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Abstract 

Wind energy plays an indispensable role among various renewable energy sources due to its 

eco-friendly and low-cost features. Environmental factors, including wind, wave, and seismic 

activity, may induce vibrations that are beyond the acceptable level on wind turbines, 

potentially compromising their structural functionality and safety. Hence it is necessary to 

investigate and reduce the adverse vibrations caused by external excitations. 

Numerous methods have been developed to mitigate the vibrations of wind turbine towers, 

including the implementation of passive vibration control devices such as tuned mass 

dampers (TMDs), tuned liquid column dampers (TLCDs), tuned liquid dampers (TLDs), etc. 

It should be noted that better control effectiveness of the above-mentioned control devices is 

normally achieved by using a large auxiliary mass. Furthermore, conventional control 

devices are normally installed at the top of the tower or within the nacelle. The restricted 

space within the tower and nacelle presents considerable challenges for the implementation 

of such devices, rendering the utilization of large-scale control mechanisms unfeasible for 

the mitigation of vibrations in wind turbine towers. 

Recently, a novel vibration control device, termed KDamper, has been proposed. The 

integration of a negative stiffness element within the damper imparts exceptional vibration 

control characteristics and considerable promise for application in wind turbine vibration 

control. However, very limited studies on applying KDamper to wind turbine towers for 

vibration mitigation have been reported. Hence, it is essential to understand the effect of 

KDamper on reducing wind turbine responses. 

This study firstly reviews the current vibration control techniques for wind turbines and their 

corresponding pros and cons. Then the concept of KDamper and the critical parameters that 

influence the dynamic response of KDamper are introduced, and the analytical solutions for 

the optimal negative stiffness and damping ratios are derived. The NREL 5 MW wind turbine 

is selected as the prototype structure, 10 different connecting configurations of applying 



 

III 

KDamper to the wind turbine model are considered, and the optimal parameters for each 

connecting configuration are calculated. The wind turbine tower's dynamic responses, 

governed by each connecting configuration of the KDamper, are examined in the frequency 

domain. A comparative analysis and discussion of the control effects on displacement and 

acceleration responses between the TMD and KDamper are also conducted when the wind 

turbine is subjected to a series of seismic ground motions. The robustness of the KDamper is 

further investigated with increased and decreased structural frequencies. The results indicate 

that the KDamper outperforms the TMD in reducing the displacement and acceleration 

responses under different seismic ground motions. The KDamper also exhibits superior 

robustness than the TMD counterpart against structural frequency variations. 
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Charpter 1  Introduction 

1.1 Background 

With the depletion of fossil energy storage, wind energy shows its indispensability as a clean 

energy source. The growth and expansion of wind farms have experienced significant 

acceleration in the last decade, especially in recent years. According to the Global Wind 

Energy Council, the global wind turbine installation reached a total of 873 GW by the end of 

2021, representing a 3,492% increase compared to 2011 [1].  

Wind turbines, the device for extracting wind energy and converting it to electricity, have 

been built in various locations that are rich in wind resources. As a result, wind turbines are 

subjected to different kinds of environmental loadings, such as wind, wave, and earthquake. 

These external excitations can cause undesired vibration and jeopardize structural integrity 

and reduce the performance of wind turbines. Moreover, to maximise the efficiency of energy 

extraction, modern wind turbines are designed with tall towers, large rotors, and lightweight 

materials, which makes wind turbines vulnerable to these unfavourable vibrations. As an 

illustration, the latest NREL 5 MW three-bladed wind turbine has a rotor diameter of 126 m 

and a tower height of 87.6 m, with a maximum tower wall thickness of 0.027 m only [2]. It 

is therefore important to find proper methods to suppress these unfavourable vibrations 

caused by environmental loads, so that the functionality of wind turbines can be maintained, 

and the energy extraction efficiency can be maximized. 

1.2 Research objective 

The primary aim of this thesis is to employ KDamper, in combination with customized 

installation arrangements, to mitigate wind turbine tower vibrations when it is subjected to 

seismic excitations. To this end, both analytical analyses and numerical simulations are 

conducted. The specific purposes of this thesis are as follows: 

(1) To propose using KDamper for wind turbine tower vibration control, reveal the 
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factors influencing its performance and its basic properties, and understand the 

dynamic performance of KDamper in the frequency domain with respect to different 

negative stiffness ratios and connecting configurations. 

(2) To investigate the dynamic responses of the wind turbine tower, including the 

displacement responses, acceleration responses, and robustness, under various 

seismic ground motions through the implementation of different control strategies. 

1.3 Research outline 

This thesis comprises six chapters, and the outline is as follows: 

Chapter 1 introduces the background, research objective, and research outline. 

Chapter 2 provides a comprehensive review of the existing literature on the topic. 

Chapter 3 reviews the concept of KDamper, and investigates the influences of different 

mechanical parameters, including mass ratio, damping ratio and negative stiffness ratio, on 

KDamper’s dynamic performance. Optimal selections of these parameters are also conducted 

to reveal the basic properties of KDamper. 

In Chapter 4, the NREL 5MW wind turbine is adopted as the investigated model for this 

research. The equations of motion of the system equipped with KDamper are derived, and 

the optimal parameters are obtained for different configurations. 

In Chapter 5, the dynamic responses of the system are analyzed in both the frequency and 

time domains. The performance of optimized TMD and optimized KDamper with different 

setups are firstly compared in the frequency domain, and one configuration is further selected 

to perform the time domain analysis. Then, the effectiveness of TMD and KDamper, 

including in mitigating the displacement and acceleration responses, and the robustness of 

the system, are compared and discussed under different seismic excitations. 

Chapter 6 presents the main conclusions and recommendations for future works.
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Charpter 2  Literature review 

2.1 Introduction 

Excessive vibrations caused by external excitations can cause negative impact on the 

functionality of wind turbines, compromising the conversion of wind energy into electricity, 

reducing the lifespan of structural components, and in severe cases, resulting in the complete 

collapse of the wind turbine (see Figure 2-1 [3]). To guarantee the safety and operationality 

of wind turbines, various approaches have been developed to reduce and control the excessive 

vibrations. Comprehensive reviews on wind turbine vibration mitigation have been provided 

in [4, 5]. 

 

Figure 2-1. On-site photo of a collapsed wind turbine [3]. 

In this chapter, various control strategies for wind turbine vibration mitigation are reviewed,  

mainly focusing on passive control methods. In addition, the development of negative 

stiffness damper is presented and the existing studies on KDamper and its applications are 

reviewed. 
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2.2 Control strategies of wind turbines 

A significant amount of research has been devoted to controlling the vibrations of wind 

turbine towers through the application of various control devices when the wind turbine is 

exposed to wind, wave, and seismic loads. 

These methods can be generally categorised into three strategies, namely passive, active and 

semi-active. Active [6-8] and semiactive control [9-11] methods require external power input, 

which inevitably increases the complexity of the system. Therefore, they are less widely used 

in engineering practices compared to the passive control strategies. 

The passive control approach does not require any external power source and only utilizes its 

motions to absorb and dissipate the vibration energy. The most commonly utilized passive 

control device is the tuned mass damper (TMD), which works by attaching an auxiliary mass 

to the primary vibrating structure using a spring and a dashpot, as shown in Figure 2-2. The 

TMD's natural frequency is adjusted to match the vibration frequency of the main structure, 

causing the damper to resonate out of phase with the structure. This leads to the efficient 

transfer of vibrational energy from the main structure to the TMD, which is then absorbed 

and dissipated by the damper. Various implementations of TMD on wind turbines have been 

proposed, including applying single TMD [12, 13] and bi-directional TMDs [14-16] in the 

nacelle, installing multiple TMDs in the hollow tower [17], etc. 

 

Figure 2-2. A main structure-TMD system [4]. 

Instead of adopting auxiliary mass as the oscillator to absorb excess energy, liquid has also 
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been proposed to serve as the energy dissipator. In terms of wind turbine vibration mitigation, 

tuned liquid column damper (TLCD) [18, 19], tuned liquid column gas damper (TLCGD) 

[20-22], and tuned liquid damper (TLD) [23-27] have been developed and examined 

numerically or experimentally. These passive devices are proven effective in suppressing the 

excessive vibrations on wind turbine towers, by either numerical studies  [12, 13, 15, 28, 29] 

or experimental research [23, 30-32]. 

However, conventional passive control devices are normally proposed to be installed in the 

nacelle [12-16, 18-27] and at the upper location inside the tower [17]. In fact, the space in 

the nacelle is limited due to the existence of other vital parts, such as the gearbox and 

generator, which makes the installation of vibration control devices not straightforward. 

Moreover, the space within the tower top is also constrained due to the tower's design, where 

the radius decreases from bottom to top, posing further limitations on the installation of 

vibration control devices. Also, to achieve desired vibration mitigation effectiveness, a 

substantial amount of auxiliary mass is normally required in the conventional passive 

dampers, which may increase the manufacture and maintenance costs of the wind turbine. 

2.3 Development of negative stiffness damper 

To minimize the amount of oscillating mass needed to stabilize heavy primary structures, 

such as high-rise buildings and wind turbine towers, the concept of negative stiffness 

elements was firstly introduced by Molyneaux [33], and later developed by Platus with 

milestone progression [34]. The fundamental idea behind negative stiffness elements is to 

significantly decrease the stiffness of the isolator, which leads to a decrease in the natural 

frequency of the system to almost zero [35]. This reduction in the natural frequency results 

in a decrease in the transmissibility of the system for all frequencies above the natural 

frequency, thus improving the vibration isolation performance. 

The primitive negative stiffness oscillators that adopt the mechanism mentioned above are 

called “Quasi Zero Stiffness” (QZS) oscillators [35]. However, the application of QZS 
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oscillators leads to a drastic reduction in the stiffness of the structure, which significantly 

limits the static loading capacity of such structures. 

Negative stiffness elements, when combined with positive stiffness components, form the 

foundation of a range of innovative negative stiffness damper designs. Li et al. [36] 

thoroughly examined these negative stiffness dampers and presented a comprehensive review. 

By incorporating negative stiffness elements, the fundamental vibration frequency of the 

protected structure is effectively reduced, and the force or displacement transmission is 

minimized, due to the unique behaviour of negative stiffness elements in the system. As 

depicted by Equation (2) from Li et al. [36], 𝑈 = −
1

2
𝑘𝐷2, the potential energy stored within 

a system subjected to negative stiffness is inversely related to deformation. This negative 

potential energy indicates a system that loses energy during deformation, characterizing the 

damping effect of negative stiffness. Furthermore, this damping effect is visually 

demonstrated in Figure 3, which illustrates the force-displacement relationship in a system 

exhibiting negative stiffness. The figure shows that at a certain displacement, the force 

required to maintain the buckled (negative stiffness) state is less than that for the unbuckled 

state, thus evidencing reduced force transmission. This is essential to understanding how the 

introduction of negative stiffness elements to a damper design can result in a significant 

reduction in the transmission of vibrations through the damper, thereby protecting the 

structure from excessive movements and forces. 
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(a) Different transition states (b) Force–displacement relationship 

Figure 3. The beam buckling process [36] 

Concurrently, positive stiffness elements are employed to provide the necessary load-

carrying capacity to the system. This strategic combination allows negative stiffness dampers 

to achieve a high level of vibration isolation while simultaneously maintaining overall system 

stability and integrity [36]. Various mechanisms have been reported to realize the negative 

stiffness elements in the damper such as coil spring [33, 37-39], disk spring [40], pre-bulked 

beams [41, 42], and magnetism [43]. Several studies have investigated the compatibility and 

effectiveness of adopting negative stiffness dampers for structural vibration isolation such as 

in buildings [44-46] and bridges [47-50]. These studies also demonstrated the effectiveness 

of using negative stiffness dampers for structural vibration isolation. 

