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Abstract

This thesis is devoted to theoretical studies of positron scattering from multi-

electron atoms and molecules. To perform these studies, the single-centre

convergent close-coupling (CCC) theory and code were extended beyond

quasi-one and -two electron systems to atoms with any number of electrons.

A complex model potential, scaled to the CCC calculations, was also utilised

to address the issues associated with single-centre expansions and to allow for

the calculation of positronium-formation and direct ionisation cross sections.

For molecular systems, a modified version of the IAM-SCAR technique was

used to calculate the required cross sections.

Major results

1. Theoretical and code development for the single-centre CCC code for

positron-atom scattering from atoms with any number of available

electrons.

2. Development of the CCC-pot technique, where complex model poten-

tial calculations are scaled to the single-centre CCC calculation al-

lowing for calculation of positronium-formation, direct ionisation, and

inelastic cross sections between the positronium-formation and ionisa-

tion threshold. Furthermore, the development of a code that calculates

the model potential atomic cross sections required by this technique.

3. Comprehensive calculations of positron scattering from carbon [1],

oxygen [2], neon [3], argon [3], boron, and fluorine atoms for energies

between 10−5 eV and 5000 eV.

4. Use of the IAM-SCAR approach with atomic CCC results [4] to cal-

culate positron scattering cross sections for the H2, O2, CO, CO2, O3,

iii
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H2O, CH4, and CF4 molecules.

Layout of thesis

Here, a brief description of each chapter is provided.

Chapter 1 contains a description of the motivations for the current re-

search, atomic scattering processes, contemporary theoretical approaches,

and an overview of the current state of the field for each of the considered

targets.

Chapter 2 contains an overview of the theory behind the current imple-

mentation of the single-centre CCC approach in calculations of the target

structure and positron scattering.

Chapter 3 contains a detailed overview of how the complex model poten-

tial is utilised in the current formulation, how it is scaled with single-centre

CCC results, and then how it is used to calculate positronium-formation,

direct ionisation, and inelastic cross sections between the positronium-

formation and direct ionisation thresholds. A demonstration of this process

is provided for H and He.

Chapter 4 contains an overview of the IAM-SCAR approach and the

current modifications applied to it to calculate CCC-SCAR cross sections.

A demonstration of this approach for H2 is provided in this chapter.

Chapter 5 contains a comparison of results for H, He, and Ne in the

frozen-core approximation calculated with the current CCC code and the

existing frozen-core CCC code.

Chapter 6 presents the calculations conducted for positron scattering on

atomic carbon.

Chapter 7 presents the calculations conducted for positron scattering on

atomic oxygen.

Chapter 8 presents the calculations conducted for positron scattering on

neon and argon.

Chapter 9 presents the calculations conducted for positron scattering on

boron.

Chapter 10 presents the calculations conducted for positron scattering

on atomic fluorine.

Chapter 11 presents the CCC-SCAR calculations completed for a range

of molecular targets including O2, CO, CO2, O3, H2O, CH4, and CF4.
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Finally, Chapter 12 contains the conclusions of the current work and

how this work can be extended in future.

Also included are Appendix. A, which describes the computational im-

plementation of the developed CCC code, and Appendix. B, which provides

the scaled Born calculations for each of the considered atoms.
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electrons are by Garćıa et al. [77]. Vertical dotted lines

represent the positronium-formation and direct ionisation

thresholds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

8.3 Elastic cross section for positron scattering on neon. CCC

results are presented alongside the calculations of Khandker

et al. [80], Hofierka et al. [81], Arretche et al. [82] and Dapor

and Miotello [37]. Measurements of Nagumo et al. [76],

Jones et al. [71], and Stein et al. [72] are shown alongside the

electron results of De Heer et al. [83]. Vertical dotted lines

represent the positronium-formation and direct ionisation

thresholds. . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

8.4 Elastic cross section for positron scattering on argon. CCC

results are presented alongside the calculations of Arretche

et al. [82], Haque et al. [84], Parcell et al. [85], and Hofierka

et al. [81]. Measurements of Jones et al. [71], Zecca et al.

