;
granular rubber; multiple linear regression; genetic programming; CRRF

1. Introduction

According to recent estimates, the number of discarded tires worldwide is approx-
imately 1.5 billion per year. This trend has shown an upward trajectory over time and
is projected to continue its growth into the future [1–3]. An analysis of waste tire data
from the year 2009–2010 in Australia reveals that there were approximately 48 million
equivalent passenger units (EPU) of waste tires. Out of these, 66% were either disposed
of in landfills or illegally stockpiled, 16% were recycled domestically, and 18% were ex-
ported [4]. The non-biodegradable nature of waste tires, coupled with their accumulation
in stockpiles, has resulted in not only unpleasant visual impacts but also environmental
pollution and hazards due to their flammability [5]. The occurrence of a tire fire releases
toxic smoke into the atmosphere, negatively impacting air quality and visibility in the
surrounding area [6,7].
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It is possible to reduce the global tire waste disposal problem by using recycled waste
tire rubbers in engineering applications [8]. Rubber tires have many properties that make
them suitable for use in engineering applications, such as their high durability, their high
permeability, and their low bulk density [9–13]. These properties make tire waste an
excellent material for geotechnical engineering and construction applications, such as
lightweight fillers [14–18], highway construction [16–21], soil reinforcement [22,23], soil
retention walls [24,25], slope stabilization [18,26], aggregates in landfill leach beds [27],
additive to asphalt [21,27], freezing depth limiter [28], vibration isolation [29], and for
low-strength but ductile concrete [30].

According to the American Society of Testing and Materials [31,32], a variety of sizes
can be produced by processing rubber tires, including shreds, chips, granular, ground, and
powder. Tire shreds are scrap pieces of tires that are shaped like basic geometric forms.
They vary in size from 50 to 305 mm. Tire chips are like tire shreds, but most of the wire has
been removed and they are smaller, ranging from 12 to 50 mm. Granulated rubber, ground
rubber, and powder rubber are all made up of particles that are not rounded or spherical.
Granulated rubber, the most common type, has sizes ranging from below 425 µm to 12 mm,
while ground rubber is smaller with sizes ranging from below 425 µm to 2 mm. Powdered
rubber is the finest of these types, with particles smaller than 425 µm.

One of the most common uses of tire waste in geotechnical engineering is the mixing of
sand and rubbers. Over the last two decades, there have been numerous studies conducted
on the influence of various factors on the behaviour of sand–rubber mixtures. Results indi-
cated that several factors could influence the performance and engineering characteristics
of the sand–rubber mixture [33–35]. In one of the first studies on sand–rubber chip mixtures,
Ahmed [33] found that confinement pressure, the sample compaction method, and the
rubber chip percentage were effective factors in sand–rubber mixture shear behaviour.
Studies [25,34,36,37] showed that the average size of sand grains and rubber particles is
one of the most significant factors. In previous studies [34,38], different sizes of sand and
tires were considered, ranging from 0.25 mm [38] to more than 60 mm [34]. Li et al. [39]
conducted a series of unloaded triaxial shear tests on well-graded compressed sand and its
mixtures with granulated rubber tires to investigate the effect of rubber size and content
on mechanical behaviour. For this purpose, three sizes of rubber particles were used with
a sand-to-rubber size ratio of 0.9, 3.5, and 7.2, and a rubber content ranging from 0% to 30%.
A size ratio (SR) can be calculated by dividing the mean particle size of rubber by the mean
particle size of sand (SR = D50-Rubber/D50-Sand). The results showed that in sand–rubber
mixtures with finer rubber, the strength decreased with increasing rubber content, while
with coarser rubber, the strength decreased only at 10% rubber content, and then increased
significantly as the rubber content increased. According to the results, the increase in
strength was the result of an increase in mixture density. The increase in density was
attributed to the widening of the particle-size distribution of the mixtures as a result of the
inclusion of large rubber particles. Further, the results showed that sand–rubber mixtures
with a larger size ratio and a higher rubber content had a higher shear strength and a lower
compressibility. In another study using the discrete element method (DEM), Perez et al. [40]
simulated a series of uniformly unloaded triaxial tests on sand–rubber mixtures. For this
purpose, mixtures with different rubber size ratios of 1, 2.5, and 5, and different contents of
0% to 30% by weight were simulated. According to the results, as the tire size increased,
the critical mode lines shifted downwards with a small effect on the slope. In addition, the
results showed that rubber-sand contacts had a significant impact on the overall strength
of the mixture, which were determined by the size of the rubber particles. Takano et al. [41]
examined the effects of rubber content and size on sand-tire strength using direct shear
tests. In this study, pieces of rubber with dimensions of 5, 10, and 15 cm were mixed with
sand at different percentages of 0, 10, 20, and 30 percent [41]. According to the results, the
shear strength of the mixtures increased with an increase in rubber content. Furthermore,
Perez et al. [40] reported that the strength of the sand–rubber mixture decreased with an
increase in rubber size. According to Yoon et al. [35], the California bearing ratio (CBR)
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was decreased by increasing the percentage of granulated rubber with a diameter of less
than 20 mm. Additionally, several experiments were conducted using a large-scale direct
shear test [41–43]. Noorzad and Raveshi [42] conducted large-scale direct shear tests on
tire chips, sand, sand silt, and sand–tire chips. Based on the results, it was found that
increasing the content of tire chips by 30% by volume increased the shear strength of the
sand–tire mixture. Takano et al. [41] found that the amount and length of shredding affect
the shear strength parameters of sand mixed with tire pieces. In addition, they found that
vertical stress, crushed contents and mixture density have the greatest influence on the
shear strength parameters of sand–rubber mixtures. Ghazavi et al. [44] found that sand
reinforced with chips had an initial friction angle of 67 degrees, whereas sand alone had
a friction angle of 34 degrees. It was shown that the following parameters affect the shear
strength characteristics of crushed sand mixtures: normal stress, mixture density, crushed
content, crushed width, and the aspect ratio of the tire parts [27].

