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A B S T R A C T   

The critical power-law acceleration of response quantities has been widely accepted and validated 
as an effective way to predict the failure time. However, in practical applications, only the data in 
the vicinity of the failure time exhibit critical power-law behaviour, which cannot describe the 
entire acceleration stage. In this study, it is shown that by using experimental results from the 
catastrophic failure of rocks under uniaxial compression, the acceleration of the mean strain 
presents two typical phases, and the final data in close proximity to the catastrophic time conform 
to the critical power-law trend. The early part of the acceleration stage is dominated by an 
exponential relationship with time to failure. Thus, the entire acceleration stage can be described 
using a combination of exponential and power-law functions. A prediction method based on a 
combined description of the entire acceleration failure process is proposed to forecast the failure 
time and is validated by experimental results. This combined description allows for an earlier 
warning of catastrophic failure than the power-law alone.   

1. Introduction 

The catastrophic failure of heterogeneous materials has attracted significant interest owing to its similarity to disasters occurring in 
manmade and natural structures [1–5]. It has been revealed that the accelerating trend of strain and other response quantities 
approaching catastrophic time is a precursor to catastrophic failure [1,4,6–12]. These acceleration precursors have been observed 
before natural disasters [6,8,10–12] and during failure experiments [9,13–18]. Such a critical acceleration process of the response 
rates can be described by the following power-law relationship [1,6,9,11,13–19]: 

Ω̇=B(tF − t)− β (1)  

where Ω represents a response quantity, and the dot above it refers to differentiation with respect to time, t; tF is the failure time; β is the 
critical power-law exponent; and B is a constant. Eq. (1) can be deduced from the well-known Voight relation [6,19], which describes 
the failure acceleration of materials with k = [A (α − 1)]1/(1− α) and β = 1/(α − 1) [19]: 

Ω̇− α Ω̈ − A= 0 (2)  

where α indicates the degree of acceleration, and A is a constant. 
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Eq. (1) can be rewritten in linearised form as follows [15,20]: 

Ω̇− 1/β
=B− 1/β (tF − t) (3) 

The failure time can be predicted by extrapolating the line from a plot of Ω̇− 1/β versus t to the time point of Ω̇− 1/β
= 0. The critical 

power-law acceleration behaviour (Eq. (1)) of the response functions close to the catastrophic failure point have been demonstrated in 
rock experiments [16,18], elastic-brittle materials [21], and ceramic coating systems [7,9]. Such a failure-forecasting method [15,20, 
22,23] has been confirmed by the retrospective prediction of failures in laboratory experiments [4,9,13,16–18], landslides [8,12], 
volcanic eruptions [6,20,22–24], and structural health monitoring [25]. Several attempts have been made to assess and increase the 
accuracy of this method for forecasting failures in real time [14–16,20,26–28]. However, it should be noted that in practical appli-
cations, only data in the vicinity of the failure time can exhibit critical behaviour [20]. The prediction results of Hao et al. [20], based 
on the “cumulative time technique” and “simple moving time window technique”, showed that the earlier data that deviate signifi-
cantly from the final power-law behaviour have a significant influence on the accuracy of predictions. The inverse power-law used to 
forecast failure time only applies near failure [11]. The test results of Vasseur et al. [29], using Bayesian Criterion Information, 
indicated that the first stages of deformation acceleration generally follow an exponential trend. Considerable experimental and 
theoretical studies and field observations have focused on critical power-law behaviour, but a full understanding of the entire ac-
celeration stage during failure is still lacking. 

In this study, quasi-static and uniaxial compression experiments were conducted on three types of rocks (sandstone, granite, and 
marble) to simulate the energy release driving catastrophic failure and to investigate the acceleration process of failure. We found that 
the acceleration stage includes two phases: the evolving trend of the earlier data in the first phase of the acceleration stage is dominated 
by an exponential relationship with the time to failure, and the data in the second phase, close to the failure time, evolve according to 
the power-law behaviour of Eq. (1). The entire acceleration process of the strain rates can be described using a combination of 
exponential and power-law functions. Based on this description, a method is proposed for predicting the catastrophic failure time. 

2. Experiments and methods 

In the laboratory tests, the load apparatus and tested rock samples were both deformed during compression in series. This is usually 
modelled using the system illustrated in Fig. 1a. The “elastic spring” represents the load apparatus, and k is the stiffness of the elastic 
spring. Thus, the compressive displacement U of the testing machine crosshead combines the deformation of the loading apparatus and 
the deformation u of the rock sample (Fig. 1a). 