[78], Boadle et al. [86] and Coleman et al. [87] alongside the

electron results of Iga et al. [60] and De Heer et al. [83]. . . 134



List of Figures xxiv

8.5 Elastic folded differential cross sections for positron scatter-

ing on neon with energies ranging from 1 eV to 5 eV. CCC

results are presented alongside relativistic optical potential

(ROP) [88] and many-body theory (MBT) calculations [89],

and the measurements of Cheong et al. [88]. . . . . . . . . 135

8.6 Elastic folded differential cross sections for positron scatter-

ing on neon with energies ranging from 10 eV to 40 eV. CCC

results are presented alongside relativistic optical potential

(ROP) [88] and many-body theory (MBT) calculations [89],

and the measurements of Cheong et al. [88]. . . . . . . . . . 136

8.7 Elastic differential cross sections for positron scattering on

neon with energies ranging from 50 eV to 300 eV. Theoret-

ical results include the current CCC calculation and those

of Khandker et al. [80], Baluja et al. [90], Byron Jr and

Joachain [91], and Stepanek [92]. The measurements of

Kauppila et al. [93] are shown for 50 eV and 200 eV, elec-

tron measurements by Gupta and Rees [94] are shown for

200 and 300 eV. . . . . . . . . . . . . . . . . . . . . . . . . 137

8.8 Elastic differential cross sections for positron scattering on

argon with energies ranging from 0.4 eV to 1.5 eV. CCC

results are shown alongside the measurements of Sullivan

et al. [95] and Gilbert et al. [96]. . . . . . . . . . . . . . . . 138

8.9 Elastic differential cross sections for positron scattering on

argon with energies ranging from 2 eV to 10 eV. CCC results

are shown alongside the ROP theoretical results of Boadle

et al. [86] and the experimental results of Boadle et al. [86],

Coleman and McNutt [97], Floeder et al. [98], and Smith

et al. [99]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

8.10 Elastic differential cross sections for positron scattering on

argon with energies ranging from 15 eV to 50 eV. CCC

results are shown alongside the ROP theoretical results of

Boadle et al. [86] and the experimental results of Boadle

et al. [86], Floeder et al. [98], and Smith et al. [99]. . . . . 140



List of Figures xxv

8.11 Elastic differential cross sections for positron scattering on

argon with energies ranging from 100 eV to 500 eV. CCC

results are shown alongside the theoretical results of Na-

har and Wadehra [100], Haque et al. [84], and Dapor and

Miotello [37] and the experimental results of Hyder et al.

[101] and Dou et al. [102]. For 500 eV, the experimental re-

sults of Iga et al. [60], DuBois and Rudd [103], and Jansen

et al. [104] for the electron case are shown. . . . . . . . . . 141

8.12 Momentum-transfer cross section for positron scattering on

neon. CCC results are shown alongside the theoretical re-

sults of Arretche et al. [82], Khandker et al. [80], and Da-

por and Miotello [37]. Vertical dotted lines represent the

positronium-formation and direct ionisation thresholds. . . 142

8.13 Momentum-transfer cross section for positron scattering on

argon. CCC results are shown alongside the theoretical

results of Arretche et al. [82], Haque et al. [84], Šuvakov
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Chapter 1

Introduction

1.1 Motivation

Positrons have become a significant part of the medical industry in the past

few decades due to their use in positron emission tomography (PET) scans

and positherapy. PET scans are critical in the fight against cancer as a non-

invasive method of accurately imaging tumours inside the body [212]. They

are also a powerful tool in biomedical research as they enable imaging of

internal molecular processes occurring in vivo in real-time [212, 213]. PET

scans can also be used to investigate the pathogenesis of neurological dis-

orders and diseases such as Alzheimer’s and Parkinson’s disease and could,

in the future, allow for the monitoring and even presymptomatic diagnosis

of these conditions [214]. Positherapy, on the other hand, utilises positrons

to destroy cancer cells [215]. This treatment has proven useful in treating

cancers where conventional methods are less effective, since the preferential

uptake of positron emitters by tumours as a result of their high metabolic

rates leads to targeted internal radiotherapy [216–218]. Positherapy is a

safer alternative to current radiotherapy approaches due to the rapid clear-

ing of positron emitters from the body and the low range of the emitted

positrons [219].

Both of these technologies function by introducing a radioactive tracer

into the body, which produces high-energy positrons as it decays. These

positrons release energy into the surrounding tissue, which in posither-

apy treatments results in cancer cell death. After losing sufficient energy,

positrons can bind to an electron forming positronium (Ps) atoms which un-

1
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dergo annihilation and release gamma rays, which can be detected by PET

scans and used to resolve an image of the internal biochemical processes

occurring inside the body. Currently, however, quantifiable data on the ex-

act scattering processes that occur between the emission and annihilation of

these positrons are scarce and largely unknown [173]. These processes slow

down the positron and eventually lead to it annihilating either directly or

by first undergoing positronium-formation, a reaction critical for PET scans

as its decay emits 80% of detected gamma rays [220]. Accurate positron-

scattering cross sections are therefore required to calculate quantities such as

positron energy deposition and range distributions in human tissue. These

quantities can be used to model a positron’s journey in positherapy treat-

ments and increase the accuracy of PET scans, where uncertainty in the

positron’s range leads to image blur [221].

To calculate the cross sections for positron scattering on the complex

molecules relevant in these processes, methods such as independent atom

model (IAM) [222, 223], IAM with screening corrected additivity rule (IAM-

SCAR) [224], IAM-SCAR plus interference terms (IAM-SCAR+I) [225], and

Monte-Carlo [226] rely on accurate cross sections for scattering on the atoms

which compose them. The two most significant are carbon (C) and oxygen

(O) which comprise 83.5% of the human body by mass. Of the remaining

mass, 10% is comprised of hydrogen (H), 0.4% of potassium (K), 0.2% of

sodium (Na), and 0.1% of magnesium (Mg). The convergent close-coupling

(CCC) method, which is a scattering technique that has been developed over

the past 30 years in our group, has been applied to positron scattering on

H, K, Na, and Mg to obtain extensive cross sections in single-centre, two-

centre, or both approaches [5, 227–232]. Therefore, with the calculations

completed in this thesis, the atomic components of 94.2% of human body

mass are now encompassed by the CCC calculations.