All studies mentioned above emphasized the importance of using tire rubbers and
their impact on the properties of sand. As a result of the multiplicity of factors that affect
the shear strength and friction angle of sand–rubber mixtures and the non-linearity of
these effects, a comprehensive model for predicting the sand–rubber mixture friction angle
has not yet been developed. A method that was successfully used in various fields of
geotechnical engineering and has shown acceptable results is artificial intelligence [45].
Over the past two decades, artificial intelligence methods have been applied successfully
in a wide range of geotechnical engineering disciplines, including soil dynamics [46–48],
slope stability [49–52], fracture mechanics [53–56], rock and tunnel mechanics [57–62],
among others. However, no studies have been published on the application of artificial
intelligence methods to predict the friction angle of sand–rubber mixtures. For the first
time, using three mathematical methods, including two artificial intelligence methods
and a statistical method, this study proposed two mathematical equations for predicting
the sand–rubber internal friction angle based on the peak point and residual point in
direct shear tests. This was achieved by performing direct shear tests on sand–rubber
mixtures with varying rubber percentages. Additionally, the normal stress and density
of the mixtures were also used as input parameters. In order to predict both the peak
and residual friction angle parameters after laboratory tests, classification and regression
random forests (CRRF) and genetic programming (GP) methods were used as artificial
intelligence methods along with multiple linear regression (MLR) as a statistical method.
In addition, a detailed study on the performance of the Mohr–Coulomb fracture envelope
for sand–rubber mixtures is presented. A prior study [63] showed that the use of the
Mohr–Coulomb fracture envelope to define the strength properties of sand–rubber mix-
tures may indicate that such mixtures have “apparent cohesion”, which is not true for dry
sand–rubber granular materials. This is an important point to consider when calculating
the shear strength of sand–rubber mixtures.

2. Materials and Experimental Methodology
2.1. Materials

A subangular-shaped sand (L-Sand) with a Heywood circularity factor (HCF) of 1.10
was used in this experiment. It is a poorly graded sand with a specific gravity of 2.57 and
a mean particle size of 0.32 mm. The density of the sand was 1507 kg/m3 at its minimum
and 1751 kg/m3 at its maximum. The maximum density is achieved by using the vibratory
table [30], whereas the minimum density is achieved by dropping the granular particle
from a very low high distance (zero height). HCF is defined as follows:

HCF =
Particle perimeter

2×
√

π × Particle area
(1)

Two sizes of granular rubber were provided by the Tyre Cycle Company in Melbourne,
Victoria. Figure 1 shows the particle size distribution of used sand with the granular
rubber-A (GR-A) and granular rubber-B (GR-B) at different percentages.
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Figure 1. Particle size distribution of sand mixed with: (a) GR-A at different percentages; and
(b) GR-B at different percentages.

The characteristics of the used materials are summarized in Table 1. GR-A is composed
of particles whose sizes range between 0.057 and 2.36 mm, with a mean particle size (D50)
of 0.51 mm, while GR-B is composed of particles whose sizes range from 0.6 to 4 mm with
D50 of 1.67 mm. GR-A had an HCF of 1.38 and a specific gravity of 0.99. The size ratio
(SR) of rubber A and B were 1.59 and 5.22, respectively. As the granular rubber percentage
in the mixtures increased, both the coefficients of uniformity (Cu) and the coefficients of
curvature (Cc) increased, whereas the mixture unit weight decreased. The reason for this is
that sand and granular rubber have different mean particle sizes; adding them together at
specific percentages could produce a well-graded mixture.

Table 1. Sand and rubbers properties [8].

L
Sand GR-A

LS-
GR(A)
10%

LS-
GR(A)

20%

LS-
GR(A)

30%

LS-
GR(A)

50%
GR-B

LS-
GR(B)
10%

LS-
GR(B)
20%

LS-
GR(B)
30%

LS-
GR(B)
50%

D10 (mm) 0.17 0.19 0.18 0.18 0.18 0.18 0.93 0.18 0.18 0.19 0.21

D30 (mm) 0.25 0.37 0.25 0.26 0.26 0.28 1.37 0.26 0.27 0.29 0.36

D50 (mm) 0.32 0.51 0.33 0.34 0.35 0.39 1.67 0.34 0.37 0.40 0.81

D60 (mm) 0.36 0.58 0.37 0.38 0.40 0.45 1.81 0.38 0.42 0.53 1.24

CU (mm) 2.04 3.04 2.11 2.18 2.26 2.49 1.94 2.14 2.27 2.80 5.92

CC (mm) 0.96 1.19 0.97 0.97 0.98 0.99 1.10 0.96 0.97 0.84 0.49

Gs 2.57 0.99 2.41 2.25 2.10 1.78 1.08 2.42 2.27 2.12 1.83

SR - 1.59 1.59 1.59 1.59 1.59 5.22 5.22 5.22 5.22 5.22

HCF * 1.10 1.38 - - - - - - - - -

* The HCF was calculated based on an average of 50 particles.

2.2. Direct Shear Test

This study utilized direct shear test equipment made by Matest company. In this
device, vertical and horizontal forces were applied and measured with an accuracy of
0.001 N. Additionally, horizontal, and vertical displacements were measured with an
accuracy of 0.001 mm. A horizontal displacement rate of 1 mm per minute was applied
in this study. A schematic diagram of the direct shear test is shown in Figure 2. The
experiment was carried out on a direct shear box (60 × 60 mm) following the Australian
standard [64].
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2.3. Sample Preparation

Granular rubber was added to the sand at different percentages in this study. Using
Equation (2), the granular rubber content (GRC) was used as a parameter to calculate the
rubber content in different sand–rubber mixtures. In this study, mixtures with a GRC of 0,
10, 20, 30 and 50% were prepared. Before pouring each sample into the mold, each sample
was thoroughly mixed.

GRC =
MGR

MTotal
(2)

where GRC is granular rubber content, MGR is mass of granular rubber, and Mtotal is mass
of mixture (granular rubber and sand). The effect of the sand–rubber mixture density on
shear strength and friction angle was also investigated. For this purpose, three different
densities were considered: loose, slightly dense, and dense states. Each density state was
achieved by applying a specific amount of compression energy [65]. Equation (3) was used
to determine the amount of energy applied to each sample.