Three types of rocks (grey sandstone, brown marble, and black granite) were cut into prism-shaped blocks 40 mm in height and 16 
× 20 mm2 in cross-section. To decrease or eliminate the end effect, the height of the specimen was larger than or equal to double the 
width, and the top and bottom contact surfaces of the rock specimen with the load plate were buttered during the tests. Fig. 2 shows the 

Fig. 1. Experimental setup, samples, and evolutions of F, U, and u. (a) Schematic of the uniaxial compression system. The elastic spring represents 
the load apparatus. (b) Testing equipment for uniaxial compression tests. (c) Evolutions of F, U, and u. (d) F–U curves for three types of rocks. (e) 
Representative experimental result showing the critical condition (Eq. (9)) of catastrophic failure. 
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internal microstructures in the scanning electron micrographs of the three rock types. All rock samples were compressed uniaxially 
along the height axis using an Instron 5982 testing machine (Instron, Norwood, MA, USA) at a constant crosshead speed (Fig. 1b), so U 
increased linearly with time (Fig. 1c). Consequently, the load apparatus of the test machine accumulated substantial elastic energy 
during deformation. A total of 25 specimens of each rock type were tested. The representative results for the three rock types are shown 
in Fig. 1. After the peak stress, the load apparatus releases the stored deformation energy, which may trigger catastrophic failure of the 
rock sample (Fig. 1c–e). 

The deformation, u, of a rock sample was monitored using an extensometer located on its side, which had a 1 μm resolution 
(Fig. 1b). Force was measured using a force sensor (Fig. 1b) with an offset load of 1 kN. The load curves of the three rock types show a 
clear post-peak phase (Fig. 1d). This indicates that these rocks can deform stably after the peak force and exhibit a stress-softening 
behaviour. The experiments show that u exhibits an accelerating evolution that finally leads to catastrophic failure (Fig. 1c–e). A 
catastrophic failure point appeared in the stress-softening stage after the peak force. 

3. Theoretical analysis of catastrophic failure 

To analyse catastrophic instability, let us consider a spring-sample system (Fig. 1a) loaded by controlling the boundary 
displacement, U. The instability of this system is determined by the stiffness (k) of the elastic spring and the post-failure evolving 
behaviours of the rock sample. Following the peak or maximum force, an increment (dU) in the boundary load displacement produces 
an increment (du) in the sample’s deformation, but a decrement (dF) in the external force, F. Stress-softening results in a recovery due 
= dF/k in the deformation, ue, of the elastic spring. The value of due is negative because dF is negative after the peak force, corre-
sponding to the reduction of F with increasing displacement of U. 

In this process, the external force changes from F to F + dF, induced by an increase in the boundary displacement, dU, and the 
external work, dW, created by the external load can be calculated as follows: 

dW =(F + dF / 2)dU (4) 

During the deformation process after the peak force, the deformation stability is governed by three types of energies: the increment 
of the external work dW done by the external load, and the energy release from the elastic spring 

dWe = − (F + dF / 2)due (5) 

owing to its deformation recovery (due) and the required work 

dWd =(F + dF / 2)du (6) 

to produce a deformation increment du in the rock sample. 
Deformation instability occurs in the spring-sample system (Fig. 1a) when the energy released from the elastic spring (dWe) 

compensates for or is larger than the required work (dWd), inducing a deformation increment du in the rock sample. Consequently, 
without any external input, failure (or deformation) proceeds self-sustainably and uncontrollably in a rock sample. Therefore, the 
deformation is stable only when 

dWe < dWd (7) 

Substituting Eqs. (5) and (6) into Eq. (7) gives 

− due = − dF/k < du = dF/(dF / du) (8)  

In Eq. (8), the stiffness of the elastic spring is larger than the negative value of the slope of the tangent of the force-deformation curve of 
the rock sample, that is k > –dF/du. The critical conditions driving the catastrophic failure in the rock sample are shown in (Fig. 1e), 
where 

Fig. 2. Scanning electron micrographs of three types of rocks: (a) granite, (b) sandstone, and (c) marble.  

L. Cheng et al.                                                                                                                                                                                                          



Heliyon 10 (2024) e24003

4

dF / du = − k (9) 

The external force on the elastic spring, shown in Fig. 1a, can be expressed as follows: 

F = kue (10) 

The deformation of the elastic spring is the difference between the boundary displacement, U, and the sample deformation, u: 

ue =U − u (11) 

Eqs. (10) and (11) result in 

F = k(U − u) (12) 

Differentiation of Eq. (12) with respect to u yields 

dF / du = kdU/du − k (13) 

Eqs. (9) and (13) indicate that the critical condition for catastrophic instability can be expressed as 

dU / du= 0 or du / dU→∞ (14) 

Therefore, the relative response rate, du/dU, of the deformation (u) with respect to the control variable (U) tended to exhibit 
singularity at the catastrophic point. Consequently, the catastrophic failure point is defined as the time point when the relative 
response rate is du/dU→∞. 