2.4 KDamper 

Based on the 2-DOF negative stiffness oscillator in [51], Antoniadis et al. proposed a novel 

type of negative stiffness damper dubbed KDamper [52]. An auxiliary mass was added to the 

internal DOF to achieve some of the vibration mitigation features of TMD. A comparison 

between the QZS oscillator and the KDamper is provided in Figure 2-4. 

 

(a) QZS oscillator (b) KDamper 

Figure 2-4. Fundamental layout of QZS oscillator and KDamper [52] 

The realization of KDamper was then reported by using the horizontal-spring sliders [52] and 
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disc springs, respectively [53]. Disk spring configuration was also reported to present some 

extra advantages over horizontal-spring configuration, such as better compactness, abilities 

to withstand heavy loads and stresses, less mechanical complexity, and improved structural 

robustness [53]. The outcomes of the analyses indicated its capability to achieve effective 

vibration mitigation in the entire frequency range with a minimal value of additional mass. 

Applications of utilizing KDamper to protect engineering structures, including a single pie 

bridge [54] and wind turbines [55], from unfavourable vibrations caused by external loadings 

were recently reported. The numerical results indicated that the utilization of KDamper 

results in significant reductions in the structural dynamic responses, and usually, the efficacy 

of the control is more conspicuous as compared to that of conventional vibration mitigation 

devices (e.g., seismic isolation bearings for the bridge, and TMDs for wind turbines). 

Although TMDs are known for their straightforward design and robustness, KDamper offers 

an attractive alternative that upholds acceptable levels of simplicity and reliability but with 

enhanced damping characteristics that are particularly beneficial in certain challenging 

applications like wind turbine vibration control.  

Figure 2-5 shows the installation layout of KDmaper in the wind turbine as suggested in [55]. 

As shown, the KDamper was installed at the top of the wind turbine tower, and the negative 

stiffness element is linked to the ground. The considerable height of the tower may make this 

design not easy to be implemented in engineering practices. 
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Figure 2-5. The configuration of applying KDamper to a wind turbine model proposed in [55]. 

 

2.5 Summary 

This chapter presents a comprehensive literature review on the control strategies for wind 

turbine vibration mitigation, the development of negative stiffness damper, and the concept 

and application of KDamper are also discussed. The main findings are summarized as follows:  

(1) In previous studies, diverse techniques have been suggested to reduce and control the 

unfavourable vibrations of wind turbines. Conventional passive dampers, such as TMD and 

TLCD, are normally proposed to be installed at the top of the hollow tower or inside the 

nacelle to achieve maximum vibration mitigation effectiveness. However, the very limited 

available space and the requirement of a substantial amount of auxiliary mass make the 

applications of conventional passive vibration control devices not straightforward. 

(2) The integration of negative stiffness elements into vibration control strategies addresses 
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these limitations by enabling the use of a reduced oscillating mass. This is achieved through 

the approach of negative stiffness, which allows for the conservation of energy in a manner 

that requires less mass to be moved by the damper system for effective vibration absorption. 

By incorporating positive stiffness elements with negative stiffness elements, various designs 

of negative stiffness dampers were proposed, which made it possible to achieve effective 

vibration isolation while maintaining system stability. 

(3) A novel type of negative stiffness damper, termed KDamper, was proposed and proven to 

be able to provide superior vibration isolation properties than a TMD. The attempt of adapting 

KDamper as the vibration control device for wind turbine towers was also reported. However, 

the proposed installation configuration may make it not easy to be implemented in 

engineering practice. 

Despite the extensive body of work in this area, there remain specific aspects that have not 

been thoroughly explored and are addressed in this thesis. These include: 

(1) Integration and Optimization of KDamper: While existing studies have discussed the 

concept and potential applications of KDamper, there is a lack of comprehensive 

research on integrating and optimizing KDamper in wind turbine systems. This thesis 

contributes by exploring novel ways to implement KDamper, enhancing its efficiency 

and compatibility with wind turbines. 

(2) Comparative Evaluation with Conventional Systems: Prior research has often treated 

vibration mitigation systems in isolation. This thesis provides a comparative analysis 

of KDamper with traditional systems like TMD, offering a detailed evaluation of its 

performance relative to these established technologies. 

(3) Addressing Installation and Space Constraints: Although the limited space in wind 

turbine nacelles for installing vibration control devices is a known issue, there is 

scarce research on designing dampers that work effectively within these constraints. 

This thesis aims to address this gap by proposing design modifications for KDamper 

that make it more suitable for constrained spaces. 
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(4) Adequacy of Numerical Research on Seismic Excitation: Previous research has not 

adequately investigated the effectiveness of KDamper under various seismic 

excitations. This thesis addresses this by optimizing KDamper with white noise to 

ensure its capability against diverse external excitations. Furthermore, a wide range 

of earthquake scenarios is chosen to investigate the damper's effectiveness, marking 

a first in this area of research. 

By addressing these research gaps, this thesis aims to make a substantial contribution to the 

field of wind turbine vibration mitigation, particularly in enhancing the understanding and 

application of KDamper. 
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Charpter 3  KDamper and its basic properties 

3.1 Basic layout of TMD and KDamper 

Figure 3-1(a) shows an undamped main structure (containing a mass 𝑀, and stiffness 𝑘𝑆) 

controlled by a TMD. In a TMD system, the auxiliary mass 𝑚𝐷 is linked to the main structure 

through a spring 𝑘𝐷 and a dashpot 𝑐𝐷. By adjusting the natural frequency of the TMD to 

match that of the main structure, the TMD can vibrate out of phase with the main structure 

during its vibration, which causes a significant amount of the structural vibration energy to 

be transferred to the TMD, and this energy is then dissipated by the dashpot. The vibration 

of the main structure is therefore mitigated. 

 

 (a) TMD (b) KDamper 

Figure 3-1. Fundamental layout of TMD and KDamper 

Figure 3-1(b) depicts the configuration of a typical KDamper, which includes a negative 

stiffness component in its system. Unlike TMD, the additional mass 𝑚𝐷 in KDamper is not 

only linked to the primary structure via a positive stiffness component 𝑘𝑃 and a dashpot 𝑐𝐷, 

but also attached to the foundation through a negative stiffness element possessing a value of 

𝑘𝑁 . This configuration preserves the system with a total static stiffness as described in 

Equation (3-1), where 𝑘𝑠𝑡  denotes the total static stiffness of a single-degree-of-freedom 

(SDoF) system without damping. 
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𝑘𝑠𝑡 = 𝑘𝑆 +
𝑘𝑃𝑘𝑁

𝑘𝑃 + 𝑘𝑁
 (3-1) 

As a result, KDamper overcomes the inherent flaw of QZS oscillators, which are with the 

very limited loading capacity caused by the drastically decreased static stiffness of the system. 

3.2 Optimization and comparison between TMD and KDamper 

To compare the performance of KDamper and TMD, and better reveal the basic properties of 

KDamper, the selection of optimal design parameters is performed for both the TMD and 

KDamper. To facilitate the optimization of TMD and KDamper, and achieve a clear 

comparison of the performance between these two types of vibration absorbers, the damping 

of the main structure is ignored. 

As shown in Figure 3-1, an external force with a time-varying value of 𝐹𝑡 = 𝑃0 sinω 𝑡 is 

applied to the main structure for both the TMD and KDamper systems. The vertical 

displacement of the main structure, which is the primary component of the system, is denoted 

by the variable 𝑥. Similarly, the vertical displacement of the auxiliary mass is denoted by the 

variable 𝑦. The equation of motion for the TMD system can be expressed as a set of second-

order linear differential equations, as shown below: 

𝑀𝑥̈ + 𝑘𝑆𝑥 + 𝑘𝐷(𝑥 − 𝑦) + 𝑐𝐷(𝑥̇ − 𝑦̇) = 𝑃0 sinω 𝑡 (3-2) 

𝑚𝐷𝑦̈ − 𝑘𝐷(𝑥 − 𝑦) − 𝑐𝐷(𝑥̇ − 𝑦̇) = 0 (3-3) 

Similarly, the equation of motion for the KDamper system is: 

𝑀𝑥̈ + 𝑘𝑆𝑥 + 𝑘𝑃(𝑥 − 𝑦) + 𝑐𝐷(𝑥̇ − 𝑦̇) = 𝑃0𝑠𝑖𝑛𝜔𝑡 (3-4) 

𝑚𝐷𝑦̈ − 𝑘𝑃(𝑥 − 𝑦) + 𝑘𝑁𝑦 − 𝑐𝐷(𝑥̇ − 𝑦̇) = 0 (3-5) 

Equations (3-2) and (3-3) can be expressed in the frequency domain as follows:  

−𝜔2𝑀𝑋 + 𝑘𝑆𝑋 + 𝑘𝐷(𝑋 − 𝑌) + 𝑗𝜔𝑐𝐷(𝑋 − 𝑌) = 𝑃0 (3-6) 
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−𝜔2𝑚𝐷𝑌 − 𝑘𝐷(𝑋 − 𝑌) − 𝑗𝜔𝑐𝐷(𝑋 − 𝑌) = 0 (3-7) 

and the equations of motion of the KDamper system become: 

−𝜔2𝑀𝑋 + 𝑘𝑆𝑋 + 𝑘𝑃(𝑋 − 𝑌) + 𝑗𝜔𝑐𝐷(𝑋 − 𝑌) = 𝑃0 (3-8) 

−𝜔2𝑚𝐷𝑌 − 𝑘𝑃(𝑋 − 𝑌) + 𝑘𝑁𝑌 − 𝑗𝜔𝑐𝐷(𝑋 − 𝑌) = 0 (3-9) 

where 𝑋   and 𝑌 are the complex response amplitudes, as in:   

𝑥(𝑡) = 𝑋 exp(𝑗ω𝑡) (3-10) 

𝑦(𝑡) = 𝑌 exp(𝑗ω𝑡) (3-11) 

It is apparent that the equations of motion for the TMD system and the KDamper system are 

identical when the negative stiffness element terms (𝑘𝑁𝑦, 𝑘𝑁𝑌) are not present. From the 

complex form of motion equation sets, the transfer function of both systems can be derived: 

For TMD:   

𝑋

𝑥𝑠𝑡

=
[(−𝜔2𝑚𝐷 + 𝑘𝐷) + 𝑗𝜔𝑐𝐷]𝑘𝑆

[(−𝜔2𝑀 + 𝑘𝑆)(𝑘𝐷−𝜔2𝑚𝐷)−𝜔2𝑚𝐷𝑘𝐷] + 𝑗𝜔𝑐𝐷(−𝜔2𝑚𝐷−𝜔2𝑀 + 𝑘𝑆)
 

(3-12) 

where 𝑥𝑠𝑡 is the static deflection of the main structure in Figure 3-1(a), which 

is given by:  
 

𝑥𝑠𝑡 = 𝑃0/𝑘𝑆 (3-13) 

 

For KDamper:   

𝑋

𝑥𝑠𝑡
=

[(−𝜔2𝑚𝐷 + 𝑘𝑃 + 𝑘𝑁) + 𝑗𝜔𝑐𝐷]𝑘𝑆 

(−𝜔2𝑀 + 𝑘𝑆 + 𝑘𝑃 + 𝑗𝜔𝑐𝐷)(−𝜔2𝑚𝐷 + 𝑘𝑃 + 𝑘𝑁 + 𝑗𝜔𝑐𝐷) − (𝑘𝑃 + 𝑗𝜔𝑐𝐷)2
 (3-14) 

where 𝑥𝑠𝑡 is the static deflection of the main structure in Figure 3-1(b), which 

is given by:  
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𝑥𝑠𝑡 = 𝑃0/ (𝑘𝑆 +
𝑘𝑃 ⋅ 𝑘𝑁