E =
Nblows.Nlayers.Whammer.Hdrop

Vmold
(3)

where E is input compaction energy, Nblows is the number of blows per layer, Nlayers is the
number of compaction layers, Whammer is weight of hammer, Hdrop is height of hammer
drop and Vmold is volume of mold. It is important to note that, in order to ensure a uniform
distribution of granular rubber content throughout the mixture, the direct shear sample
was meticulously prepared in layers. In a loose state, the sample was carefully placed from
a very low height (zero high distance). For the slightly dense state, 165 kJ of energy was
applied, and for the dense state, 825 kJ of energy was applied. Table 2 shows brief details
of the compaction procedure for both slightly dense and dense states.

Table 2. The compaction energy of the L-Sand/GR (A) mixture.

Type of Mixtures Nblows Nlayers Whammer (kN) Hdrop (m) Vmold (m3) Density State Total Energy (kJ)

L-Sand/GR (A)
1 3 0.026 0.30

0.00013896
Slightly dense 165

5 3 0.026 0.30 Dense 825
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A shear zone is defined as the area where shear occurs, as shown in Figure 3. It is
difficult to determine the exact amount of rubber in the shearing zone during sample
preparation. To address this issue, samples were prepared in five layers, and the mixtures
were divided into five different containers to ensure that the rubber quantity was distributed
evenly across all layers and that the shear zone had approximately the correct rubber content.
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2.4. Test Procedure

In this study, a total of 80 direct shear tests were conducted on L-Sand/GR (A) and
L-Sand/GR (B) samples. The first group of tests were conducted at different states of
density, varying from loose to slightly dense and dense states, along with different normal
stresses of 30, 55, 105, and 200 kPa, and varying granular rubber contents of 0, 10, 20, 30,
and 50%. The second group of tests were conducted at different densities, granular rubber
contents, and normal stresses to investigate the impact of the size ratio. The direct shear
tests were composed of two components: the application of normal stress, which varied
over four levels, and horizontal displacement, which was applied at a rate of 1 mm/min.

Consistent with prior research on sand–rubber mixtures, dry specimens were used in
this study to ensure consistency and comparability, with the focus on three main variables:
normal stress, dry density, and granular rubber content. This decision was informed by the
recognition that the shear strength of partially saturated soils often exceeds that of fully
saturated or dry soils, making these the most unfavorable field conditions. However, com-
pelling research conducted by Dai et al. [66] and Skinner [67] revealed that the discrepancy
in shear strength between fully saturated and dry coarse materials is negligible. As a result,
and given these considerations, we decided to carry out our experimental program under
dry conditions. Consequently, pore water pressure was not measured in this experiment,
as it was conducted on dry mixtures.

In the first stage of the experiment, in accordance with the Australian standards [64],
normal stresses were applied to the specimens for 10 min to allow for consolidation
before shear was initiated. Subsequently, shear stress was applied until the displacement
reached 10 mm, which was equivalent to 15% of the specimen length, as per the standard
requirements. Several tests were repeated to ensure the accuracy and repeatability of the
results. Mathematical models were developed based on the obtained results to better
understand the behavior of sand–rubber mixtures in response to various conditions of
normal stress, dry density, and granular rubber content.

3. Mathematical Models
3.1. Multiple Linear Regression (MLR)

Multiple linear regression (MLR) analysis, as a statistical method, is beneficial as
a prerequisite to exploring and comprehending other statistical or machine learning method-
ologies. This method is capable of predicting an output (dependent) variable based on two
or more independent input variables. Simple linear regression (SLR) is another method
that can predict one output (dependent) parameter based on only one input parameter.
Equations (4) and (5) represents the typical linear equation for SLR and MLR, respectively.

y = β0 + β1X + ε (4)
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y = β0 + β1X1 + β2X2 + β3X3 . . . + βnXn + ε (5)

where y is the output (dependent) parameter, X is the independents parameter, ε, β0, β1, β2,
β3 and βn are constants or intercepts, X1, X2, X3, Xn are inputs (independent) parameters
and n is the number of inputs.

3.2. Classification and Regression Random Forests (CRRF)

In 2001, Breiman introduced the amalgamation of random forest (RF) with decision
trees [68]. To mitigate classification and regression errors, techniques such as bootstrap ag-
gregation [69] and bagging [70] were employed in conjunction with decision trees. Through
boosting, greater emphasis is placed on rectifying previously misclassified predictions,
thereby promoting a more balanced prediction outcome. Meanwhile, by employing bag-
ging, trees can be independently constructed using bootstrap samples from the dataset, as
opposed to relying on reconstructions from preceding trees. As proposed by Breiman [68],
random forests add an extra level of randomness to bagging by predicting the outcome
based on a simple majority vote. A random forest constructs classification and regression
trees differently based on different bootstrap data samples. Standard trees are partitioned
into nodes based on the best split among all variables. A random selection of predic-
tors is used to divide each node into random forests. This approach is quite effective in
comparison to a number of other classification methods, such as discriminant analysis,
support vector machines, and neural networks, as well as being resistant to overfitting [68].
Furthermore, this method is user-friendly and is insensitive to the number of random
variables in the node and the number of trees in the forest.

3.3. Genetic Programing (GP)

There are many well-known algorithms that belong to the category of evolutionary
algorithms, and one of the most well-known is genetic programming (GP). The origin of this
algorithm can be traced back to Cramer [71] who created it, inspired by Darwin’s principle
of “survival of the fittest”. It was then improved by Koza [72]. A number of applications
for GP can be found, including curve fitting, data modelling, symbolic regression, feature
selection, classification and so on. Over the past decade, GP has been used to solve complex
real-world problems in a variety of fields [73–75]. Computer programs (CPs) in GP are
binary-coded strings that follow the LISP programming language [76]. Parse trees can be
derived from these solutions in a variety of sizes and shapes. GP solutions include terminals
(e.g., input variables and constants) and calculations (e.g., +, −, ×, /, and other complex
functions). Based on the nature of the problem and existing study proposals, mathematical
functions are usually defined. By using mutation, crossover, and reproduction operators,
GP can explore the search space and find a global optimal solution [76].