Catastrophic instability can also be represented as an increment, du, in the deformation of the rock sample induced by the energy 
release, dW, of the elastic spring without external work input. This is expressed as follows: 

dW / du = 0 (15) 

Eq. (15) yields the critical condition in Eq. (14). 

4. Acceleration process approaching the failure time 

Since the critical condition of catastrophic instability of failure is du/dU→∞ (Eq. (14)), in order to clearly observe the acceleration 
of deformation rates evolving to the catastrophic failure time, we define a strain response function as the relative change rate of the 
average strain ε = u/l with respect to the load displacement (U): 

R=
dε
dU

(16)  

where l denotes the height of the sample. The rapid increases of strains, ε (Fig. 3a), and the response function, R (Fig. 3b), approaching 
the catastrophic failure time illustrates a precursory accelerating trend of the tested samples’ deformations. This indicates that the 
response function R tends toward a singularity (as shown in Eq. (14)), as determined by the energy criterion for the catastrophic 
instability of failure. The response function, R, represents the relative change of a response variable (the average strain, ε) with respect 
to the control variable (U). Critical criterion (14) indicates that R, an indicator of the occurrence of catastrophic failure, tends towards 
infinity. Consequently, a description of the evolving trend of R approaching infinity can predict the time of catastrophe. 

To characterise the accelerating properties of the deformations approaching the catastrophic point, Fig. 4 plots the log–log curves of 
R against the remaining life (UF – U) for three typical rock samples in which catastrophic failure occurs. R and U in the above equation 
are normalised by their values monitored at the catastrophic failure time in the experiments, that is, Rmax and UF, respectively. The 

Fig. 3. Evolutions of ε and R for three types of rocks, showing the acceleration of failure.  
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linear trend of these log–log curves in proximity to the catastrophic failure time indicates that the critical accelerating process of the 
strain rates follows a power-law relationship: 

Ra =B(UF − U)
− β (17) 

It should be mentioned that in the experiments U has a linear relationship with t so that Eq. (17) is consistent with Eq. (1). Ra 
represents the value of R in the acceleration stage to distinguish it from the values of R during the entire loading process. 

According to Eq. (17), R− 1/β
a decreases linearly with U to zero at the catastrophic failure time when U––UF. It should be noted that 

Eqs. (17) and (18) are interval expressions. To determine the interval range in Figs. 6 and 7, we used a linear fitting technique based on 
the least-squares method. During the fitting process, the dataset used for fitting was determined according to the principle of maximum 
correlation coefficient, and as many data points as possible were included [18]. To clearly demonstrate the two phases of the accel-
eration process, the curves of R− 1/β versus U are plotted in Fig. 5a, 6a and 7a. The earlier data in the acceleration phase deviate from the 
linear trend exhibited by the data in the vicinity of the catastrophic failure time. This is identical to the results shown in Fig. 4, where 

Fig. 4. Double logarithmic curve showing the power-law relationship of Eq. (17).  

Fig. 5. Evolution of strain rates and description of failure acceleration of a sandstone specimen. (a) R− 1/β versus U. (b) Logarithmic curves of R/(UF 
− U)− β versus U. Magnifications of the subplots on the left in the proximity of the failure time are shown in the subplots on the right to enhance the 
details of the fittings to Eqs. (17) and (18). 
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only the strain-rate data close to the failure time conform to the power-law behaviour of Eq. (17). The data from the early part of the 
acceleration stage do not follow the critical power-law tendency. However, the linear parts of the logarithmic curves of R/ (UF − U)

− β 

versus U for the three rock types (as shown in Fig. 5b, 6b and 7b) indicate that the entire acceleration stage can be described as 

Ra =H exp[ − (UF − U)](UF − U)
− β (18) 

This indicates that in the early part of the acceleration stage, the strain rate is dominated by an exponential relationship with time. 
The data in the acceleration stage can be described well using a combination of exponential and power-law functions. The other data 
deviated from the fitted trend. 