𝑘𝑃 + 𝑘𝑁
) (3-15) 

From which the expressions of transmissibility (𝑇𝑟 ) can be derived by eliminating the 

imaginary terms in the transfer functions:  

For TMD:   

𝑇𝑟 = |
𝑋

𝑥𝑠𝑡

| = √
[(−𝜔2𝑚𝐷 + 𝑘𝐷) + (𝜔𝑐𝐷)2] 𝑘𝑆

2

[(−𝜔2𝑀 + 𝑘𝑆)(𝑘𝐷−𝜔2𝑚𝐷)−𝜔2𝑚𝐷𝑘𝐷]2 +  (𝜔𝑐𝐷)2(−𝜔2𝑚𝐷−𝜔2𝑀 + 𝑘𝑆)
2
 (3-16) 

 

For KDamper:   

𝑇𝑟 = |
𝑋

𝑥𝑠𝑡
|

= √
[(−𝜔2𝑚𝐷 + 𝑘𝑃 + 𝑘𝑁) + (𝜔𝑐𝐷)2] 𝑘𝑆

2

[(−𝜔2𝑀 + 𝑘𝑆 + 𝑘𝑃)(𝑘𝐷−𝜔2𝑚𝐷) − 𝑘𝑃
2]2 +  (𝜔𝑐𝐷)2[(−𝜔2𝑀 + 𝑘𝑆 + 𝑘𝑃)(𝑘𝐷−𝜔2𝑚𝐷) − 2𝑘𝑃]2

 

(3-17) 

To get the dimensionless form of the transmissibility, the following parameters are defined: 

Natural Frequency of the System: 𝜔𝑛 = √𝑘𝑆 𝑀⁄  (3-18) 

Natural Frequency of the TMD: 𝜔𝐷 = √𝑘𝐷 𝑚𝐷⁄  (3-19) 

Natural Frequency of the KDamper: 𝜔𝐷 = √(𝑘𝑃 + 𝑘𝑁) 𝑚𝐷⁄  (3-20) 

Damping Ratio of the TMD: 𝜉𝐷 = 𝑐𝐷 2√𝑚𝐷𝑘𝐷⁄  (3-21) 

Damping Ratio of the KDamper: 𝜉𝐷 = 𝑐𝐷 2√𝑚𝐷(𝑘𝑃 + 𝑘𝑁)⁄  (3-22) 

Mass Ratio: 𝜇 = 𝑚𝐷 𝑀⁄  (3-23) 

Natural Frequency Ratio: 𝑓 = 𝜔𝐷 𝜔𝑛⁄  (3-24) 

Forced Frequency Ratio: 𝑔 = 𝜔 𝜔𝑛⁄  (3-25) 

Negative Stiffness Ratio: 𝑅𝑘 = −𝑘𝑁 𝑘𝐷⁄ = −𝑘𝑁 (𝑘𝑁 + 𝑘𝑃)⁄  (3-26) 
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Then, for both systems, the dimensionless form of transmissibility can be expressed as: 

𝑇𝑟 = √
𝐴2 + (2𝜉𝐷)2𝐵2

𝐶2 + (2𝜉𝐷)2𝐷2
 (3-27) 

where, for TMD: 

𝐴 = 𝑓2 − 𝑔2 (3-28) 

𝐵 = 𝑓 ∙ 𝑔 (3-29) 

𝐶 = 𝑔4 − 𝑔2(1 + 𝜇𝑓2 + 𝑓2) + 𝑓2 (3-30) 

𝐷 = 𝑔𝑓[1 − 𝑔2(1 + 𝜇)] (3-31) 

and, for KDamper: 

𝐴 = 𝑓2 − 𝑔2 (3-32) 

𝐵 = 𝑓 ∙ 𝑔 (3-33) 

𝐶 = 𝑔4 − 𝑔2[1 + 𝜇𝑓2(1 + 𝑅𝑘)
2 + 𝑓2] + 𝑓2 (3-34) 

𝐷 = 𝑔𝑓[1 − 𝑔2(1 + 𝜇) + 𝜇𝑓2𝑅𝑘
2] (3-35) 

It can be noticed that if the negative stiffness ratio is set to zero, i.e., Rk = 0, Equation (3-34) 

will be reduced to Equation (3-30), and Equation (3-35) will be reduced to Equation (3-31). 

With the dimensionless expression of transmissibility, the optimal natural frequency ratio 

(𝑓𝑜𝑝𝑡) can be found out by satisfying the following equation: 

𝜕𝑇𝑟

𝜕𝜉𝐷
= 0 (3-36) 

which yields: 

For TMD:   
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𝑓𝑜𝑝𝑡 =
1

1 + 𝜇
 (3-37) 

For KDamper:  

𝑓𝑜𝑝𝑡 = √
1

(1 + 𝜇)(1 + 𝜇 + 𝜇𝑅𝑘) − 𝜇𝑅𝑘
2 (3-38) 

Due to the intricate and lengthy nature of the derivation process, the full set of steps to obtain 

the optimal natural frequency ratio from Equation (3-36) for the KDamper is beyond the 

scope of this document. Reference [52] should be consulted for the detailed derivation. 

From which, the expression of the optimal maximum transmissibility (𝑇𝑟max (𝑜𝑝𝑡)
) of the two 

systems are: 

For TMD:   

𝑇𝑟𝑚𝑎𝑥 (𝑜𝑝𝑡)
= √

𝜇 + 2

𝜇
 (3-39) 

For KDamper:  

𝑇𝑟𝑚𝑎𝑥 (𝑜𝑝𝑡)
= √

𝜇 + 2

𝜇
∙ [

(1 + 𝜇 + 𝜇𝑅𝑘)(1 + 𝜇) − 𝜇𝑅𝑘
2

(1 + 𝜇)2(1 + 𝑅𝑘)
] (3-40) 

The optimal selection of the damping ratio for TMD can be derived from Equation (3-36): 

𝜉𝐷_𝑜𝑝𝑡 = √3𝜇/8(1 + 𝜇)3 (3-41) 

While the analytical determination of the optimal damping ratio for the KDamper presents 

complexities, a numerical search method is typically employed to pinpoint its value. In this 

approach, the objective function is defined as minimizing the maximum value of the transfer 

function. This involves identifying the damping ratio at which the transfer function's 

maximum value reaches its lowest point. The search is constrained within the physically 
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meaningful range of the damping ratio, specifically between 0 and 1. As the search progresses 

and approaches the optimal value, the step size of the numerical search is decreased to 

achieve the desired value with a certain level of precision. By iteratively adjusting the 

damping ratio within this range and evaluating its impact on the objective function, the 

optimal value that offers the best performance for the KDamper system can be identified. 

This numerical method provides a practical and efficient means to optimize the system in 

scenarios where analytical solutions might be elusive. 

3.3 Basic properties of KDamper 

The results of optimal parameters selection lead to three basic properties of KDamper: 

Property 1: Under a given mass ratio 𝜇 , KDamper always provides a better vibration 

mitigation effect compared to TMD. 

Figure 3-2 shows the optimized transmissibility curves of KDamper with a specified mass 

ratio (𝜇 = 1/20 ) for different negative stiffness ratio values (𝑅𝑘 = 0, 0.5, 1, 1.5 ). The 

black curve corresponds to zero negative stiffness, under which the KDamper system is 

reduced to the TMD system. A significant reduction of the peak values of the optimal 

transmissibility is observed when coloured lines (KDamper, 𝑅𝑘 ≠ 0) are compared with the 

black line (TMD, 𝑅𝑘 = 0), which verifies the statement of property 1.  
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Figure 3-2. Transmissibility of KDamper for different negative stiffness ratios. 

Property 1 can also be proved through analytical analysis:  

Dividing Equation (3-40) by Equation (3-39), and define the ratio between the optimal 

maximum transmissibility of KDamper and TMD as 𝜏: 

𝜏 =
𝑇𝑟max(𝑜𝑝𝑡)

(𝐾𝐷)

𝑇𝑟max(𝑜𝑝𝑡)
(𝑇𝑀𝐷)

=  
(1 + 𝜇 + 𝜇𝑅𝑘)(1 + 𝜇) − 𝜇𝑅𝑘

2

(1 + 𝜇)2(1 + 𝑅𝑘)
 (3-42) 

Subtracting the numerator from the denominator in Equation (3-42) results in the following 

equation: 

(1 + 𝜇)2(1 + 𝑅𝑘) − (1 + 𝜇 + 𝜇𝑅𝑘)(1 + 𝜇) − 𝜇𝑅𝑘
2

= 𝑅𝑘 ∙ (1 + 𝜇 + 𝜇𝑅𝑘) ≥ 0 
(3-43) 

The relation in Equation (3-43) clearly implies that 𝜏 ≤ 1 . Thus, the optimal maximum 

transmissibility of KDamper is always smaller than that of TMD ( 𝑇𝑟max(𝑜𝑝𝑡)
(𝐾𝐷) ≤

𝑇𝑟max(𝑜𝑝𝑡)
(𝑇𝑀𝐷)). 

Property 2: The effectiveness of vibration isolation in KDamper can be improved by 

increasing the negative stiffness element's absolute value instead of increasing the auxiliary 
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mass (𝜇). 

For a properly tunned TMD system, the only way to achieve a better vibration isolation effect 

is by increasing the weight of the auxiliary mass, which will inevitably cause higher 

manufacturing and maintenance costs, as well as lower structural stability, especially for 

high-rise structures. However, KDamper can provide better vibration mitigation by 

increasing the negative stiffness ratio (𝑅𝑘 ). As shown in Figure 3-2 and Figure 3-3, the 

increase in the negative stiffness ratio leads to a drastic reduction not only in maximum 

transmissibility but also in the average value of transmissibility over a wide range of external 

excitation frequency. 

 

Figure 3-3. Optimal maximum transmissibility versus negative stiffness ratio. 

Property 3: The increment of the negative stiffness element (𝑅𝑘 ) in KDamper should be 

within the upper limit of the static stability of the structure. The static stability limit is defined 

as the maximum value of the negative stiffness element (𝑅𝑘), which ensures that the entire 

system remains stable and does not collapse due to negative stiffness. Therefore, the 

magnitude of 𝑅𝑘  should be carefully selected and evaluated to avoid compromising the 

stability and safety of the structure. 

Equating the denominator of Equation (3-38) to zero gives: 
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(1 + 𝜇)(1 + 𝜇 + 𝜇𝑅𝑘) − 𝜇𝑅𝑘
2 = 0 (3-44) 

The solution to Equation (3-44) provides the maximum negative stiffness ratio (𝑅𝑘_𝑚𝑎𝑥) that 

can be incorporated into the KDamper system before compromising the static stability limit 

of the structure: 

𝑅𝑘_𝑚𝑎𝑥 = (1 + 𝜇) ∙
1 + √1 + 4/𝜇

2
 (3-45) 

However, in practice, the selection of a negative stiffness element should take not only 

Equation (3-1) and Equation (3-45) into consideration. In fact, negative stiffness designs may 

exhibit complex, nonlinear behaviours that can affect the stability and performance of the 

overall structure. These behaviours often arise from the inherent instability of nonlinear 

systems, which may lead to unexpected oscillations and instabilities. Therefore, when 

incorporating a negative stiffness element into a structure, it is crucial to consider and account 

for such nonlinearities to ensure the stability and safety of the system. Moreover, other factors, 

such as temperature variations, external loads, and material degradation, can also affect the 

performance of the negative stiffness element and the overall system, and thus should be 

carefully considered during the design and implementation stages. 