4. Results
4.1. Experimental
4.1.1. Unit Weight, and Void Ratio

A parameter that is strongly affected by the amount of rubber is the unit weight of
the sand–rubber mixture. In general, since rubber has a lower specific gravity than sand,
the unit weight of the mixture is expected to decrease with an increased amount of rubber.
Figure 4 shows the unit weight results of different mixtures containing different percentages
of granular rubber. The results indicated that the unit weight of the mixture decreased
from approximately 17 kN/m3 to approximately 7.6 kN/m3 when the amount of rubber
was increased from 0 to 50% in the dense state. With increasing amounts of rubber, with
the same compaction energy (density or void ratio), the unit weight of the sand–rubber
mixture decreased.
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The soil void ratio is another parameter which is very important. To calculate the soil
void ratio, the following equations are used:

e =
Vvoid
Vsolid

(6)

e =
Vm −

(
WS
GS

+ WPR
GPR

)
(

WS
GS

+ WPR
GPR

) (7)

where e is the void ratio, Vvoid is the volume of voids in sand–rubber mixture, Vsolid is the
volume of solid portion in sand–rubber mixture, Vm is the volume of mold, WPR is the
weight of rubber, WS is the weight of sand, GS is the specific gravity of sand, and GPR is the
specific gravity of rubber. According to the results, the void ratio increased with increasing
GRC under various density states. This is due to the fact that granular rubber has a more
irregular shape than sand particles, which can result in extra void spaces between the
particles, increasing the total void ratio in the mixture.

4.1.2. Shear Strength

The effect of the amount of rubber on the shear strength of the sand–rubber mixture
will have a significant impact on geotechnical designs. The preliminary results of the direct
shear test to determine shear strength are shown in Figures 5–7 for the loose, slightly dense,
and dense states, respectively. For different normal stresses and different rubber contents,
two types of graphs are presented, i.e., shear strength versus horizontal displacement and
vertical displacement versus horizontal displacement.

According to Figure 5, in the loose state, almost all samples with different rubber
contents and different normal stresses do not exhibit a peak in the shear strength versus the
horizontal displacement diagram, and the diagrams correspond to the typical behavior of
loose soils. The figure also shows that all samples displayed contraction behaviour during
the shear test. The results also indicated that, in the loose state, and at different normal
stresses, the 50% rubber content had the lowest shear strength, although the difference was
not significant. Furthermore, the results indicated that under normal stress conditions of
55, 105, and 200 kPa, the highest shear strengths were achieved with sand–rubber mixtures
containing 30, 20, and 20% granular rubber content, respectively.
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Figure 5. Shear stress and vertical deformation versus horizontal displacement for loose mixtures at
different normal stresses of: (a) 200 kPa; (b) 105 kPa; and (c) 55 kPa.
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Figure 6. Shear stress and vertical deformation versus horizontal displacement for slightly dense
mixtures at different normal stresses of: (a) 200 kPa; (b) 105 kPa; and (c) 55 kPa.
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Figure 7. Shear stress and vertical deformation versus horizontal displacement for dense mixtures at
different normal stresses: (a) 200 kPa; (b) 105 kPa; and (c) 55 kPa.

Figure 6 illustrates the results of the direct shear test in the slightly dense state. The
results show that sand–rubber mixtures with 0 and 10% rubber content showed a peak in the
shear strength versus the horizontal displacement graph under normal stresses of 200 kPa
and 105 kPa, respectively, and sand–rubber mixtures with 0% rubber content showed
a peak under normal stresses of 55 kPa. Moreover, the results showed that the sand–rubber
mixture with zero percentage of rubber exhibited a dilation behavior under normal stresses
of 55, 105, and 200 kPa, while sand–rubber mixtures with 10% rubber content dilated under
normal stresses of 55 and 105 kPa but contracted under other normal stresses.

Figure 7 illustrates the results of direct shear tests conducted on sand–rubber mix-
tures in a dense state (low void ratio). The results indicated that the amount of dilation
and contraction depended on different parameters, such as the normal stress, mixture
unit weight, and rubber content. At all three normal stresses of 200, 105, and 55 kPa,
sand–rubber mixtures with zero and 10% rubber contents demonstrated a peak in the
shear strength-horizontal displacement diagram. The sand–rubber mixture with 0% rub-
ber showed dilation behavior under all three normal stresses of 200, 105, and 55 kPa. The
sand–rubber mixture with 10% rubber also showed a dilation behavior under 105 and
55 kPa normal stresses. The remaining conditions demonstrated contraction behavior in
sand–rubber mixtures.

Figure 8 illustrates shear strength at different normal stresses (30, 55, 105, and 200 kPa),
granular rubber content (0, 10, 20, 30, and 50%), and density states (loose, slightly dense,
and dense). According to the trend line for each mixture in three different densities, the
shear strength increases with an increase in dry density.
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Figure 8. Shear strength versus dry density at different normal stresses and rubber contents.

4.1.3. Internal Friction Angle

One of the most important aspects of this study is the calculation of the internal friction
angle of sand–rubber mixtures. The laboratory experiment demonstrated that when the
applied normal stress is negligible (zero), the shear strength of the mixture is almost zero
(similar to sand), indicating that the sand–rubber mixture is a cohesionless mixture. The
Mohr–Coulomb criteria (Equation (8)), which is intended for incompressible soil (rigid
particles), is a linear relationship between applied normal stress and shear strength. To
put it differently, the points of intersection between different applied normal stresses
and their shear strength values share the same internal friction angle. In contrast, for
sand–rubber mixtures, as the applied normal stress increases the internal friction angle
decreases (Figure 9). This is because rubbers are compressible materials (soft particles), and
normal stress can compress them. Therefore, the internal friction angle depends on the
applied normal stress on the sand–rubber mixture.

τ = c + σn tan ϕ (8)

where τ and σn are shear and normal stress, and c and ϕ are the cohesion and internal
friction angle of the soil.
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Figure 9. Schematic diagram for nonlinear experimental results and linear Mohr–Coulomb criteria.
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Figure 10 illustrates how the internal friction angle was calculated for the sand–rubber
mixtures in this study. Since the cohesion of sand–rubber mixture is zero, the origin of
Figure 10 is point A. The second point, B, represents the new shear strength for the applied
normal stress with coordinates σ1 and τ1. As a result, the friction angle was calculated for
each point (A, B, C, D, and E).
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This study investigated two internal friction angles: peak (ϕp) and residual friction
angles (ϕr). The ϕp and ϕr are calculated using the peak and residual shear stress val-
ues shown on the schematic diagram (Figure 11). The friction angle is determined by
intersecting the peak and residual shear stress values with the origin (0, 0) on the shear
strength-normal stress diagram and by measuring the angle to the x-axis (Figure 10). The
ϕp and ϕr parameters were determined for all density states in this study.
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Figure 11. A typical diagram of shear stress- horizontal displacement for direct shear test.