5. Predicting the failure time based on the description of the whole acceleration process 

The combined description of the whole acceleration process of Eq. (18) yields: 

log Ra = log H − (UF − U) − β log (UF − U) (19) 

Differentiation of Eq. (19) with respect to U gives 

(Ṙa/Ra − 1)− 1
=

1
β
(UF − U) (20)  

where Ṙa is defined as the differentiation of Ra against U, i.e., Ṙa = d2ε/dU2. Eq. (20) indicates that (Ṙa/ Ra − 1)− 1 linearly decreases 
with U. Then, the prediction of UF can be achieved by linearly extrapolating the curve of (Ṙa/ Ra − 1)− 1 to zero. 

Close to the catastrophic point, the values of Ṙa/Ra are large, and the first term on the left side of Eq. (20) is approximated as 
follows: 

RaṘa
− 1

=
1
β
(UF − U) (21)  

Fig. 6. Evolution of strain rates and description of failure acceleration of a granite specimen. (a) R− 1/β versus U. (b) Logarithmic curves of R/(UF −

U)− β versus U. Magnifications of the subplots on the left in the proximity of the failure time are shown in the subplots on the right to enhance the 
details of the fittings to Eqs. (17) and (18). 
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In the experiments, U increased linearly with time t; therefore, Eq. (21) is consistent with the following relationship [20,21]: 

RaṘa
− 1

=
1
β
(tF − t) (22) 

Eqs. (20) and (21) can be verified by the linear behaviour of (Ṙa/ Ra − 1)− 1 and RaṘa
− 1 versus U close to the failure time in the 

experimental results, as shown in Fig. 8. It is evident that close to the failure time, there is little difference between the experimental 

Fig. 7. Evolution of strain rates and description of failure acceleration of a marble specimen. (a) R− 1/β versus U. (b) Logarithmic curves of R/(UF −

U)− β versus U. Magnifications of the subplots on the left in the proximity of the failure time are shown in the subplots on the right to enhance the 
details of the fittings to Eqs. (17) and (18). 

Fig. 8. Experimental data of (Ṙa/ Ra − 1)− 1 and RaṘa
− 1 versus time, showing their linear behaviours in precursory accelerations for three rock types. 

Response functions: (Ṙa/ Ra − 1)− 1 and RaṘa
− 1. 
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data of (Ṙa/ Ra − 1)− 1 and RaṘa
− 1. Figs. 5–7 show that the relationship of Eq. (20) is applicable earlier than the power-law relationship 

expressed by Eq. (17) or Eq. (1). Consequently, Eq. (20) can provide an earlier warning of catastrophe. Fig. 9 illustrates the predicted 
results in the time series obtained step-by-step using Eq. (20) for the three rock types. By comparison, the predicted results based on the 
power-law relationship in Eq. (17) are plotted in Fig. 9. In the predictions, only data close to the current time point were used, and 
future data were assumed to be unavailable. As expected, the predictions based on Eq. (17) at an earlier phase of the acceleration stage 
deviate significantly from the actual failure time; only those close to the catastrophic failure time represent good predictions. By 
contrast, the predictions obtained using Eq. (20) yield almost the same stable prediction, which agrees well with the actual failure 
times. 

To quantitatively evaluate the prediction accuracy of the model, the relative error is defined as the ratio of the deviation of the 
predicted value UP from the UF value at the moment of destruction, which is used as a measure of the deviation of the predicted value 
from the true value; the closer the value is to zero, the smaller the deviation of the predicted value. This approach was used to 
determine the method that was more effective in predicting the time of catastrophe. 

The curve representing the relative error versus Ut is shown in Fig. 10. It can be clearly seen that the relative error of the prediction 
error of Eq. (17) is large in the early acceleration section; when approaching the time of catastrophic failure, the value of the prediction 
relative error is close to zero, whereas the relative error of Eq. (20) is close to zero in the entire acceleration section. 

6. Discussion 

6.1. Catastrophic failure and precursory accelerations 

The nonlinear evolution of failure in brittle rocks is defined by their intrinsic heterogeneous properties resulting from microdamage 
such as cracks and voids randomly distributed inside the bodies of the rocks. For an ideal homogeneous elastic-brittle material, the 
response quantities have a linear relationship with the controlling variable, and consequently, there is no precursory accelerating 
process (as shown in Fig. 11). The heterogeneity of brittle rocks produces a nonlinear acceleration process of deformation that evolves 
to a catastrophic point, as shown in Fig. 3. Therefore, heterogeneous mechanical behaviours, resulting from natural and random 
damage inside rock materials and the energy principle of catastrophic failure, define the precursory acceleration and singularity 
behaviour of the response functions, R = dε/dU. 