Outside the medical industry, fusion reactor research is another area

where positron collision data is relevant, with carbon and boron being vi-

able materials for shielding and walls within these reactors. Due to the

large energies involved in fusion production, electron-positron pair produc-

tion is a common event, and runaway positrons are created in large quan-

tities [233, 234]. Only 0.1% of these produced positrons annihilate within

the plasma, with the rest colliding with the reactor wall [235]. Therefore,

positron scattering data is important to fully understand the transport and
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energy deposition of these positrons and their impact on the degradation of

the reactor materials.

Atomic oxygen is a fundamental part of the Earth’s atmosphere. Due to

how reactive O is, it does not exist in notable quantities close to the Earth’s

surface. Instead, it is predominantly found in the upper parts of the at-

mosphere where the abundant ultraviolet radiation continuously dissociates

O2. Accordingly, studies have found O to be the main component of the

atmosphere between 200 and 650km [236, 237], with atmospheric models

predicting that, by volume, 96 % of the atmosphere in low earth orbit con-

sists of O [238, 239]. As a result, O is essential for cooling the atmosphere

through collisions with other atmospheric molecules or direct radiative cool-

ing to the ground state [237].

In the same region that O is dominant, positrons are readily produced

through cosmic ray interactions with the atmosphere, terrestrial gamma-ray

flashes, or via nuclear reactions [240–243]. These positrons are either de-

stroyed within the atmosphere, escape to space, or can become trapped and

accumulated by the inner magnetosphere into a positron radiation belt [241–

244]. Therefore, e+-O scattering is likely a common event within the up-

per atmosphere, and accurate cross sections will be essential for modelling

positron transport through this region or in the atmospheres of oxygen-rich

bodies such as Venus [245] and Europa [246].

Fluorine (F) is an extremely reactive element that rarely exists as a free

atom. As a result of this, experimental and theoretical scattering research

for this atom is sparse. Consequently, interest in positron scattering from

F is largely focused on the molecules that contain it. These include several

complex molecules which are commonly utilised in plasma etching [247, 248],

positron cooling [249–251], and positron traps [252, 253]. Due to the differ-

ences present between hydrofluorocarbons and their corresponding hydro-

carbons, these molecules have become popular for investigating and better

understanding positron scattering phenomena. Therefore, there exists sub-

stantial experimental research for these systems [248]. Another important

molecule containing fluorine is flurorodeoxyglucose which is a radiotracer

commonly used in positron emission tomography (PET) scans [254].

To date, the theoretical formulation of the convergent close-coupling

(CCC) method has been limited to quasi one- and two-electron targets i.e.

those which can be described by one or two active electrons above an inert
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core, and hence has only been applied to positron scattering on hydro-

gen [5, 228, 255], helium [256–259], the alkali metals [227, 231, 232, 260],

and magnesium [230, 261]. These calculations were conducted using either

single-centre, two-centre, or both, methods. In addition, positron scattering

from noble gases were studied using the single-centre CCC with a model

accounting for one-electron excitations only [70]. As an ab-initio approach

that can be validated via convergence studies, the CCC method has proven

useful in providing comprehensive data sets and verifying the theoretical

and experimental results for these targets. Although theoretical results

exist for positron scattering from the atoms considered in this thesis these

results are not extensive, with several important cross sections not present

within the literature or only calculated above, or below, certain energies.

Consequently, these systems will greatly benefit from large-scale accurate

CCC calculations to verify the existing theory and reduce the gaps present

in the literature.

We have extended the single-centre CCC method to allow for complex

structure models accounting for any number of active electrons with or

without an inert core below them. This has been achieved using the

MULT program developed by Zatsarinny [262] and the Multiconfigurational

Hartree-Fock (MCHF) code developed by Fischer [263]. We have utilised

this approach to generate an accurate target structure model for O, C, Ne,

Ar, B, and F atoms and to perform close-coupling calculations for positron

collisions with these atoms. We have produced a comprehensive cross

section data set for this system with incident energies between threshold

and 5000 eV. To overcome the limitations of the single-centre approach, we

have developed a procedure utilising a complex model potential that allows

us to obtain estimates for positronium-formation and direct ionisation cross

sections.