Figures 12 and 13 present the results of ϕp and ϕr, respectively, for the different
densities considered in this study. At all densities, the ϕp and ϕr decreased with increases
in normal stress. In addition, the results indicate that, in the loose state, according to
Figures 12a and 13a the 20% rubber mixture had the highest ϕp and ϕr under different
normal stresses. Furthermore, both ϕp and ϕr of the 50% rubber mixture were highly
dependent on the normal stress, with the greatest decrease occurring as the normal stress
increased. As a result, the behavior of mixtures of sand and rubber with a high percentage
of rubber differs from those with a low percentage of rubber due to the compressibility
of rubber.
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Figure 12. Peak friction angle versus normal stresses at zero cohesion on different density states of:
(a) loose, (b) slightly dense; and (c) dense states.
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Figure 13. Residual friction angle versus normal stresses at zero cohesion on different density states
of (a) loose; (b) slightly dense; and (c) dense states.
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For the slightly dense and dense states, Figures 12b,c and 13b,c illustrate the results of
the ϕp and ϕr. According to the results, the ϕp and ϕr of sand–rubber mixtures are strongly
influenced by the intensity of normal stress. In sand–rubber mixtures with higher rubber
percentages, the greatest reduction in ϕp and ϕr was observed as a result of an increase in
normal stress. The sand–rubber mixture with 50% rubber in Figure 12c has a ϕp of 46 at
a normal stress of 30 kPa, and it has the highest friction angle among the sand–rubber
mixtures with different rubber percentages. The ϕp of the sand–rubber mixture with 50%
rubber decreased to about 31 when the normal stress was increased to 200 kPa, and it had
the lowest angle among all sand–rubber mixtures with different percentages of rubber.

Figure 14 illustrates the effect of the rubber content on the vertical displacement of
shear strength. The results showed that at all density states, including loose (LO), slightly
dense (SD) and dense (DE) states, an increase in the amount of rubber resulted in an increase
in the shear strain associated with the shear strength.
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Figure 14. Shear displacement of sand–rubber mixtures at maximum shear stress at different densities
and different normal stresses of: (a) 30 kPa normal stress; (b) 55 kPa normal stress; (c) 105 kPa normal
stress; and (d) 200 kPa normal stress.

4.1.4. Volume Compressibility

Compressibility is one of the most critical characteristics of sand–rubber mixtures.
According to the literature, compressibility decreases with an increase in mixture density.
The following Equation (9) was used to calculate the coefficient of volume compressibility
(mv) of the mixtures based on Figure 15.

mv =
∆e

1 + e0

1
σ′v

(9)

where e0 and ∆e are the initial void ratio and void ratio changes, respectively, σ′v0 and ∆σ′v
are the initial effective vertical stress and effective vertical stress changes, respectively, and
mv is the coefficient of volume compressibility.
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Figure 15. Calculation of volume compressibility coefficient.

Figure 16 illustrates the results of the calculation of the volume compressibility coef-
ficient for sand–rubber mixtures under various conditions. Based on the results, a high
rubber content leads to a high-volume compression coefficient, whereas a low rubber
content leads to a low volume compression coefficient. Furthermore, according to the
results, dense mixtures have a lower compressibility while loose mixtures have a higher
compressibility. According to Figure 17, the reason for this is that pure sand compressibility
is a result of particle rearrangement, whereas sand–rubber mixture compressibility results
from particle rearrangement and rubber-particle compressibility. Thus, the sand–rubber
mixture has a greater volume compressibility coefficient than pure sand. In addition, the
slope of changes in the volume compressibility coefficient due to soil density is higher in
sand–rubber mixtures with a high percentage of rubber. The volume compressibility coeffi-
cient of sand–rubber mixtures containing zero percent rubber remains almost unchanged
when soil density increases.
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Figure 16. The coefficient of volume compressibility versus dry density for sand with different
granular rubber contents.
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4.2. AI Modelling
4.2.1. Database Preparation

In order to employ artificial intelligence methods with the database, a random divi-
sion of the database comprising 60 datasets was conducted into two distinct groups: the
training database and the testing database. Specifically, the training database encompassed
80% of the data (48 datasets), while the testing database consists of the remaining 20%
(12 datasets). Ideally, these two databases should be almost similar in order to demonstrate
the accuracy of the model across a wide range of parameters. Tables 3 and 4 provide statis-
tical data for the training and testing databases, respectively. The statistical information of
both training and testing databases has almost similar minimum, maximum, mean, and
standard deviations.

Table 3. The statistical information of training database.

Variable Observations Minimum Maximum Mean Std. Deviation

Dry unit weight, (kN/m3) 48 618.960 1742.730 1142.927 339.775

Rubber percentage (%) 48 0.000 0.500 0.221 0.183

Normal stress (kPa) 48 30.000 200.000 97.500 65.736

Peak friction angle (◦) 48 27.950 51.680 38.165 5.495

Residual friction angle (◦) 48 27.186 49.096 34.721 4.768

Table 4. The statistical information of testing database.

Variable Observations Minimum Maximum Mean Std. Deviation

Dry unit weight, (kN/m3) 12 785.120 1650.910 1115.758 266.606

Rubber percentage (%) 12 0.000 0.500 0.217 0.134

Normal stress (kPa) 12 30.000 200.000 97.500 67.940

Peak friction angle (◦) 12 32.350 48.870 39.347 5.548

Residual friction angle (◦) 12 31.638 45.665 36.642 4.718

In order to evaluate the accuracy of the different models, six parameters, the coefficient
of determination (R2), mean absolute error (MAE), root mean square error (RMSE), mean-
squared error (MSE), mean-squared logarithmic error (MSLE) and root mean-squared
logarithmic error (RMSLE) were calculated using Equations (10)–(15).