The acceleration of the failure approaching the catastrophic point can be attributed to damage localisation and energy release of the 
load apparatus. Damage accumulation in a shallow zone leads to rapid failure propagation. After the peak force, the deformation 
recovery of the elastic environment (e.g., the load apparatus in the experiments) resulting from unloading accelerates the deformation 
of the compressed specimen. Consequently, the increment in the deformation of a specimen is the sum of the increments of both the 
boundary displacement and the recovery deformation of the load apparatus, that is, 

du= dU − due (23) 

At the catastrophic point, an infinitesimal increase in the external control variable (U) results in a finite increase in the deformation 
response (u). Since due is negative, its value is subtracted. 

It is difficult to precisely determine the onset time when strain transitions to acceleration [2,20,30,31]. The initial point of the 
strain acceleration process was determined as the time after which the strain acceleration was at least one order of magnitude greater 
than the minimal (positive) value of acceleration. 

6.2. Prediction and noise of acceleration 

The heterogeneity of brittle rock and its complex evolution under a compression load leads to the sample specificity of catastrophic 
failure. Sample specificity is the main cause of uncertainty in the catastrophic failure times. The precursory acceleration process of the 
failure provides clues for predicting the failure time of an individual event. 

How to determine the actual value of exponent β is a challenge that influences the accuracy of prediction based on the power-law 
relationship (Eq. (1)). The well-known inverse-rate method [6,10,11,17,19,22,32–34] and other methods [18,20] have been suggested 
to overcome this difficulty. The present description explains the prediction of the catastrophic failure time based on Eq. (20). This 
method does not require the critical exponent to be known beforehand. The catastrophic failure time was directly predicted by 
monitoring the time series data of (Ṙa/Ra − 1)− 1. This applies earlier than the power-law relationship, and thus promises an earlier 
warning of catastrophic failure. It is noteworthy that Eqs. (20) and (21) indicate that the slope of the fitted line in Fig. 8 is equal to 1/β. 
Consequently, β can be determined as the inverse slope. 

The monitored data of both u and U in the experiments inevitably involve noise, which consequently causes fluctuations in the rates 
and accelerations calculated by differentiation. Fluctuations in the rate and acceleration data may lead to scatter in (Ṙa/Ra − 1)− 1. 
Obviously, Eq. (18) describes the quasi-continuous evolution of the deformation acceleration. In practice, the evolution of deformation 
is a response to a time series of small, discrete, and intermittent damage events occurring in brittle rocks that are much smaller than 
macroscopic and catastrophic events. As time approaches the catastrophic point, the values of the deformation rates in response to 
damage events become large and increase rapidly, so the effects of noise can be suppressed. Consequently, noise had a smaller effect on 
the calculated values of the rates and accelerations in the final stage. Therefore, the precursory accelerations of the three types of rocks 
with different internal micro-structures are well described by Eq. (20). The internal micro-structures of the rocks should have a 
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significant influence on the duration of the precursory acceleration stage, the magnitudes of the strain rates and accelerations, the 
background noise, and the length (of time) ratio of the two phases in the precursory acceleration stage. Further investigations are 
needed to highlight the effects of the internal micro-structures. Furthermore, it should be noted that the present method for failure- 
time prediction must first determine the control variable (e.g., compressive displacement, U). This limits the application of the 
theoretical model when control variables are uncertain. 

7. Conclusion 

In this study, it was shown that an evident acceleration stage exists in the process of deformation evolving into the catastrophic 
failure of brittle rocks. The entire process of such acceleration failure comprises two phases. The data in the vicinity of the failure time 

Fig. 9. Predicted results based on Eqs. (17) and (20), respectively. Ut is the real-time displacement at the current time point. UP is the predicted 
value of UF. The blue dashed line denotes the actual value of UF. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the Web version of this article.) 

Fig. 10. Relative error versus Ut curve.  

Fig. 11. Illustration of catastrophic failure (CF) of an ideal homogeneous material. No precursory acceleration appears ahead of the cata-
strophic failure. 

L. Cheng et al.                                                                                                                                                                                                          



Heliyon 10 (2024) e24003

10

exhibit power-law behaviour with respect to the time to failure; however, the data in the earlier phase of the acceleration stage 
conform to an exponential function. Consequently, all data in the acceleration stage can be described well by a combination of 
exponential and power-law functions. A prediction method based on a combined description of the entire acceleration failure process 
can be used to forecast the failure time. This method was validated by experimental results for three types of rocks. The combined 
description of the entire acceleration failure process allows for an earlier warning of catastrophic failure than the well-established 
power law. 
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