For molecular systems, the CCC method is currently limited to

molecular targets with a few electrons. This includes H2 and H+
2 for

positron [13, 264–266] and electron scattering [267–270], and HeH+ for

electron scattering [271]. The extension of this approach to the other

molecules considered in this study would be a significant undertaking

and calculations would require considerable computational resources. As

cross sections are now available for the atoms considered in this thesis, a

simpler approach is instead to use the IAM-SCAR method [224]. Typically
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the atomic values utilised for these calculations are from model potential

approaches. Unlike the CCC approach, some model potential approaches

are not ab-initio and rely upon the choice of parameters to model the

scattering system. For C and O, there are no existing positron scattering

experiments and a small number of calculations. For F and B, on the

other hand, there exist no previous theoretical or experimental studies.

Therefore, the benefit of using these CCC cross sections is that they provide

highly-accurate results across the entire energy range for which the errors

are well-documented.

With the cross sections calculated within this work, and previous

calculations for H, we have utilised a modified IAM-SCAR approach to

calculate the total, positronium-formation, direct ionisation, electron-loss,

and total excitation cross sections for several of molecules. These include

H2, O2, C2, CO, CO2, H2O, CH4, F2, and CF4. Like the atoms that

compose them, cross sections for positron scattering from these molecules

are important for biological, fusion, astronomical, atmospheric, and plasma

research.

1.2 Atomic scattering processes

Positron-atom collision processes are listed in Table. 1.1, with the atomic

nucleus represented by A. Elastic scattering leaves the incident positron and

the target atom unchanged. Bound-state excitations remove energy from the

incident positron and transfer it to the target atom’s electrons, leaving the

target atom in an excited state (A∗). Our current extension of the CCC

structure allows for the excitation of any number of electrons, however, for

the energy range considered within our calculations one-electron excitations

are expected to be the most significant excitation process.

Direct ionisation, positronium-formation, and direct annihilation pro-

cesses remove an electron from A leaving an ion (A+) behind. In the case

of direct ionisation, an electron absorbs enough energy to escape from the

atom. In positronium-formation, an electron is captured by the positron

forming positronium, and in direct annihilation, the electron and positron

annihilate, producing two gamma rays. As with excitation, numerous elec-

trons can be ionised by the positron if it has sufficient energy; however,
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single-ionisation is expected to be the most significant at the energy range

our calculations consider. Direct ionisation occurs for incident positron en-

ergies above the ionisation threshold. The positronium-formation threshold

is 6.8 eV below the ionisation threshold, whereas annihilation can occur at

any energy. The annihilation cross section is expected to be negligible for

the considered incident energies and, therefore, is omitted in current calcu-

lations. Electron-loss represents the sum of these ionisation processes, total

inelastic is the sum of all processes except elastic, and the total scattering

process is the sum of all possible collisions.

Table 1.1: Atomic scattering processes for an incident positron

Elastic scattering e+ +A→ A+ e+

Direct ionisation e+ +A→ A+ + e− + e+

Positronium-formation e+ +A→ A+ + Ps

Bound-state excitation e+ +A→ A∗ + e+

Direct annihilation e+ +A→ A+ +2 γ

1.3 Overview of theoretical methods

1.3.1 Born, Coulomb-Born, and distorted-wave approxima-

tions

The Born approximation assumes that the interaction potential between

particles is weak and that plane waves can be used to describe the initial

and final states of the projectile. This approach is only applicable at higher

energies, although scaling approaches have been developed to accurately cal-

culate ionisation for incident electrons at low energies [272].

The Coulomb-Born approximation is an extension of the Born approxi-

mation in which the long-range Coulomb potential is accommodated through

the description of the projectile with waves calculated in the asymptotic tar-

get field. By including the impact of the Coulomb potential, this approach

is the Born approximation for charged targets. For both the Born and

Coulomb-Born approximations the projectile wave is an exact solution of



Chapter 1. Introduction 7

the asymptotic Hamiltonians.

The distorted-wave Born approximation calculates the projectile wave

function in the short-ranged distorting potential that is obtained from the

properties of the target initial (or final) state. This way a distortion of the

projectile wave function by the target atom is accounted for. Although this

method can give more accurate results than the Born approximation at low

energies it is, however, less accurate than non-perturbative approaches.

1.3.2 R-matrix

The R-matrix method, first introduced by Wigner and Eisenbud [273], is an

ab-initio approach in which the configuration space is split into internal and

external regions. The radius that splits these two regions is chosen to be

large enough that within the external region, the interactions between the

target and projectile are described solely by long-range forces, disregarding

correlation effects. In the internal region, correlation is described through

the diagonalisation of the scattering Hamiltonian, and electron wave func-

tions and energies are obtained. Following this, the R-matrix is calculated

with the wave function at the boundary and the scattering matrix can be

produced through matching with the solution in the external region [274].

One advancement to this method is the R-matrix with pseudostates (RMPS)

approach, in which an additional set of functions are included in the internal

region to represent bound, and continuum states not usually included within

the R-matrix expansion [275, 276]. This approach is applied only in the

single-centre formulation and therefore is unable to calculate positronium-

formation.

To date, R-matrix calculations have mostly focused on electron scatter-

ing from atomic and molecular systems. Positron calculations have been

conducted for H [277–279], He [279], the noble gas atoms [117, 280], al-

kali atoms [281–283], diatomic molecules [276, 284–286], water [179], and

pyrazine [287].