Geosciences 2023, 13, 197 17 of 29

R2 =

[
∑N(xm − X̄m)

(
xp − X̄p

)
∑N(xm − X̄m)

2 ∑N
(

xp − X̄p
)2

]2

(10)

MAE =
∑N (xm − xp)

N
(11)

RMSE =

√
∑N
(

xm − xp
)2

N
(12)

MSE =
∑N (xm − xp)

2

N
(13)

MSLE =
∑N(log(xm + 1)− (log(xp + 1))2

N
(14)

RMSLE =

√
∑N(log(xm + 1)− (log(xp + 1))2

N
(15)

where xm, xp, xm, xp and N are the actual and predicted values, the average of the actual
and predicted values, and the number of datasets, respectively. The best model is the model
that has an R2 of 1 and an MAE, RMSE, MSE, MSLE, RMSLE equal to 0.

To prepare the database, linear normalization was used to distribute inputs and
outputs values from 0 to 1 (Equation (16)). Normalization can improve the performance of
AI methods.

xn =
(xi − xmin)

(xmax − xmin)
(16)

where xi and xn are unnormalized and normalized variable values, and xmin and xmax are
the minimum and maximum unnormalized variable values.

4.2.2. Multiple Linear Regression

In multiple linear regression (MLR), the Pearson parameter (r) is one of the most
important parameters. The Pearson correlation coefficient, often referred to as Pearson’s
r or simply the correlation coefficient, is a measure of the linear relationship between
two variables. It quantifies the strength and direction of the linear association between
two variables. When the Pearson parameter is close to zero, there is almost no linear
relationship between the two parameters. Conversely, when the Pearson parameter is close
to 1 or −1, there is a strong linear relationship between the two parameters. In addition,
the Pearson correlation matrix is a matrix that displays the pairwise correlation coefficients
between multiple variables. It provides a comprehensive overview of the correlations
between each pair of variables in a dataset. Essentially, the Pearson correlation matrix is
constructed by calculating the Pearson correlation coefficient between each pair of variables
in a dataset. The resulting matrix allows for a visual representation of the interdependencies
and relationships among the variables.

Table 5 illustrates the Pearson parameter (r) for different input and output parameters.
According to the results, the highest value of the Pearson parameter between the inputs and
outputs was found between the rubber content and peak friction angle parameters, was
equal to 0.593. This indicates that there is no strong linear relationship between input and
output parameters. Thus, more complex methods, such as those using artificial intelligence,
were required.
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Table 5. The Pearson matrix of inputs and outputs.

Dry Unit Weight Rubber Content Normal Stress Peak Friction Angle Residual Friction Angle

Dry unit weight 1 0.063 −0.451 −0.111 −0.221

Rubber content 0.063 1 −0.080 −0.593 0.526

Normal stress −0.451 −0.080 1 0.176 0.340

Peak friction angle −0.111 −0.593 0.176 1 0.672

Residual friction angle −0.221 0.426 0.340 0.672 1

In Figure 18, the predicted friction angles by the MLR model are compared with the
actual values obtained from laboratory tests. It is evident from the results that the scatter of
quantitative points is wide, which suggests that the model may be inaccurate.
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Figure 18. MLR prediction compared with actual results for: (a) ϕp, and (b) ϕr.

Tables 6 and 7 illustrate the accuracy of the MLR model based on different parameters
for the training and testing databases and for both ϕp and ϕr. For predicting the ϕp of
the model using the training database, the RMSE and R2 were equal to 3.151 and 0.664,
respectively, and for predicting the ϕr, they were equal to 3.121 and 0.562. Based on the
testing database, the RMSE and R2 values for predicting the ϕp were 3.025 and 0.676,
respectively, while the RMSE and R2 values for predicting the ϕr were 2.844 and 0.604,
respectively. According to these results, the MLR model was not capable of predicting the
two outputs with high accuracy.

Table 6. The performance of the best MLR model to predict the ϕp.

Performance Metrics Training Database Testing Database

MAE 2.502 2.661
MSE 9.929 9.150

RMSE 3.151 3.025
MSLE 0.006 0.005

RMSLE 0.078 0.073
R2 0.664 0.676
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Table 7. The performance of the best MLR model to predict the ϕr.

Performance Metrics Training Database Testing Database

MAE 2.329 2.382
MSE 9.740 8.087

RMSE 3.121 2.844
MSLE 0.007 0.006

RMSLE 0.085 0.076
R2 0.562 0.604

4.2.3. Genetic Programming

The genetic programming (GP) model was evaluated by changing the effective pa-
rameters in the model to determine the best and most optimal model. As a result, the best
GP model with the specifications stated in Table 8 was selected. In the most accurate GP
model, crossover was equal to 0.9 and the mutation parameter was equal to 0.99.

Table 8. The properties of the optimal GP model.

Population Probability of GP Operations Selection Tree Structure
Level

Random
Constants

GP Imp.
Parameters

Size Initialization Crossover Mutation Reproduction Elitism Method Tour
Size

Max.
Initial

Max.
Operation

From-
to Count Brood

Size

200 HalfHalf 0.9 0.99 0.2 1 Tournament
Selection 2 4 4 0–1 10 2

One of the influencing parameters in the accuracy and time of GP model is the size
of the population. In the beginning, size was considered equal to 500. After a lot of trial
and error, as shown in Figure 19, it was observed that 500 is a relatively high number for
population size, and that after a population size of almost 180, the accuracy of the GP
model did not significantly change. As a result, with a little approximation, 200 was chosen
for the size of the population.
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Figure 19. GP fitness simulation for the best GP model.

Based on the developed GP model, Figure 20 illustrates the predicted versus actual ϕp
and ϕr parameters. According to the results, the model was able to predict both the ϕp and
ϕr parameters accurately.
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Figure 20. GP prediction parameters compared with actual parameters for: (a) ϕp; and (b) ϕr.