Chapter 3 presents a comprehensive analysis and optimization of vibration damping 

strategies, with a significant portion of the theoretical foundation and analytical formulas 

directly sourced from [52]. While the development of these analytical expressions and the 

foundational concepts underlying them are attributed to the work presented in [52], this thesis 

extends upon that groundwork through additional numerical analysis and coding efforts, 

particularly in determining the damping ratio and its implications in practical applications. It 

is important to clarify that the original development of these formulas is not the contribution 

of this thesis but rather the utilization and application of these established principles to 

specific scenarios and extended numerical analyses are the focus of this study.   
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Charpter 4  Analytical model and optimal design of 

KDamper 

4.1 Properties of the NREL 5 MW wind turbine model 

The three-blade wind turbine from the National Renewable Energy Laboratory (NREL) 

report [55] is selected as the model wind turbine in the present study as its properties are well 

defined in the report and it is investigated in many previous studies [2]. The selected wind 

turbine possesses a rated capacity of 5 MW, featuring a rotor diameter of 126 m and a tower 

height of 87.6 m. The comprehensive properties associated with the NREL 5 MW wind 

turbine have been acquired from the report and are systematically presented in Table 4-1. 

Table 4-1. Gross properties of NREL 5MW wind turbine 

Tower Height (m) 87.6 

Tower Base/Top Diameter (m) 6/3.87 

Tower Base/Top Thickness (m) 0.0351/0.0247 

Tower Adjusted Mass Density (kg/m^3) 8500 

Young’s Modulus (GPa) 210 

Rotor Mass (kg) 110,000 

Nacelle Mass (kg) 240,000 

From the geometry and mechanical properties in Table 4-1, the distributed properties of the 

tower are calculated and listed in Table 4-2. 

Table 4-2. Distributed tower properties 

Elevation 

(m) 

Height Fraction Mass Density 

(kg/m) 

Flexural Rigidity 

(N*m^2) 

Inertia Density 

(kg*m) 

0.00 0.0 5590.87 614.34E+9 24865.3 

8.76 0.1 5232.42 534.82E+9 21646.7 

17.52 0.2 4885.76 463.27E+9 18750.6 

26.28 0.3 4550.87 399.13E+9 16154.7 

35.04 0.4 4227.75 341.88E+9 13837.6 

43.80 0.5 3916.40 291.01E+9 11778.6 

52.56 0.6 3616.83 246.03E+9 9957.8 

61.32 0.7 3329.03 206.46E+9 8356.3 

70.08 0.8 3053.01 171.85E+9 6955.6 
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78.84 0.9 2788.75 141.78E+9 5738.3 

87.60 1.0 2536.27 115.82E+9 4687.7 

 

4.2 Model development 

4.2.1 Assumptions 

The rotor's geometry can have a considerable impact on the vibration characteristics of a 

wind turbine, particularly when it is in operation. This is due to the periodic change in blade 

positions and the centrifugal stiffness produced by the rotating blades, which in turn enhances 

the stiffness and natural frequencies of the blades [56]. Murtagh et al. [56] further noted that 

while blade rotation primarily affects the vibration characteristics of the blades themselves, 

its influence on the tower is comparatively less significant. In this study, the focus is on 

examining the efficacy of using KDamper to mitigate the tower vibration of wind turbines 

under parked condition. As a result, the geometries of the nacelle and blades are considered 

to have a negligible impact. The analytical model only takes into account the masses of the 

nacelle and blades, which are represented by a lumped mass element situated at the top of the 

tower, without considering the blades' moment of inertia.  

4.2.2 Lumped mass simplification 

The equation of motion of the 5MW wind turbine model is expressed as: 

𝒎𝒖̈ + 𝒄𝒖̇ + 𝒌𝒖 = −𝒎𝑰𝒙𝒈̈ (4-1) 

where 𝒎 , 𝒌  and 𝒄  are the inertia matrix, lateral stiffness matrix and damping matrix, 

respectively. 

To acquire the structural dynamic characteristics of the NREL 5MW wind turbine, alongside 

the assumption made above, the masses of the tower, rotor and nacelle are distributed into 10 

mass points as shown in Figure 4-1. These 10 mass points are located on the cross points of 

the central line of the tower and the cross sections corresponding to the height fractions from 

0.1 to 1.0. The mass of each mass point is estimated from the cross-sectional mass density 
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provided in Table 4-2: 

For 𝑛 = 1~9: 𝑚𝑛 = 𝑚𝑑𝑛 ∙ 𝐿  (4-2) 

For 𝑛 = 10: 𝑚10 = (
1

2
) 𝐿 ∙ 𝑚𝑑𝑛 + 𝑚𝑁𝑅  (4-3) 

where 𝑚𝑑𝑛  is the cross-sectional mass density; 𝐿  is the segment length and 𝐿 = 8.76𝑚 

based on Table 4-2; and 𝑚𝑁𝑅  is the mass of the rotor and nacelle, which is 𝑚𝑁𝑅 =

350,000𝑘𝑔. 

  

Figure 4-1. Lumped mass simplification Figure 4-2. DoFs of lumped mass model 

Considering each mass point has two degrees of freedom (DoFs): one for the transverse 

movement, denoted as 𝑢𝑛 , and the other for the rotational movement, denoted as 𝜃𝑛 , as 

shown in Figure 4-2, the moment of inertia of each cross section is calculated as below: 

For 𝑛 = 1~9: 𝐼𝑛 = 𝐼𝑑𝑛 ∙ 𝐿 (4-4) 

For 𝑛 = 10: 𝐼10 = (
1

2
) 𝐿 ∙ 𝐼𝑑𝑛 (4-5) 

where 𝐼𝑛 is the moment of inertia of the 𝑛th mass point, and 𝐼𝑑𝑛 is the corresponding inertia 

density given in Table 4-2. According to the definition of inertia influence coefficient given 
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in many textbooks related to structural dynamics (e.g., [57]), the inertia matrix of the lumped 

mass model can be assembled as below: 

[𝑚] =

[
 
 
 
 
𝑚1

𝐼1 0

⋱
0 𝑚10

𝐼10]
 
 
 
 

20×20

 (4-6) 

For each segment with a mass point at its ends, the elemental lateral stiffness is as below: 

 [𝑘𝑛] = [
𝐴𝑛 𝐵𝑛

𝐶𝑛 𝐷𝑛
]
4×4

 (4-7) 

where, 

[𝐴𝑛] = [

12 ⋅ 𝐸𝐼𝑛
𝐿3

6 ⋅ 𝐸𝐼𝑛
𝐿2

6 ⋅ 𝐸𝐼𝑛
𝐿2

4 ⋅ 𝐸𝐼𝑛
𝐿

] (4-8) 

 

[𝐵𝑛] = [
−

12 ⋅ 𝐸𝐼𝑛
𝐿3

6 ⋅ 𝐸𝐼𝑛
𝐿2

−
6 ⋅ 𝐸𝐼𝑛

𝐿2

2 ⋅ 𝐸𝐼𝑛
𝐿

] (4-9) 

 

[𝐶𝑛] = [
−

12 ⋅ 𝐸𝐼𝑛
𝐿3

−
6 ⋅ 𝐸𝐼𝑛

𝐿2

6 ⋅ 𝐸𝐼𝑛
𝐿2

2 ⋅ 𝐸𝐼𝑛
𝐿

] (4-10) 

 

[𝐷𝑛] = [

12 ⋅ 𝐸𝐼𝑛
𝐿3

−
6 ⋅ 𝐸𝐼𝑛

𝐿2

−
6 ⋅ 𝐸𝐼𝑛

𝐿2

4 ⋅ 𝐸𝐼𝑛
𝐿

] (4-11) 

in which 𝐸𝐼𝑛 is the flexural rigidity given in Table 4-2. To obtain the global lateral stiffness 

matrix of the lumped mass model, these 10 elemental lateral stiffness matrices need to be 

assembled with the stiffness coefficients of common nodes being added together, as shown 

below: 
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[𝑘] =

[
 
 
 
 
 
𝐷1 + 𝐴2 𝐵2 0

𝐶2 𝐷2 + 𝐴3 𝐵3

𝐶3 ⋱ ⋱

⋱ 𝐷9 + 𝐴10 𝐵10

0 𝐶10 𝐷10]
 
 
 
 
 

20×20

 (4-12) 

The natural frequencies and mode shapes of a system can be found by solving the eigenvalue 

problem using the system's mass matrix and lateral stiffness matrix: 

[Φ, Ω2] = 𝑒𝑖𝑔 (
[𝑘]

[𝑚]
) (4-13) 

where 𝛷 is the modal matrix and 𝛺2 is the spectral matrix of the eigenvalue problem: 

[𝛺2] =

[
 
 
 
𝜔1

2

𝜔2
2

⋱
𝜔20

2 ]
 
 
 

20×20

 (4-14) 

where 𝜔1 …𝜔20 are the natural frequencies of the lumped mass model sequenced from the 

smallest to the largest. The obtained first two natural frequencies are compared with the 

values provided by the NREL report [55], and with the value given by the finite element 

model developed in ABAQUS [17], as shown in Table 4-3. It can be seen that the errors 

between the three sets of data are within 3%, which is acceptable. The first two normalized 

mode shapes are shown in Figure 4-3, which are consistent with the reported results as well.  

Table 4-3. Result comparisons on the natural frequencies of the wind turbine tower 

 Present study NREL report  FE model  

1st Natural Frequency (Hz) 0.3357 0.3240 0.3263 

2nd Natural Frequency (Hz) 3.0585 2.9003 2.9566 
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Figure 4-3. Normalized mode shapes 

The responses of the tower are predominantly determined by its first two vibration modes. 

As illustrated in Figure 4-3, the first mode shape displays its maximum amplitude at the top 

of the tower, while the second mode shape exhibits its peak amplitude at a point situated 

approximately 40 meters below the top of the tower. 

Wind turbine damping mechanisms are complex, typically involving aerodynamic damping, 

structural damping, and soil damping. These distinct types of damping account for the 

contributions from wind, tower structure, and supporting soil to the overall damping 

behaviour of the system [58]. Koukoura et al. [59] carried out experimental studies to 

ascertain the damping ratio of a wind turbine at a standstill conidtion, determining a value of 

1.93%. Katsanos et al. [60] noted that the damping ratio for a parked wind turbine generally 

ranges from 0.5% to 2%. To simplify the modelling process, the tower's damping is 

represented by the Rayleigh damping approach, adopting a 2% damping ratio for the first two 

vibration modes [57]:  

[𝑐] = 𝑎0[𝑚] + 𝑎1[𝑘] (4-15) 
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where: 𝑎0 = 𝜉
2𝜔1𝜔2

𝜔1 + 𝜔2
 (4-16) 

 𝑎1 = 𝜉
2

𝜔1 + 𝜔2
 (4-17) 

The three matrices of the simplified wind turbine model, namely inertia, damping and lateral 

stiffness matrix, all have a size of 20 by 20, as the lumped mass model has 20 degrees of 

freedom. 

4.3 Damper application 

The configurations of applying a KDamper and a TMD to a wind turbine tower to control its 

excessive vibration have been explored in [55]. However, as discussed in Chapter 2, 

connecting the additional mass of KDamper from the tower top to the ground with a negative 

stiffness element, as shown in Figure 2-5, is not easy to achieve in engineering practices, due 

to the height of the wind turbine tower. 