The B-spline R-matrix (BSR) is an implementation of the R-matrix

method developed by Zatsarinny [262] in which non-orthogonal orbitals are

used to represent bound and continuum one-electron orbitals, and the R-

matrix basis functions are composed of a set of B-splines. These B-splines

are bell-shaped piecewise polynomial functions defined by a given set of

points in a finite radial interval, in which they form a complete basis. Atomic
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states are typically generated by combining the MCHF program with this

method, in which expansions for each state are generated through separate

MCHF calculations. By using non-orthogonal orbitals in this approach, the

inclusion of (N+1)-electron bound configuration terms in the close-coupling

expansion can be avoided, and the presence of pseudo-resonances is signifi-

cantly reduced.

As with the conventional R-matrix method, the configuration space is

separated into an internal and external region. Changes for the BSR ap-

proach are only in the internal region where correlation and exchange are

described through the diagonalisation of the scattering Hamiltonian. These

dynamics are neglected in the outer region, and the projectile-target inter-

action is described through only the long-range potential.

This approach has been used extensively and, to date, has calculated

electron scattering from the majority of atoms on the first and second rows of

the periodic table [61, 123, 127, 211, 288–290]. Although the BSR approach

has only been applied to electrons, the current CCC calculations of positron

scattering on multielectron atoms have been developed using the techniques

developed by Zatsarinny [262] for the BSR.

1.3.3 Complex model potential

Complex model potentials model the positron-atom interaction as a com-

plex (i.e. a real and an imaginary) function. The real part of this function

contains a static and polarisation component. The static part represents

the average potential experienced by an incident particle as it interacts with

the nuclear Coulomb field, whereas the polarisation potential results from

the positron causing polarisation of the target’s charge cloud [291]. The

imaginary part describes the loss of flux from the elastic channel due to

inelastic scattering. To calculate the components of the inelastic cross sec-

tion techniques have been developed, such as the “complex scattering po-

tential–ionisation contribution” (CSP-ic) [166] to calculate direct ionisation

and the delta-variation principle for positronium-formation [51, 292].

There are a substantial number of variations to this method which utilise

different formulations of the absorption, polarisation, and static components

of the potential. Some specific implementations of this approach for positron

scattering include the spherical complex optical potential (SCOP) [33], po-

larised orbital method (POM) [293], quasifree model [292], relativistic op-
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tical potential (ROP) [294], the ELSEPA program [291], and semiempir-

ical potential [295]. For scattering from molecules, cross sections can be

calculated either directly with model potentials [141] or through IAM ap-

proaches [222].

1.3.4 Convergent close-coupling method

The convergent close-coupling (CCC) method, developed by Bray and Stel-

bovics [16], is an ab-initio close-coupling method that has been applied

to positron scattering from quasi one- and two-electron atomic and molec-

ular systems in both single- and two-centre formulations [5, 13, 70, 228–

230, 256, 257, 264, 265]. This method functions through the expansion of

the total scattering wave function in a set of target states, which results in a

set of coupled equations that can be solved to obtain required cross-sections.

In this method, the structure of the target is represented by a basis of square-

integrable Laguerre basis functions. This basis is then used to diagonalise

the target Hamiltonian, generating a set of N target pseudostates. By in-

creasing the size of this basis low-lying pseudostates converge to true target

eigenstates, whereas the remaining pseudostates span the target continuum.

If enough states are included, the infinite target spectrum can successfully

be described through a finite-sized expansion. Hence, the accuracy of this

approach is largely determined by the completeness of the generated target

states. Convergence is demonstrated through increasing the basis size, the

number of target states, and the maximum ` of the basis and target states.

For positron scattering this method can be performed within either

single-centre or two-centre formulations. The single-centre approach per-

forms partial wave expansions over only the states of the target atom,

whereas a two-centre calculation also performs this expansion over positro-

nium states. This allows the two-centre approach to calculate positronium-

formation and direct ionisation cross sections explicitly. The single-

centre approach calculates these implicitly, meaning that the positronium-

formation and direct ionisation components of electron-loss are combined.

1.3.5 IAM-based approaches

The independent atom model (IAM), or additivity rule, approximates the

cross sections of a molecule as the sum of the cross sections of its con-
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stituent atoms [222]. This approximation is valid only at high energies

where atomic cross sections are small compared to the interatomic distances

within the molecule, typically over 100 eV. To extend this to lower energy

Blanco and Garćıa [224] developed the screening corrected additivity rule

(SCAR), which utilises screening coefficients to decrease the contribution of

an atom’s cross section based upon its position within the molecule. This

IAM-SCAR approach extends the validity of the IAM approach to energies

between 20-30 eV. A further extension to this approach was the inclusion

of interference terms to account for multicentre scattering effects, known as

IAM-SCAR+I, which is expected to produce valid results for energies above

1 eV [225]. Typically, the atomic cross sections used within this approach

are calculated using complex model potential methods.