Equations (17) and (18) are the results of the best GP model. The inputs and outputs
of the described functions should be normalized.

p =
r2

2 ∗ r3 ∗ GRC
(σn + r3) ∗ (r1 + σn)

+ [(r3 ∗ r1)− (σn ∗ r2)] + [γd ∗ r3 ∗ (GRC + r2)] (17)

r = r1 − (σn − r2) + (r2 − σn)
2 ∗ [(r3 + GRC)− (r4 + γd)− (r4 ∗ σn)] (18)

where GRC is the granular rubber content, σn is normal stress, γd is soils unit weight, ϕp
and ϕr are the peak and residual internal friction angles, and r1, r2, r3 and r4 are constants
and can be found in Table 9.

Table 9. Constant values in Equations (16) and (17).

Constants In Equation (16) to Calculate ϕp In Equation (17) to Calculate ϕr

r1 0.18021 0.91961

r2 0.2066 0.34778

r3 0.98255 0.28656

r4 - 0.30767

The accuracy of GP model based on different parameters for predicting two parameters
of ϕp and ϕr are shown in Tables 10 and 11. Based on the training database, GP model was
able to predict the ϕp with the RMSE and R2 of 1.958 and 0.870 and the ϕr with the RMSE
and R2 of 1.747 and 0.863. In addition, GP model was able to predict the testing database
with the RMSE and R2 of 1.186 and 0.950 for the ϕp parameter, and 1.433 and 0.899 for the
ϕr parameter. In these results, the GP model was shown to be highly accurate in predicting
both the ϕp and ϕr.
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Table 10. The performance of the best GP model to predict the ϕp.

Performance Metrics Training Database Testing Database

MAE 1.591 1.048

MSE 3.834 1.406

RMSE 1.958 1.186

MSLE 0.002 0.001

RMSLE 0.049 0.030

R2 0.870 0.950

Table 11. The performance of the best GP model to predict the ϕr.

Performance Metrics Training Database Testing Database

MAE 1.300 1.114

MSE 3.051 2.054

RMSE 1.747 1.433

MSLE 0.002 0.002

RMSLE 0.045 0.040

R2 0.863 0.899

4.2.4. Classification and Regression Random Forest

Based on a series of analyses, the best CRRF model was identified. Table 12 presents
the most important parameters in the CRRF model for the best and most optimal model.
The number of trees is one of the most important and influential parameters concerning
the time and accuracy of the CRRF model. Based on various analyses, a tree depth of
100 was determined to be the most optimal depth. Anther effective parameter is the tree
max depth parameter, which can have a significant impact on the complexity, time, and
accuracy of the CRRF model. Based on the results of the analysis, a tree max depth of seven
was determined to be the most appropriate tree max depth for this database.

Table 12. The specifications of the best CRRF.

Trees Parameters Forest Parameters

Min. Node Size Min. Son Size Max Depth Mtry CP Sampling Sample Size Number of Trees

2 1 7 2 0.00001 Random with
replacement 48 100

A comparison of the values predicted by the CRRF model versus the actual values
obtained from the experimental tests is shown in Figure 21. According to the results, the
CRRF model accurately predicted both the test and training databases.

Tables 13 and 14 present the RMSE and R2 of the CRRF model for the training and
testing databases. Based on the results, the CRRF model for the training database predicted
the ϕp with an RMSE of 1.046 and an R2 of 0.963, whereas the CRRF model using the
testing database predicted the ϕp with an RMSE of 1.121 and an R2 of 0.955. Moreover,
the results showed that the RMSE and R2 of the CRRF model for predicting ϕr for the
training database were 1.116 and 0.944, respectively, and for the testing database they were
1.193 and 0.930, respectively. According to these results, the CRRF model is highly accurate
in predicting both the ϕp and ϕr parameters.
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Figure 21. The actual values versus the predicted values of: (a) ϕp; and (b) ϕr, for the best CRRF for
both the training and testing databases.

Table 13. The performance of the best CRRF model to predict the ϕp.

Performance Metrics Training Database Testing Database

MAE 0.893 0.910

MSE 1.093 1.256

RMSE 1.046 1.121

MSLE 0.001 0.001

RMSLE 0.027 0.025

R2 0.963 0.955

Table 14. The performance of the best CRRF model to predict the ϕr.

Performance Metrics Training Database Testing Database

MAE 1.023 1.106

MSE 1.245 1.423

RMSE 1.116 1.193

MSLE 0.001 0.001

RMSLE 0.032 0.032

R2 0.944 0.930

5. Discussion
5.1. Particle Morphology

Granular rubber is available in a variety of particle sizes, and shapes, which can affect
shear strength. Several studies have been published in the literature that investigated the
sand–rubber mixture at different size ratio (S.R.) [39,77–79]. To investigate the effect of SR
on shear strength, two SRs were used. For two particulate rubber sizes in the experiments,
the SRs were 1.59 and 5.22, respectively. As illustrated in Figure 22, the mixture with an SR
equal to 5.22 had a higher shear strength than the mixture with an SR of 1.59 in the dense
state and at a normal stress of 200 kPa. These results were compliant with the Rouhanifar
experiment [77] where a higher SR produced higher shear strength.
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5.2. Active Lateral Pressure

Building retaining walls to retain soil in a specific area is a very common method
of construction in geotechnical engineering. To construct retaining walls, it is necessary
to determine the lateral pressure. A practical example in the discussion of sand–rubber
mixtures is the effect of their density on lateral pressure. Studies have shown that the low
density of the sand–rubber mixture can have a positive effect on the lateral pressure [40].
The lateral pressure can be calculated using Equation (19) for different depths.

σh =
γz(1− sinϕ)

(1 + sinϕ)
− 2c

cosϕ

(1 + sinϕ)
(19)

where σh is horizontal pressure, γ is the unit weight of soil, z is depth, ϕ is the internal
friction angle of soil and, c is the soil cohesion. Lateral pressures were calculated for
different densities in this study. It was assumed that the soil depth is one meter for this
purpose. Figure 23 illustrates the results of the calculation for different densities. With an
increase in rubber content in the mixture, the lateral pressure of the soil decreased. These
results confirm that rubber-sand mixtures can be used in retaining walls as lightweight
materials, which will help to reduce design costs.
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Figure 23. Lateral pressure versus dry density of sand–rubber mixtures at different dry densities and
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5.3. Comparison of AI Models

Based on the testing database, and for both outputs (ϕp and ϕr), Table 15 compares
the results of the different mathematical models. According to the obtained results, for
predicting ϕp, the MLR method had the highest MAE, MSE, RMSE, MSLE and RMSLE,
and the lowest R2, while the CRRF model had the lowest MAE, MSE, RMSE, MSLE and
RMSLE, and highest R2. In addition, the MLR model had the weakest R2 prediction
for ϕr, while the CRRF model had the best performance. The results suggest that both
artificial intelligence models, namely CRRF and GP, are capable of accurately predicting
both output parameters.