In this research, as shown in Figure 4-4, the auxiliary masses of both the KDamper and TMD 

are connected to the top mass point (𝑚10) using a positive stiffness spring (𝑘𝑃) and a dashpot 

(𝑐𝐷), while for KDamper, the auxiliary mass is also connected to the mass points below the 

tower top (𝑚9, 𝑚8. . . 𝑚1) and the ground respectively, as shown in Figure 4-4(b), to find out 

the optimal configuration of the KDamper. In the numerical analysis, the assumption is made 

that external excitations act exclusively in the fore-aft orientation of the tower (𝑥 direction, 

as depicted in Figure 4-4). Consequently, the control devices are incorporated solely in the 𝑥 

direction. This simplification allows for a more focused examination of the tower's response 

to excitations in the primary direction of interest, while still providing valuable insights into 

the system's dynamic behavior and the effectiveness of the control devices. 
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(a) TMD (b) KDamper 

Figure 4-4. Schematics of applying different dampers to the lumped mass model 

The inertia, damping and lateral matrices of the uncontrolled system are already obtained. 

However, after the implementation of TMD and KDamper, these three matrices should be 

modified. The modification process is the same for TMD and KDamper, for the reason that 

TMD can be obtained when the negative stiffness element in the KDamper is set to zero. The 

following summarises the modifications: 

When the negative stiffness element is connected to the mass points 𝑚1~𝑚9, the modified 

inertia matrix [𝑚𝐷] is given by: 

[𝑚𝐷] = [
[𝑚]20×20 [0]20×1

[0]1×20 𝑚𝐷
]
21×21

 (4-18) 

in which,  [𝑚]20×20 is the mass matrix of the naked wind turbine system as represented by 

Eq. (4-5).  

The modified damping matrix [𝑐𝐷] is given by: 
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[𝑐𝐷] = [
[𝑐]20×20 [0]20×1

[0]1×20 0
]
21×21

+ [
[0]18×18 [0]18×3

[0]3×18 [𝑐𝑀]
]
21×21

 (4-19) 

where [𝑐]20×20 is represented by Eq. (4-14); [𝑐𝑀] is the damping modification matrix, and it 

has the following form: 

[𝑐𝑀] = [
𝑐𝐷 0 −𝑐𝐷

0 0 0
−𝑐𝐷 0 𝑐𝐷

]

3×3

 (4-20) 

For the modified lateral stiffness matrix [𝑘𝐷] , when the negative stiffness element is 

connected to the 𝑛𝑡ℎ mass point (𝑛 = 1~9), [𝑘𝐷] is given by: 

[𝑘𝐷] = [
[𝑘]20×20 [0]20×1

[0]1×20 0
]
21×21

+ [
[0]18×18 [0]18×3

[0]3×18 [𝑘𝑀1]
]
21×21

+ [
[0]2(𝑛−1)×2(𝑛−1) [0]2(𝑛−1)×(23−2𝑛)

[0](23−2𝑛)×2(𝑛−1) [𝑘𝑀2]
]
21×21

 

(4-21) 

where [𝑘]20×20  is represented by Eq. (4-11), and  [𝑘𝑀1]  and [𝑘𝑀2]  are the stiffness 

modification matrix, given by: 

[𝑘𝑀1] = [
𝑘𝑃 0 −𝑘𝑃

0 0 0
−𝑘𝑃 0 𝑘𝑃 + 𝑘𝑁

]

3×3

 (4-22) 

[𝑘𝑀2] = [

𝑘𝑁 [0]1×(21−2𝑛) −𝑘𝑁

[0](21−2𝑛)×1   

−𝑘𝑁  [0](22−2𝑛)×(22−2𝑛)

]

(23−2𝑛)×(23−2𝑛)

 (4-23) 

When the negative stiffness element is connected to the ground, the modified inertia and 

damping matrices are also given by Equations (4-18) and (4-19), respectively, while the 

modified lateral stiffness matrix is: 

[𝑘𝐷] = [
[𝑘]20×20 [0]20×1

[0]1×20 0
]
21×21

+ [
[0]18×18 [0]18×3

[0]3×18 [𝑘𝑀1]
]
21×21

 (4-24) 

The modified inertia [𝑚𝐷], damping [𝑐𝐷] and lateral stiffness [𝑘𝐷] matrix all have a size of 
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21 by 21 as an additional degree of freedom has been introduced by the transverse movement 

of the auxiliary mass 𝑚𝐷. With the above matrices, the dynamic responses of the wind turbine 

with a control device can be conveniently calculated by solving the dynamic equation of 

motion.  

To examine the efficacy of KDamper in reducing vibrations and to determine the optimal 

configuration for implementing KDamper within the wind turbine model, the current study 

examines the following three scenarios: 

1. Uncontrolled wind turbine tower. 

2. With a single TMD placed at the top of the tower. A fixed mass ratio 𝜇 = 2% will be 

considered. This selection is based on its prevalence in existing research, where a 2% 

mass ratio has been commonly utilized for TMD systems in wind turbine applications. 

This choice facilitates a more direct and meaningful comparison between the 

performance of the KDamper and traditional TMD systems. The values of absorber 

damping ratio (𝜉𝐷 ) and positive stiffness element (𝑘𝑃 ) will be determined in the 

parameters optimization section below. 

3. With a KDamper installed at the tower top, and the negative stiffness element being 

connected to different mass points. KDamper shares the same mass ratio as the TMD 

setup, other parameters including positive stiffness element (𝑘𝑃), negative stiffness 

element (𝑘𝑁) and absorber damping ratio (𝜉𝐷) will be determined in Section 4.4. 

4.4 Parameter optimization 

Since the groundbreaking work of Den Hartog [61], a multitude of methods have been 

proposed by various researchers (e.g. [62-71]) to determine the optimal parameters for a 

TMD. In an attempt to reveal the maximum potential vibration mitigation performances of 

TMD and KDamper, and perform an intuitive comparison between the performances of the 

two types of damper, the following parameters need to be defined or optimally selected: 
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1. Mass Ratio (𝜇 = 𝑚𝐷 𝑀⁄ ): For both TMD and KDamper, increasing the mass ratio 

always brings better vibration mitigation effectiveness. Thus, in this research, the 

mass ratio is set to 2%, which is a typical choice in many engineering practices. 

2. Negative Stiffness Ratio ( 𝑅𝑘 = −𝑘𝑁 𝑘𝐷⁄ = −𝑘𝑁 (𝑘𝑁 + 𝑘𝑃)⁄  ): As discussed in 

section 2, similar to mass ratio, a higher value of negative stiffness ratio provides 

better vibration isolation performance. However, its value should be constrained 

based on structure stability and manufacturing restrictions [72]. To better explore the 

influence of negative stiffness ratio on a damped system with multiple degrees of 

freedom, three values are assigned to 𝑅𝑘 (𝑅𝑘 = 0.5, 1, 1.5). The system is optimised 

based on these three values of 𝑅𝑘 respectively. 

3. Natural Frequency Ratio ( 𝑓 = 𝜔𝐷 𝜔𝑛⁄ ): The optimal natural frequency ratio (𝑓𝑜𝑝𝑡) is 

selected based on the numerical searching method. In determining the optimal natural 

frequency ratio (𝑓𝑜𝑝𝑡) using numerical methods, a search range of 0.1 to 2 is set. This 

range is chosen because 0.1 accounts for dampers mitigating low-frequency 

vibrations, while 2 caters to those addressing higher-frequency vibrations. For precise 

identification within this range, the search progresses in increments of 0.001. Once 

𝑓𝑜𝑝𝑡 is determined, the stiffness of the spring element (𝑘𝑁 , 𝑘𝑃) of TMD and KDamper 

is also determined. 

4. Damping Ratio of the Oscillator (𝜉𝐷 = 𝑐𝐷 2√𝑚𝐷𝑘𝐷⁄ ): The damping ratio is another 

critical parameter that plays an important role in determining the effectiveness of both 

the TMD and KDamper systems. For its optimization, a numerical research searching 

method is employed, with the range set between 0 and 1. This range is chosen because 

a damping ratio less than 0 is not physically meaningful, and values greater than 1 

indicate an overdamped system, which may not be ideal for vibration mitigation. To 

ensure precision, the search progresses in increments of 0.001. The selection of an 

optimal damping ratio (𝜉𝐷_𝑜𝑝𝑡) is accomplished through numerical searching method 

in conjunction with the selection of the optimal natural frequency ratio 𝑓𝑜𝑝𝑡. 
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As depicted in Table 4-3, the natural frequencies of the vibration modes of the wind turbine 

model under investigation are well-spaced from one another. Given that the objective of the 

control effort is to minimize the mean square displacement of the tower top, all parameters 

are optimized exclusively with respect to the first vibration mode. To identify the optimal 

parameters that offer the most effective vibration mitigation for the wind turbine tower under 

various external excitations, which consist of a broad spectrum of frequency components, the 

optimization process is carried out by minimizing the transmissibility of the Multi-Degree-

of-Freedom (MDoF) system as developed in Section 4.3 Damper application. 

The dynamic behaviour of the uncontrolled and controlled systems can be described in the 

frequency domain by: 

𝑿(𝜔) = 𝑯(𝜔)𝑷(𝜔) (4-25) 

where: 

 𝑿(𝜔) is the tower response in the frequency domain; (4-26) 

𝑯(𝜔) is the transfer function defined by [73]:  

𝑯(𝜔) = [𝑲 − 𝑴𝜔2 + 𝑖𝑪𝜔]−1 (4-27) 

𝑷(𝜔) is the external excitation in the frequency domain, and  

𝑷(𝜔) = −𝑴𝑰𝑥𝑔̈(𝜔) (4-28) 

The power spectral density (PSD) of the excitation (𝑺𝒑𝒑) is given by [73]: 

𝑺𝒑𝒑 = 𝑴𝑰𝑰𝑻𝑴𝑻𝑆𝑥𝑔̈
 (4-29) 

In this equation,  𝑰 represents the influence coefficient matrix. This matrix is structured 

such that its elements are assigned the value of 1 when the corresponding degrees of 

freedom (DoFs) are aligned with the direction of ground excitation. In contrast, elements 

are set to 0 when they do not align with the direction of ground excitation. Additionally,  

𝑆𝑥𝑔̈
 denotes the PSD of the ground motion acceleration. 
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To conduct the optimization, 𝑆𝑥𝑔̈
 is substituted by a white noise 𝑆0. Then, the PSD of the 

tower response under the white noise 𝑆0, is given by: 

𝑺𝒙𝒙 = 𝑯(𝝎)𝑺𝒑𝒑𝑯(𝝎)∗𝑻 = 𝑯𝑴𝑰𝑰𝑻𝑴𝑻𝑯∗𝑻𝑆0 (4-30) 

The root mean square (RMS) value of displacement PSD, denoted as 𝑗, which is the area 

under the tower top displacement PSD curve, is defined as the objective function for the 

optimization. 

𝑗 = ∫ 𝑺𝒙𝒙

∞

−∞

𝑑𝜔 (4-31) 

The PSD RMS (𝑗) depends exclusively on two key variables: the natural frequency ratio (𝑓) 

and the damping ratio of the oscillator (𝜉𝐷). This dependency holds true as long as the main 

structure's parameters, mass ratio, negative stiffness ratio, and the intensity of the white noise 

input excitation are treated as predetermined and constant inputs. Consequently, the 

optimization problem be expressed mathematically as: 

min 𝑗(𝑓, 𝜉𝐷), 
(4-32) 

s.t. 𝑅𝑘 = 0, 0.5, 1, 1.5 

The results of optimal parameters for the TMD are tabulated in Table 4-4, and the 

optimization results for the KDamper with different negative stiffness ratios (𝑅𝑘 = 0.5, 1, 1.5) 

are tabulated in  

Table 4-5,  

Table 4-6 and  

Table 4-7, respectively. 