IAM approaches have been utilised to calculate positron scattering from

a substantial number of di-, tri-, and polyatomic molecules [32, 51, 133, 155,

171, 182, 225, 296–298].

1.3.6 Schwinger multichannel method

The Schwinger multichannel method (SMC) is an ab-initio method devel-

oped initially for electron scattering from molecular systems and later ex-

tended to positrons [299]. In this approach, after choosing trial scattering

functions, the coupled equations for the scattering system are obtained fol-

lowing the variational principle. The target in these calculations is described

with Hartree-Fock wavefunctions, and the initial trial functions are typi-

cally a set of Cartesian Gaussian functions. To better describe correlation-

polarisation interactions polarised orbitals [130] or model potentials [300]

can be implemented.

This approach has been utilised for numerous calculations of positron

scattering from molecules [131, 180, 299–304]. In the atomic case, calcula-

tions have been conducted only for He [184, 300, 303, 305, 306], noble gas

atoms [300, 303], and Be [307].

1.3.7 Many-body theory

To describe positron scattering from atomic targets, many-body theory

solves the Dyson equation through a perturbative expansion of the cor-

relation potential. This approach utilises quantum field theory to create
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a perturbative expansion of amplitudes for various processes [89]. The fi-

nite number of perturbation-theory terms used, however, cannot describe

positronium as it is a bound state. Virtual positronium-formation, however,

can be accounted for through the use of approximations or the summation

of a ladder diagram series [308].

For atomic systems, this method has been applied to calculate positron

binding, annihilation and cross sections for positron scattering from various

atoms [308, 309], including the noble gases [81, 89, 310, 311]. For molecules,

calculations have mainly focused on positron binding, annihilation, and elas-

tic scattering [193, 312, 313].

1.4 Current state of the field

1.4.1 Carbon

A variety of different theoretical studies have been conducted for

electron scattering on carbon, using the B-spline R-matrix with pseu-

dostates (BSR) [42, 290], R-matrix [43, 314], R-matrix with pseudostates

(RMPS) [315], complex optical potential [316], momentum-space coupled-

channels optical (CCO) [44], close-coupling (CC) [44, 317], Binary-encounter

Bethe (BEB) [45, 318], time-dependent close-coupling (TDCC) [315, 319],

and time-independent distorted-wave (TIDW) methods [315]. The only

experimental data available for this system are the total ionisation cross

sections (TICS) measured by Brook et al. [35] and Wang and Crawford [36].

Studies for positron scattering have been less thorough, with fewer

calculations previously attempted and no available measurements. Elastic

and total cross sections (TCS) have been calculated between 100 and

5000 eV using a model-potential approach by Reid and Wadehra [32]. Low

energy elastic scattering cross sections from 0 to 40 eV were calculated using

variational methods by Malik [320] for the s wave. Elastic integrated and

differential cross sections (DCS) for this system have also been calculated

by Dapor and Miotello [37], Cai et al. [38], and Chaoui and Bouarissa

[39], mainly for use in Monte-Carlo simulations. Momentum-transfer cross

sections (MTCS) were determined for this purpose by Cai [41] and Dapor

and Miotello [37]. Dapor and Miotello [37] performed these calculations by

numerically solving the Dirac equation, Cai et al. [38, 41] calculated cross

sections using the elsepa code to also solve the Dirac equation [291], and
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Chaoui and Bourissa [39] numerically solved the Schrödinger equation. Al-

though these previous calculations have been completed in both relativistic

and non-relativistic approaches, due to the low atomic number of carbon a

non-relativistic approach will suffice for the incident energies considered in

the present work.

Total cross sections have been evaluated from 1 to 5000 eV by

Singh et al. [33] using a modified spherical complex optical potential

(SCOP) method. Singh and Antony [34] followed this with calculations of

positronium-formation along with total and direct ionisation cross sections

using a modified SCOP and the CSP-ic method. Stopping power values for

this system have been presented by Gumus et al. [46] between 50 eV and

10 MeV using a generalised oscillator strength (GOS) model, earlier models

used by Gumus et al. [46], the ICRU 37 report [321], and the penelope

program [47]. Another stopping power calculation for this system was

undertaken by Ashley [48], who used an “optical-data” model to calculate

results from 40 eV to 10 keV.

1.4.2 Oxygen

For positron scattering on atomic oxygen, several theoretical methods have

been used to obtain a variety of important cross sections for this system.

Total cross sections have been calculated by Singh et al. [33] using a spher-

ical complex optical potential (SCOP), Reid and Wadehra [32] using a

parameter-free model potential, and by Pindariya et al. [49] using a quantum

mechanical formulation based upon a complex atomic spherical potential.

Singh and Antony [34] and Pindariya et al. [49] have also obtained results

for the direct ionisation cross section through utilisation of the CSP-ic tech-

nique [24]. Pindariya et al. [49] obtained results for this cross section only

above the ionisation threshold, but their approach could not distinguish be-

tween positronium-formation and direct ionisation. Singh et al. [34], on the

other hand, were able to calculate results for positronium-formation and di-

rect ionisation separately.