Table 15. The results of three mathematical models for testing database.

Performance
Metrics

Peak Friction Angle (ϕp) Residual Friction Angle (ϕr)

MLR CRRF GP MLR CRRF GP

MAE 2.661 0.910 1.048 2.382 1.106 1.114
MSE 9.150 1.256 1.406 8.087 1.423 2.054

RMSE 3.025 1.121 1.186 2.844 1.193 1.433
MSLE 0.005 0.001 0.001 0.006 0.001 0.002

RMSLE 0.073 0.025 0.030 0.076 0.032 0.040
R2 0.676 0.955 0.950 0.604 0.930 0.899

5.4. The Importance of Input Parameters

In artificial intelligence models, one of the most important debates is the impor-
tance of parameters. To determine the importance of each parameter, the values of the
input parameters are individually increased and decreased by 100%, while the values of
other input parameters are unchanged. The next step in our study was to calculate the
error in the model caused by these changes. Figures 24 and 25 illustrate the maximum
errors created for each input parameter for the prediction of ϕp and ϕr, respectively.
For both output parameters, normal stress had the highest error. This means that
the models are more sensitive to changes in this parameter, so the importance of this
parameter is high.
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Figure 24. Variable importance, the increase in MAE for: (a) ϕp; and (b) ϕr based on the GP.
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Figure 25. Variable importance, the increase in MAE for: (a) ϕp; and (b) ϕr based on the CRRF.

According to Table 16, both the ϕp and ϕr parameters are ranked in order of importance,
where 1 indicates the most important and 3 indicates the least important. It was found that
normal stress was the most significant factor in predicting both output parameters. The
high importance of normal stress in predicting both output parameters could be explained
by the fact that changes in normal stress can significantly affect the sand–rubber mixture
density, as well as its shear strength and friction angle, which are key factors in resisting
sliding under shear stress.

Table 16. The results of importance analysis for both AI methods.

Rubber Content Normal Stress Dry Unit Weight

GP CRRF GP CRRF GP CRRF

Øp 2 3 1 1 3 2

Ør 2 3 1 1 3 2

The observed difference in the importance rankings of rubber content and dry unit
weight in the GP and CRRF models may be attributable to differences in their methodologies
and learning approaches. GP relies on evolutionary algorithms and the evolution of pro-
gram populations, whereas CRRF operates as an ensemble learning technique that combines
multiple decision trees. These divergences in their techniques and internal mechanisms can
contribute to divergent interpretations and rankings of the significance of input parameters.

6. Conclusions

Shear strength is an important parameter in geotechnical engineering that represents
the ability of a soil to resist deformation when subjected to forces. The shear strength of
a sand–rubber mixture is especially critical in geotechnical design as it determines the load-
bearing capacity and stability of slopes, retaining structures, and foundations. The addition
of rubber to sand improves its shear strength, making it a suitable material for construction
on soft soils and for reducing the settling of structures built on it. Understanding the
shear strength of sand–rubber mixtures is essential for ensuring the stability and longevity
of geotechnical structures, and it is an important factor in the selection and design of
appropriate construction materials and methods. The aim of this study was to examine the
shear strength behavior of sand–rubber mixtures in direct shear tests. Two different sizes of
rubber and one of sand were utilized, with the sand being mixed with various percentages
of rubber (0%, 10%, 20%, 30%, and 50%). The mixtures were prepared in three states of
density (loose, slightly dense, and dense), and shear stress was evaluated under four normal
stress conditions (30, 55, 105, and 200 kPa). Below are a few highlights of the results:
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• The Mohr–Coulomb criteria cannot be effectively applied to sand–rubber mixtures
as rubbers are compressible and the friction angle depends on normal stress, un-
like incompressible soils where the friction angle remains constant with increases in
normal stress;

• A high rubber content results in a high-volume compression coefficient, while a low
rubber content results in a low-volume compression coefficient. Dense mixtures have
lower compressibility, while loose mixtures have higher compressibility;

• The MLR model had low accuracy in predicting both ϕp and ϕr, with RMSE and R2

values of 3.151 and 0.664 for the training database, and 3.025 and 0.676 for the testing
database for the ϕp, and 2.844 and 0.604 for the ϕr for the testing database;

• Using the GP model, two equations to calculate ϕp and ϕr were proposed. The GP
model achieved an RMSE of 1.958 and R2 of 0.870 for the ϕp and an RMSE of 1.747 and
R2 of 0.863 for the ϕr based on the training database. The model also exhibited high
accuracy in predicting the ϕp, with an RMSE of 1.186 and R2 of 0.950, and the ϕr,
with an RMSE of 1.433 and R2 of 0.899 based on the testing database. These results
demonstrate the exceptional predictive capability of the GP model for both the ϕp
and ϕr;

• The CRRF model accurately predicted ϕp with low RMSE and high R2 values for
both the training (RMSE 1.046, R2 0.963) and testing (RMSE 1.121, R2 0.955) databases.
The results showed high accuracy for ϕr predictions as well (training RMSE 1.116,
R2 0.944, testing RMSE 1.193, R2 0.93);

• The mixture with a size ratio of 5.22 had higher shear strength compared with the
mixture with a size ratio of 1.59 under normal stresses of 200 kPa in a dense state;

• An increase in rubber content in the mixture decreased lateral earth pressure, confirm-
ing that the sand–rubber mixture can be used as a lightweight material in retaining
walls, thereby reducing costs;

• The importance of parameters in AI models is determined by individually increas-
ing/decreasing the values of input parameters and calculating the resulting error in
the model. Results showed that normal stress had the highest error for both output pa-
rameters, indicating that the models are highly sensitive to changes in this parameter,
making it the most important.
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