Table 4-4. Parameters of optimized TMD 

Frequency ratio 𝑓 Spring stiffness 𝑘𝐷  
(𝑁/𝑚) 

Damping ratio 𝜉𝐷 Damping coefficient 

𝑐𝐷 (𝑁𝑠/𝑚) 

0.951 56142 0.092 5149.1 
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Table 4-5. Parameters of optimized KDamper when 𝑅𝑘 = 0.5 

Connection 

configuration  

Frequency 

ratio 𝑓 

Positive spring 

stiffness 

𝑘𝑃  (𝑁/𝑚) 

Negative 

spring stiffness 

𝑘𝑁 (𝑁/𝑚) 

Damping ratio 

𝜉𝐷 

Damping 

coefficient 

𝑐𝐷 (𝑁𝑠/𝑚) 

m9 0.950 84036 -28012 0.099 5535.1 

m8 0.948 83682 -27894 0.107 5969.8 

m7 0.947 83506 -27835 0.113 6297.9 

m6 0.945 83153 -27718 0.119 6618.3 

m5 0.943 82802 -27601 0.125 6937.3 

m4 0.941 82451 -27484 0.129 7144.1 

m3 0.940 82276 -27425 0.132 7302.5 

m2 0.939 82101 -27367 0.135 7460.5 

m1 0.938 81926 -27309 0.136 7507.7 

Ground  0.938 81926 -27309 0.137 7562.9 

 

Table 4-6. Parameters of optimized KDamper when 𝑅𝑘 = 1.0 

Connection 

configuration  

Frequency 

ratio 𝑓 

Positive spring 

stiffness 

𝑘𝑃  (𝑁/𝑚) 

Negative 

spring stiffness 

𝑘𝑁 (𝑁/𝑚) 

Damping ratio 

𝜉𝐷 

Damping 

coefficient 

𝑐𝐷 (𝑁𝑠/𝑚) 

m9 0.949 111812 -55906 0.107 5976.1 

m8 0.946 111106 -55553 0.122 6792.3 

m7 0.943 110402 -55201 0.136 7547.8 

m6 0.940 109701 -54850 0.148 8187.6 

m5 0.937 109002 -54501 0.159 8768.1 

m4 0.933 108073 -54037 0.168 9224.8 

m3 0.930 107379 -53690 0.175 9578.3 

m2 0.928 106918 -53459 0.180 9830.8 

m1 0.927 106688 -53344 0.184 10038.4 

Ground 0.926 106458 -53229 0.185 10082.1 

 

Table 4-7. Parameters of optimized KDamper when 𝑅𝑘 = 1.5 

Connection 

configuration 

Frequency 

ratio 𝑓 

Positive spring 

stiffness 

𝑘𝑃  (𝑁/𝑚) 

Negative 

spring stiffness 

𝑘𝑁 (𝑁/𝑚) 

Damping ratio 

𝜉𝐷 

Damping 

coefficient 

𝑐𝐷 (𝑁𝑠/𝑚) 

m9 0.948 139470 -83682 0.115 6416.1 

m8 0.945 138589 -83153 0.137 7619.4 

m7 0.941 137418 -82451 0.159 8805.5 

m6 0.936 135962 -81577 0.178 9805.3 

m5 0.931 134513 -80708 0.196 10739.2 

m4 0.926 133072 -79843 0.210 11444.5 

m3 0.921 131639 -78983 0.221 11979.0 
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m2 0.918 130783 -78470 0.230 12426.2 

m1 0.916 130213 -78128 0.235 12668.6 

Ground 0.915 129929 -77958 0.236 12708.7 
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Charpter 5  Control effectiveness examination 

 5.1 Responses in the frequency domain 

The responses of the MDoF system in the frequency domain are investigated in this section. 

In particular, the tower top PSD (𝑺𝒙𝒙) under a given external excitation (𝑆0) as described in 

Equation (4-30) is taken out for analysis, and 𝑆0 is set to be 1 for easy analysis. The control 

effectiveness of the ten different configurations of KDamper as discussed in Section 4.3 is 

evaluated against the traditional optimized TMD. Furthermore, a thorough comparisons 

between different KDamper configurations are also conducted. 

Figure 5-1 displays the PSD of the displacement at the top of the wind turbine tower for three 

control scenarios: uncontrolled, with TMD installed, and with KDamper applied. For 

simplicity, only one KDamper configuration (𝑅𝑘 = 1, connected to m5)) is shown. The peak 

value of the black curve, representing the resonant amplitude of the uncontrolled tower 

response, is observed at a frequency of 0.33 Hz, corresponding to the first natural frequency 

of the original tower. 

 

Figure 5-1. Displacement PSDs at the tower top. 

It also can be seen from Figure 5-1 that after the installation of controlling devices (TMD or 
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KDamper), the tower responses have been drastically reduced, with a much less peak value 

and the under-curve area. To provide a clear demonstration of the effectiveness of TMD and 

KDamper, the values of the PSD RMS (𝑗) of the tower response with different systems are 

tabulated in Table 5-1, Table 5-2, Table 5-3, and Table 5-4. The corresponding reduction 

ratios between the tower response with and without control devices are also provided in these 

tables. As shown in Table 5-1, the value of PSD RMS (𝑗)  for the uncontrolled system is  

2113.9. When TMD is installed, the value of PSD RMS (𝑗)  reduce to 710.2, with the 

corresponding vibration reduction ratio of 66.40%. 

Table 5-1. The PSD RMS (𝑗) of the uncontrolled system and TMD 

Uncontrolled system TMD 

PSD RMS (𝑗) PSD RMS (𝑗) Reduction ratio (%) 

2113.9 710.2 66.40 

 

Table 5-2. The PSD RMS (𝑗) of KDamper with reduction ratio when 𝑅𝑘 = 0.5 

Connection 

configuration 

 PSD RMS (𝑗) Reduction ratio compared to 

the original system (%) 

Reduction ratio compared to 

TMD (%) 

m9  671.1 68.25 5.51 

m8  638.6 69.79 10.08 

m7  612.3 71.03 13.79 

m6  591.5 72.02 16.72 

m5  575.3 72.78 18.99 

m4  563.1 73.36 20.71 

m3  554.3 73.78 21.96 

m2  548.3 74.06 22.80 

m1  544.8 74.23 23.28 

Ground   543.7 74.28 23.44 

 

Table 5-3. The PSD RMS (𝑗) of KDamper with reduction ratio when 𝑅𝑘 = 1.0 

Connection 

configuration 

 
PSD RMS (𝑗) Reduction ratio compared to 

the original system (%) 

Reduction ratio compared to 

TMD (%) 

m9 
 636.4 69.89 10.39 

m8 
 581.5 72.49 18.12 

m7 
 541.0 74.41 23.83 

m6 
 511.4 75.81 28.00 
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m5 
 489.9 76.83 31.03 

m4 
 474.5 77.55 33.18 

m3 
 463.9 78.05 34.68 

m2 
 457.0 78.38 35.65 

m1 
 453.1 78.56 36.20 

Ground  451.9 78.62 36.37 

 

Table 5-4. The PSD RMS (𝑗) of KDamper with reduction ratio when 𝑅𝑘 = 1.5 

Connection 

configuration 

 
PSD RMS (𝑗) Reduction ratio compared to 

the original system (%) 

Reduction ratio compared to 

TMD (%) 

m9 
 605.5 71.35 14.74 

m8 
 535.0 74.69 24.67 

m7  487.0 76.96 31.42 

m6 
 454.3 78.51 36.04 

m5 
 431.9 79.57 39.19 

m4  416.8 80.28 41.31 

m3 
 406.8 80.75 42.72 

m2 
 400.6 81.05 43.60 

m1  397.2 81.21 44.08 

Ground  396.1 81.26 44.23 

Also, according to Table 5-2, Table 5-3 and Table 5-4, the application of KDamper can 

provide even better vibration mitigation effectiveness than TMD, regardless of which 

configuration is adopted. The vibration mitigation effectiveness of KDamper depends on its 

configuration: the value of the negative stiffness ratio (𝑅𝑘) and which mass point of the WT 

model that the negative stiffness element of KDamper is connected to. When the connected 

mass point is fixed, increasing the negative stiffness ratio (𝑅𝑘 ) brings better vibration 

mitigation effectiveness. This conclusion can be drawn from the PSD curves shown in Figure 

5-2(a), in which the PSD curve of KDamper with a higher 𝑅𝑘 value presents a smaller under-

curve area, which means a lower value of PSD RMS (𝑗), which is confirmed by Figure 5-3. 

Meanwhile, with the same 𝑅𝑘  value, downwards connection provides more effective 

vibration control. This conclusion can be drawn from the PSD curves shown in Figure 5-2(b), 

as well as from the decreasing trend of the value of PSD RMS (𝑗), which are depicted in 

Figure 5-3. However, the improvement of control effectiveness is not proportional to the 
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increased downward connection intervals. As shown in Figure 5-2(b), with the same negative 

stiffness ratio 𝑅𝑘 = 1.0, significantly reduced WT response is observed between the green 

PSD curve (connected to m9) and the blue PSD curve (connected to m5), but only minor 

improvement of the control effectiveness can be seen between the blue curve (connected to 

m5) and the purple curve (connected to the ground). Moreover, according to Figure 4-2, the 

mass point m5 locates at the mid-point of the WT model which means that the downward 

connection intervals from the tower top to m5 are identical to the intervals from m5 to ground, 

which is 43.8m. This conclusion can also be drawn from the reduction ratio compared to the 

uncontrolled system, as presented in Table 5-4. This table reveals that the value of PSD RMS 

(𝑗), when connected to m5 and to the ground, can provide a reduction ratio of 79.57% and 

81.26% respectively, which means that only 1.69% improvement is achieved from the further 

downward connection from m5 to the ground. Similar conclusions can be drawn from the 

reduction ratio when 𝑅𝑘 = 1.0  and 𝑅𝑘 = 0.5  as shown in Table 5-2 and Table 5-3. 

Apparently, the improvement of control effectiveness contributed by the further downward 

connection from m5 to the ground cannot justify the subsequently increased material 

consumption and structural complexity. Thus, the configuration that 𝑅𝑘 = 1.5 and connected 

to mass point m5 is selected as the optimal configuration of KDamper, and will be applied to 

the simulation with actual seismic excitation in the time domain conducted in the next section. 
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(a) Same connection position, different Rk value. 

 

(b) Same Rk value, different connection position. 

Figure 5-2. Displacement PSDs for TMD and KDamper with different configurations. 
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Figure 5-3. PSD RMS (𝑗). 

 

5.2 Responses in the time domain 

5.2.1 Simulink model for solving the equation of motion 

The mass, lateral stiffness and damping matrices for the uncontrolled and controlled are 

defined in Chapter 4. The motion equation (4-1) needs to be solved to get the dynamic 

response of the structure under certain external excitation (𝒙𝒈 ). A Simulink model is 

established in MATLAB based on Equation (4-1) to solve the differential motion equation as 

shown in Figure 5-4. The triangle block is the gain block to perform the matrix multiplication 

and the block with the symbol 
1

𝑠
 is the integrator block. The equations of motion for both the 

uncontrolled and controlled configurations are solved using the Runge-Kutta technique, 

specifically the 4th-order method (ode4 solver) as implemented in the Simulink software with 

a fixed time increment of 0.0001 seconds. 
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Figure 5-4. Simulink model for solving motion equations. 