For the elastic cross section, calculations have been completed by Reid

and Wadhera [32] and Pindariya et al. [49], using the same methods as

before, and also by Dapor and Miotello [37] for incident positron energies

between 500 and 4000 eV. Dapor and Miotello [37] have also calculated elas-
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tic differential cross sections (DCS) for each of these energies. Total inelastic

and the total bound excitation cross sections have been presented solely by

Pindariya et al. [49]. Stopping power results have been presented for this

system by Gumus et al. [46] from calculations by a generalised oscillator

strength (GOS) model and the penelope program [47]. No experimental

studies have been conducted for positron scattering from atomic oxygen.

As cross sections for incident positron and electrons are expected to

become equivalent at higher energies, direct comparisons can be made for

energies above approximately 500 eV. Electron scattering from atomic oxy-

gen has a number of experimental and theoretical results; however, there

has been no recent experimental research for the e−−O system, even af-

ter numerous requests from researchers [322–325]. Measurements have been

conducted for total cross sections below the ionisation threshold [326–329],

ionisation from threshold to 2000 eV [35, 54, 55], and multiple excita-

tion and optical emission cross sections which are described in several re-

view articles [324, 325, 330]. This system is well documented theoreti-

cally, with calculations existing for excitations, optical emission, stopping

power, total ionisation, and total cross sections from multiple different ap-

proaches [61, 67, 68, 288, 322, 323, 331–333].

1.4.3 Noble gases

Beyond hydrogen and helium, positron-atom scattering experiment and the-

ory have mostly focused on the noble gas atoms. This is a direct result

of the closed valence shell of these atoms, which make them easy systems

to model. Furthermore, due to existing as inert gases, measurements are

also able to be conducted with sufficient ease. As a result, measurements

have been conducted on positron scattering from noble gas atoms since the

1970s [72, 74, 75], with a recent resurgence [71, 78, 334–337] due, partly, to

advances in low energy trap-based positron beams. This has led to the con-

sideration that the total cross sections for argon are experimentally bench-

marked for energies below 60 eV [78]. However, disagreements are still

present for other transitions, intermediate energies, and energies towards

threshold.

Calculations for these atoms are also abundant, and both experimen-

tal and theoretical research has been well-documented in several review

articles [15, 229, 311, 338, 339]. To summarise, methods such as the R-
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matrix [117], optical potential [80, 84, 90, 106, 109, 110, 115, 119], Schwinger

multichannel (SMC) [300], many-body theory (MBT) [81, 89], and frozen-

core CCC [70] have all been utilised to calculate various important cross

sections for positron scattering on these atoms over a wide range of ener-

gies. The previous CCC calculations were conducted for one electron above

a p5 frozen-core. This limitation led to inaccurate dipole polarisabilities,

which were addressed through the utilisation of a two-electron polarisation

potential.

1.4.4 Boron

Research for e+-B is scarce, as only a single calculation for positron

scattering is available in the literature [37]. Theoretical work for elec-

tron scattering on Boron is not as limited, with BSR [123], BEB [124],

RMPS [340, 341], R-matrix [342], and time-dependent close-coupling

(TDCC) calculations [343] for elastic, excitation, and ionisation cross

sections. These calculations, however, are mostly constrained to incident

electron energies below 150 eV.

1.4.5 Fluorine

Previous research for positron scattering from F is limited to calculations by

Tenfen et al. [130] and Dapor and Miotello [37]. The first investigated elastic

scattering of positrons from fluorine for energies between 0.01 to 1000 eV,

utilising a variety of different model potential approaches. The second cal-

culated elastic and transport cross sections for energies between 500 and

4000 eV by solving the Dirac equation, with a Hartree-Fock potential used

to model F. There have been several calculations for electron scattering, with

the most comprehensive by Gedeon et al. [127] using the BSR method. This

calculation included results for ionisation, elastic, and excitation cross sec-

tions for energies up to 125 eV. Previous theoretical electron work includes

calculations of the elastic cross section [344–347] and excitation cross sec-

tions [348], but all are limited to low energies. The only electron calculations

completed to high energies are the total ionisation results of Joshipura and

Limbachiya [128]. There has been a single experimental study for the elec-

tron total ionisation cross section between threshold and 200 eV by Hayes
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et al. [129].

1.4.6 Molecules

Measurements for positron scattering from molecular systems are generally

in higher abundance than for their atomic components. Here, summaries

are provided for the considered molecules and the cross sections of inter-

est. For O2, experiments exist for the total [50–52], elastic [51, 52], total

electronic excitation [135], positronium-formation [57, 58, 111, 137], direct

ionisation [111, 135], and electron-loss [111, 137] cross sections. For e+-CO,

cross sections for the total [144–147], elastic [144, 146, 147], excitation to

the A1Π state [56], positronium-formation [56], direct ionisation [56, 154],

and electron-loss [56, 154] processes have all been measured. For e+-

CO2, total [50, 145, 147, 159, 160, 195], elastic [159, 160], positronium-

formation [58, 147, 161–163, 349], direct ionisation [154], and electron-

loss [154, 163] measurements are available. For H2O, there have been mea-

surements for total [160, 173–176, 350], elastic [160, 176, 182], the sum of

excitation and ionisation [182], and positronium-formation [162, 173, 349].