 

5.2.2 Selected seismic motions 

To systematically examine the control performance of the proposed KDamper with the 

optimal configuration selected in Section 5.1 (𝑅𝑘 = 1.5, connected to mass point m5),  a set 

of 18 earthquake ground motion records has been chosen for the analysis. A detailed 

description of these selected seismic motions is presented in Table 5-5.  

Table 5-5. Information of the selected earthquake ground motions. 

No. RSN Earthquake Name Station Magnitude Rrup(km) Vs30(m/s) PGA(g) 

1 6 Imperial Valley-02 El Centro Array #9 6.95 6.09 213.44 0.281 

2 15 Kern County 
Taft Lincoln 

School 
7.36 38.89 385.43 0.159 

3 169 Imperial Valley-06 Delta 6.53 22.03 242.05 0.236 

4 173 Imperial Valley-06 
El Centro Array 

#10 
6.53 8.60 202.85 0.173 

5 180 Imperial Valley-06 El Centro Array #5 6.53 3.95 205.63 0.529 

6 182 Imperial Valley-06 El Centro Array #7 6.53 0.56 210.51 0.341 

7 728 
Superstition Hills-

02 

Westmorland Fire 

Sta 
6.54 13.03 193.67 0.173 

8 779 Loma Prieta LGPC 6.93 3.88 594.83 0.570 

9 799 Loma Prieta SF Intern. Airport 6.93 58.65 190.14 0.236 

10 900 Landers Yermo Fire Station 7.28 23.62 353.63 0.245 

11 984 Northridge-01 
LA - 116th St 

School 
6.69 41.17 301.00 0.208 

12 1044 Northridge-01 Newhall - Fire Sta 6.69 5.92 269.14 0.583 

13 1107 Kobe, Japan Kakogawa 6.90 22.50 312.00 0.240 
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14 1120 Kobe, Japan Takatori 6.90 1.47 256.00 0.618 

15 1540 Chi-Chi, Taiwan TCU115 7.62 21.76 215.34 0.096 

16 1633 Manjil, Iran Abbar 7.37 12.55 723.95 0.515 

17 5618 Iwate, Japan IWT010 6.90 16.27 825.83 0.226 

18 6890 
Darfield, New 

Zealand 

Christchurch 

Cashmere High 

School 

7.00 17.64 204.00 0.229 

Table 5-5 presents a chronological enumeration of the 18 ground motions employed to 

examine the performance of the KDamper system. These ground motions have been 

meticulously documented and acquired from the PEER ground motion database 

(https://ngawest2.berkeley.edu/). Due to the absence of specific seismic design codes for 

wind turbines, the selected seismic motions are scaled to conform with the average 

acceleration response spectrum outlined in the ASCE standard minimum design loads for 

buildings and other structures [74], utilizing a structural damping ratio of 5%. Figure 5-5 

shows the good match between the scaled mean spectra and the target spectra, especially for 

the period equals to 3s, which is the period corresponding to the fundamental vibration mode 

of the WT model. 

 

Figure 5-5. Acceleration response spectra. 
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5.2.3 Displacement response at the tower top 

Figure 5-6 exhibits the displacement time histories at the top of the tower for both controlled 

and uncontrolled scenarios, subject to the influence of seismic motions No. 5. To maintain 

conciseness, the outcomes corresponding to the remaining earthquake ground motions are 

presented in the appendix (Figure A-1). 

 

Figure 5-6. Displacement time history at the tower top with and without control for seismic input No. 5. 

 

In general, the implementation of TMD and KDamper leads to a decrease in the displacement 

responses at the top of the tower, compared to the uncontrolled scenario. The degree of 

reduction varies with the specific seismic motion, highlighting the capacity of these control 

devices to enhance the structural integrity of wind turbine towers during seismic activity. 

Table 5-6 provides a comprehensive comparison of the maximum and RMS displacements at 

the top of the tower, serving as a means to evaluate the performance of the TMD and 

KDamper control measures. Furthermore, Figure 5-7 depicts the ratios of the maximum and 

RMS displacements between the tower response for both controlled and uncontrolled 

scenarios. 
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(a) Ratios of maximum displacements 

 

(b) Ratios of RMS displacements 

Figure 5-7. Ratios of maximum and RMS displacement  

The average ratios of the peak displacements with TMD and KDamper are 0.8736 and 0.7677, 

respectively, demonstrating that both TMD and KDamper can effectively suppress the peak 

displacement at the tower top, and KDamper can provide better vibration mitigation 

effectiveness in general except for seismic motion No. 14 and No. 16 as shown in Figure 

5-7(a). This exception can be attributed to a variety of factors that challenge the performance 

of control devices. Primarily, these involve the potential for resonance and inappropriate 

tuning. Resonance can occur when the frequency of seismic motion aligns not with the 

natural frequency of the structure but with that of the control device, resulting in an increase 

in energy in the system and thus amplified displacement. Meanwhile, inappropriate tuning 

arises when the devices' parameters do not align optimally with the frequency of the seismic 
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event, potentially leading to an inadvertent addition of energy to the system, again causing 

an increase in displacement. Moreover, Table 5-6 and Figure 5-7(a) indicate that the 

effectiveness of TMD and KDamper in reducing the peak displacements is only marginal 

when the wind turbine model is exposed to seismic motions Nos. 7, 12, 13, 14, 16, 17, and 

18. This observation can be attributed to the timing of the maximum displacements, which 

occur during the initial stages of the displacement time history for the aforementioned seismic 

motions, where the control devices do not exhibit significant effectiveness, as illustrated in 

Figure A-1 (f), (k), (l), (m), (o) and (p). However, in order to achieve effective control, the 

relative motion between the tower and control devices must develop, which requires a certain 

amount of time for the dampers to respond and generate relative deformation. 

Table 5-6. Maximum and RMS displacement at the tower top with and without control 

No. 

 Maximum displacement (m)  RMS displacement (m) 

 w/o 

control 
 TMD  KDamper  w/o 

control 
 TMD  KDamper 

1  0.6391  0.3786  0.3374  0.2450  0.1281  0.0810 

2  0.4603  0.3115  0.2709  0.1778  0.1270  0.0925 

3  0.8306  0.7667  0.5132  0.2145  0.1510  0.1100 

4  1.1876  1.1087  0.9537  0.5608  0.3295  0.2592 

5  0.9143  0.7249  0.5555  0.4208  0.2200  0.1526 

6  0.7919  0.6969  0.6181  0.3662  0.2004  0.1439 

7  0.5763  0.5486  0.4901  0.2101  0.1937  0.1565 

8  0.8408  0.6806  0.5135  0.4314  0.2494  0.1617 

9  0.2024  0.1872  0.1460  0.0562  0.0413  0.0355 

10  0.7494  0.4593  0.3882  0.2569  0.1420  0.1200 

11  0.3868  0.2779  0.2350  0.1558  0.1066  0.0880 

12  0.3902  0.3748  0.3282  0.1438  0.0911  0.0694 

13  0.2819  0.2799  0.2747  0.0953  0.0816  0.0710 

14  0.3244  0.3422  0.3473  0.1332  0.1041  0.0930 

15  2.1739  1.7845  1.5984  0.6754  0.4402  0.3511 

16  0.3895  0.4265  0.4503  0.1767  0.1188  0.0955 

17  0.5255  0.5245  0.4727  0.0957  0.0615  0.0570 

18  0.7173  0.7068  0.6514  0.1298  0.0975  0.0759 

In comparison to the reduction of maximum displacements, TMD and KDamper are more 

effective in reducing the RMS displacements at the top of the tower. The average ratios of 

the RMS displacements for the wind turbine model equipped with TMD and KDamper are 

0.6345 and 0.4871, respectively. Notably, KDamper exhibits better performance than TMD 
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across all tested seismic motions. 

 

5.2.4 Acceleration response on the tower top 

Most of the mechanical and electrical components of wind turbines, such as rotary 

mechanisms and generators, are sensitive to accelerations. Thus, it is necessary to investigate 

the control effectiveness of TMD and KDamper on acceleration responses as well. 

Figure 5-8 displays the acceleration time histories at the top of the tower when the wind 

turbine model is subjected to seismic motions No. 5. The RMS acceleration response under 

all examined ground motions is tabulated in Table 5.7. Moreover, the ratios between the 

controlled and uncontrolled configurations for these RMS accelerations are illustrated in 

Figure 5-9. The RMS acceleration response for all tested ground motions is reduced by 

control devices KDamper and TMD. 

 

Figure 5-8. Acceleration time history at the tower top with and without control for seismic input No. 5. 

 

Table 5-7. RMS accelerations at the tower top (unit in m/s2) 

No.  w/o control  TMD  KDamper 

1  1.4114  1.0736  0.9671 

2  1.3669  1.2439  1.1743 

3  1.3553  1.1748  1.0856 
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4  2.6385  1.6163  1.2698 

5  2.1344  1.4124  1.1804 

6  1.7915  1.1470  0.9528 

7  1.3395  1.2738  1.1042 

8  2.1939  1.5196  1.2347 

9  1.0094  0.9961  0.9936 

10  1.3852  1.0139  0.9468 

11  1.4427  1.3561  1.3301 

12  1.2027  1.1015  1.0755 

13  1.3160  1.2948  1.2907 

14  1.0331  0.9675  0.9663 

15  3.0029  1.8658  1.4255 

16  1.5265  1.4204  1.3826 

17  0.7056  0.6322  0.6289 

18  0.7542  0.6535  0.5865 

 

 

Figure 5-9. Ratios of RMS accelerations at the tower top 

Overall, the KDamper demonstrates superior performance compared to the TMD across all 

examined ground motions. The reduction ratios for the KDamper are contingent upon the 

specific seismic motions being assessed, indicating a varying degree of effectiveness 

depending on the earthquake input, which can be explained by analyzing the Fast Fourier 

Transform (FFT) of the acceleration response time series of the uncontrolled tower, as 

depicted in Figure 5-10.  

In the present study, the effectiveness of the KDamper in mitigating the acceleration response 

of a wind turbine tower under different seismic excitations was evaluated by the reduction 
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ratios. For conciseness, four gound motions are analysed by FFT in detail, i.e., No.4, No.9, 

No.13 and No.15, with earthquake No.4 and No.15 exhibiting the best control effectiveness, 

and earthquake No.9 and No.13 showing the worst performance. The FFT plots of the 

acceleration response of the uncontrolled tower under these excitations, as presented in 

Figure 5-10, provided further insights into the control effectiveness. Figure 5-10 (a) and (b) 

revealed that the frequency content near the 1st  modal frequency of the uncontrolled tower 

(0.33Hz) had a relatively high amplitude under earthquake No.4 and No.15, indicating 

effective control. This is consistent with the fact that the mechanical characteristics of both 

the TMD and KDamper are optimized with respect to the fundamental frequency of the tower. 

However, as shown in Figure 5-10 (c) and (d), under earthquake No.9 and No.13, the 

scattered frequency content of the acceleration response in the 1st-2nd modal frequency range 

(0.33-3Hz) made it difficult for the KDamper to suppress the vibration effectively. This result 

is consistent with the reduction ratios presented in Figure 5-9, which were less than 0.05 for 

these two excitations. 

  

(a) No. 4 (b) No. 15 
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(c) No. 9 (d) No. 13 

Figure 5-10. FFT of the acceleration response of the uncontrolled tower under the Nos. 9, 13, and 16 

inputs. 

Moreover, the location of the control devices is critical to their effectiveness. In this study, 

the control devices were placed at the top of the tower, which aligns with the height of the 

peak amplitude of the 1st modal shape. However, as illustrated in Figure 4-3, the maximum 

amplitude of the second mode shape occurs approximately 40 meters below the top of the 

tower. Thus, when the tower is subjected to seismic excitations with frequency contents other 

than the fundamental frequency of the uncontrolled tower, the relatively minor acceleration 

response at the top of the tower restricts the ability of KDamper and TMD to control the 

response. This is because the control efficiency of these devices is typically dependent on the 

amplitude of the excitation. 

In general, the KDamper has demonstrated better performance than the TMD in controlling 

the RMS accelerations of the wind turbine tower. The average ratios of the RMS accelerations 

with KDamper and TMD are 0.7097 and 0.7882, respectively. This suggests that KDamper's 

control ability in reducing the acceleration responses for different ground motion inputs is 

consistent with its performance in reducing the RMS displacements. The results indicate that 

the KDamper is a more effective control device than the TMD for reducing the RMS 

accelerations and displacements of the wind turbine tower under seismic excitations. 
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5.2.5 Robustness 

As mentioned before, the natural frequencies of a wind turbine can be affected by various 

factors during its service life, including environmental factors, such as soil-structure 

interaction (SSI), scouring and liquefication, and operational factors, such as components 

aging and fatigue. Previous research [75-77] has reported notable differences in the first fore-

aft frequencies of wind turbine towers with and without Soil-Structure Interaction (SSI), 

including a 15% difference in Ref. [75], a 31% difference in Ref. [76], and a 47% difference 

in Ref. [77]. It is evident that these variations are reliant on the geometric parameters of the 

monopile foundation and the properties of the underlying soil. 

Moreover, the natural frequencies of wind turbine towers would be further changed by 

scouring [78] caused by cyclic wind, and soil liquefication [79] induced by seismic loads. In 

addition, the aging, rusting and fatigue of certain components, such as connectors and 

fasteners, can further contribute to the deviation of natural frequencies of wind turbine towers. 

To test and verify the performance and stability of proposed control devices under shifted 

structural frequencies, the fundamental frequency of the wind turbine tower model is altered 

within the range of -30% to +30%, with an interval of 5%. The frequency shifting is achieved 

by adjusting the structural stiffness. 

All 18 ground motions are tested under shifted structural frequencies, their ratio of RMS 

displacements and accelerations are recorded in Figure A-3 and Figure A-4. Table 5-8 

tabulates the averaged RMS displacements and accelerations for all 18 tested ground motions 

with investigated structural frequencies, and the ratios of the RMS displacement and 

acceleration between controlled and uncontrolled tower configurations under each shifted 

structural frequency are averaged and presented in Figure 5-11. For comparison, the averaged 

ratio of the RMS displacement and acceleration under the original frequency is also presented 

in this figure. 

As shown in Figure 5-11, the KDamper and TMD can still suppress the RMS displacements 

and accelerations response at the tower top under all shifted structural frequencies, and the 
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KDamper outperforms the TMD counterpart for both RMS displacement and acceleration 

ratios under all investigated frequency ratios. 

According to Figure 5-11 (a) and Table 5-8, under the original structural frequency, the 

average RMS displacements are 0.1602 m and 0.1230 m for TMD and KDamper respectively, 

and the corresponding response ratios are 0.6345 and 0.4871. While under the most 

unfavourable shifted structural frequency ratio, i.e., -30%, the average RMS displacements 

are 0.2751 m and 0.2076 m for TMD and KDamper respectively, and the corresponding 

response ratios are 0.8926 and 0.6738. KDamper provides substantial reductions in the RMS 

displacements under all shifted structural frequencies, and the increase of the response ratio 

between the most unfavourable structural frequency and the original frequency is 0.1867. 

However, TMD becomes almost ineffective when the structural frequency is shifted by -30%, 

and the increase of the response ratio between the most unfavourable structural frequency 

and the original frequency is 0.2581. Thus, KDamper presents better robustness than TMD 

for RMS displacement responses. 

Similarly, as shown in Figure 5-11 (b) and Table 5-8, under the original structural frequency, 

the average RMS accelerations are 1.1291 m/s2 and 1.0886 m/s2 for TMD and KDamper, 

respectively, and the corresponding response ratios are 0.7882 and 0.7097. While under the 

most unfavourable shifted structural frequency ratio, i.e., -30%, the average RMS 

accelerations are 1.1162 m/s2 and 0.9942 m/s2 for TMD and KDamper respectively, and the 

corresponding response ratios are 0.9402 and 0.8375. The increase of the RMS acceleration 

response ratio between the most unfavourable structural frequency and the original frequency 

are 0.1520 and 0.1278 for TMD and KDamper respectively, indicating that KDamper also 

outperforms TMD in the robustness of RMS acceleration response. 
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(a) Averaged displacement ratios 

 

(b) Averaged acceleration ratios 

Figure 5-11. Averaged ratios of RMS displacements and accelerations under different structural frequencies 

 

Table 5-8. Averaged RMS displacements and accelerations under different structural frequencies 

Shifted 

structural 

frequency 

ratio 

Displacement (m) Acceleration (m/s2) 

Uncontrolled TMD KDamper Uncontrolled TMD KDamper 

-30% 0.3082 0.2751 0.2076 1.1871 1.1162 0.9942 

-25% 0.3461 0.2822 0.1776 1.3263 1.1703 0.9818 

-20% 0.3586 0.2859 0.1591 1.4642 1.2548 1.0009 

-15% 0.3082 0.2563 0.1485 1.4261 1.2652 1.0244 

-10% 0.2577 0.2073 0.1392 1.3564 1.2143 1.0500 

-5% 0.2555 0.1728 0.1302 1.4478 1.1866 1.0733 

0% 0.2525 0.1602 0.1230 1.5339 1.2091 1.0886 

5% 0.2543 0.1596 0.1182 1.6447 1.2732 1.1199 

10% 0.2529 0.1579 0.1151 1.7120 1.2983 1.1303 
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15% 0.2213 0.1535 0.1131 1.6393 1.3380 1.1706 

20% 0.2008 0.1504 0.1125 1.6161 1.3801 1.2132 

25% 0.1871 0.1489 0.1136 1.6118 1.4246 1.2515 

30% 0.1847 0.1532 0.1150 1.6975 1.5263 1.3072 
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Charpter 6  Conclusions and future works 

6.1 Main findings 

This thesis studies the dynamic performance of using KDamper to control the tower 

vibrations of wind turbines when they are subjected to earthquake excitations, with modified 

installation configurations. The influences of mechanical parameters of the KDamper, 

including mass ratio, damping coefficient and negative stiffness ratio are numerically and 

analytically investigated. Moreover, the vibration mitigation effectiveness of the KDamper 

is compared with that of a traditional TMD with similar parameters. Furthermore, the 

dynamic performance of KDamper and TMD under various seismic excitations are 

numerically studied and compared, and the robustness of controlling devices with different 

structural frequencies is discussed. 

Chapter 3 investigates the influences of different mechanical parameters, including mass ratio, 

damping ratio and negative stiffness ratio, on KDamper’s dynamic performance. Analytical 

study of KDamper reveals its three basic properties:   

1. With an equal mass ratio, KDamper always provides a better effect of vibration 

mitigation compared to TMD.  

2. Instead of increasing auxiliary mass, KDamper can achieve a better vibration isolation 

effect by increasing the absolute value of the negative stiffness element.  

3. The augmentation of the Negative Stiffness Element is subject to an upper limit 

determined by the static stability of the structure. 

In Chapter 4, the NREL 5MW wind turbine is adapted as the investigated model for this 

research. Lumped mass simplification and control device application are performed, and 

optimal parameters are obtained for different configurations. 

Chapter 5 numerically investigates the vibration mitigation performance of KDamper and 

TMD in both the frequency domain and time domain. In the frequency domain, it is found 
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that a downward connection of the negative stiffness element leads to better vibration 

mitigation effectiveness. However, the improvement of control effectiveness is not 

proportional to the increased downward connection intervals. Thus, connecting to the mid-

point of the tower is selected as the configuration to perform simulation under the time 

domain. Then, 18 earthquakes are adapted as the external excitation for the simulation under 

the time domain. Numerical results reveal that: 

1. Both TMD and KDamper are more effective in reducing the RMS displacements at 

the tower top compared with the reduction of maximum displacements. KDamper 

outperforms TMD in all tested ground motions. 

2. KDamper exhibits better performance than TMD for all tested ground motions in 

terms of suppressing RMS accelerations. However, when the tower is subjected to 

seismic motions that are governed by the second or third mode, the control 

performance of KDamper is limited.  

3. KDamper presents better robustness than TMD for both RMS displacement and RMS 

acceleration responses under all investigated structural frequencies. 

6.2 Recommendations for future works 

In this thesis, the performance of applying KDamper to a wind turbine model for vibration 

mitigation is quantified and discussed. However, the negative stiffness element of the 

KDamper is assumed to be a constant value in this research. In fact, negative stiffness 

dampers are normally realized by springs, beams and magnetism devices with non-linear 

characteristics [36]. Thus, it is necessary to develop a prototype of the negative stiffness 

vibration isolation device and carry out analytical studies to simulate the dynamic behaviour 

device. Moreover, if the performance of the prototype device can be verified by simulation, 

producing the device using 3D printing and carrying out the shake table test is also deemed 

necessary for future investigations. 
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Appendix I  

A1.1 Scale factors for 18 selected seismic motions 

Table A-1. Scale factors of selected seismic motions 

No. RSN Scaled factors No. RSN Scaled factors 

1 6 1.7192 10 900 1.8006 

2 15 3.4474 11 984 4.2034 

3 169 1.8987 12 1044 0.9268 

4 173 2.3431 13 1107 2.5444 

5 180 1.2973 14 1120 0.5334 

6 182 1.4696 15 1540 3.2658 

7 728 2.6204 16 1633 1.5303 

8 779 0.5825 17 5618 2.3271 

9 799 2.2179 18 6890 1.6975 

 

A1.2 Time history of displacement and acceleration for 

investigated ground motions 

  

(a) No. 1 (b) No. 2 

  

(c) No. 3 (d) No. 4 
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(e) No. 5 (f) No. 6 

  

(g) No. 7 (h) No. 8 

  

(i) No. 9 (j) No. 10 

  

(k) No. 11 (l) No. 12 
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(m) No. 13 (n) No. 14 

  

(o) No. 15 (p) No. 16 

  

(q) No. 17 (r) No. 18 

Figure A-1. Displacement time history at the tower top with and without control. 
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(e) No. 5 (f) No. 6 

  

(g) No. 7 (h) No. 8 

  

(i) No. 9 (j) No. 10 

  

(k) No. 11 (l) No. 12 

  



 

68 

(m) No. 13 (n) No. 14 

  

(o) No. 15 (p) No. 16 

  

(q) No. 17 (r) No. 18 

Figure A-2. Acceleration time history at the tower top with and without control 

 

A1.3 Ratio of RMS displacement and accelerations for robustness 

investigation 
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(c) No. 3 (d) No. 4 

  

(e) No. 5 (f) No. 6 

  

(g) No. 7 (h) No. 8 

  

(i) No. 9 (j) No. 10 

  

(k) No. 11 (l) No. 12 
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(m) No. 13 (n) No. 14 

  

(o) No. 15 (p) No. 16 

  

(q) No. 17 (r) No. 18 

Figure A-3. Ratios of RMS displacements under different structural frequencies. 
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(c) No. 3 (d) No. 4 

  

(e) No. 5 (f) No. 6 

  

(g) No. 7 (h) No. 8 

  

(i) No. 9 (j) No. 10 

  



 

72 

(k) No. 11 (l) No. 12 

  

(m) No. 13 (n) No. 14 

  

(o) No. 15 (p) No. 16 

  

(q) No. 17 (r) No. 18 

Figure A-4. Ratios of RMS accelerations under different structural frequencies 

 