CH4 has measurements for total [50, 52, 159, 174, 192, 195], elastic [159, 192],

direct ionisation [351], and positronium-formation [200, 349]. For the CF4

molecule, experimental results exist for the total cross section [202, 352] and

a single point for the positronium-formation cross section [349]. For C2 and

O3, there exists no positron scattering experiment.

Positron calculations have been undertaken with the spherical complex

optical potential (SCOP) method [24, 33, 34, 141, 190] for positron scattering

from O2, C2, CO, CO2, H2, and CH4 to obtain total, inelastic, direct ion-

isation, electron-loss, and positronium-formation cross sections for energies

up to 5000 eV. IAM-SCAR calculations have been conducted for O2 [51],

H2O [171, 182], and CO2 [155]. SMC calculations have been conducted

on several molecules [353, 354], including F2 [130], H2 [299, 301], CO [151],

CO2 [355], H2O [184, 304], and CH4 [192, 299]. Other theoretical approaches

that have been applied in a limited fashion to some of these molecules in-

clude the BEB [28, 138], body-frame vibrational close-coupling [142, 157],

distorted-wave [139, 152, 153, 185, 201], model potential [181, 191, 198],

close-coupling [132], many-body theory [193, 251], and R-matrix [179, 285].



Chapter 2

Theory

This chapter presents an overview of the single-centre CCC formalism for

atomic targets with any number of active electrons. First, we describe the

structure component of this method, followed by a description of the scat-

tering theory. The formulae used to calculate specific cross sections and

quantities of interest are also included. As our calculations are conducted in

a non-relativistic framework, we utilise the L-S coupling scheme. With this

theoretical framework, a computer code was developed by the candidate to

conduct the required calculations. This code is summarised in Appendix A.

Some sections in this chapter text are adapted from published works by the

candidate [1]. The publisher of these articles (the American Physical Soci-

ety) provides the right to use an article or a portion of an article in a thesis

or dissertation without requesting permission. The following textbooks were

consulted: Bransden [356] and Fischer [357].

2.1 Target structure

2.1.1 Configuration-interaction approach

For an atomic target with Ne electrons and nuclear charge Z, the target

Hamiltonian is given by

HT =

Ne∑
i=1

(
−1

2
∇2
i −

Z

ri

)
+

Ne∑
i>j=1

1

|ri − rj |
, (2.1)

16
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where ri and rj are the coordinates of electrons i and j, and Z is the

nuclear charge of the target. We utilise a configuration-interaction (CI)

representation of the atomic wave functions:

ΦN
n (x1, . . . , xNe) =

N∑
i=1

C
(n)
i φi(x1, . . . , xNe), (2.2)

where φi are antisymmetrised Ne-electron configurations, C
(n)
i are the CI

coefficients, N is the number of configurations, and xi = (ri, σi) represents

the spatial (ri) and spin (σi) coordinates of electron i. The configurations

can be expressed either as an antisymmetric function

φi(x1, ..., xNe) = A
Ne∏
i=1

ϕi(xi), (2.3)

where A is the antisymmetrisation operator, or as a Slater determinant

φi(x1, ..., xNe) =
1√
Ne!

∣∣∣∣∣∣∣∣∣∣∣
ϕ1(x1) · · · ϕ1(xNe)

...
. . .

...

ϕNe(x1) · · · ϕNe(xNe)

∣∣∣∣∣∣∣∣∣∣∣
. (2.4)

The configuration state functions are constructed from a one-electron basis

that contains one-electron orbitals,

ϕi(~ri, σi) =
1

ri
φki`i(ri)Y`imi

(~ri)χ(σi), (2.5)

where φk` is a radial function, Y`m is a spherical harmonic, and χ(σ) a spin

function.The radial functions for the one-electron orbitals are obtained from

either an HF/MCHF calculation or the Laguerre basis functions,

φk`(r) =

√
α`(k − 1)!

(k + `)(k + 2`)!
(2α`r)

`+1

× e−α`rL2`+1
k−1 (2α`r), k = 1, . . . , N`. (2.6)

Here, L2`+1
k−1 are the associated Laguerre polynomials, α` are exponential

fall-off parameters, and N` is the number of functions for each `. If the one-
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electron functions form an orthonormal set, the configurations constructed

from them are orthonormal and therefore satisfy

〈Φn|Φm〉 =

N∑
i=1,j=1

CiCj = δij , (2.7)

where δij is the Kronecker delta function

δij =


1, i = j

0, i 6= j.

(2.8)

2.1.2 One-electron basis and Hamiltonian matrix elements

For the case where the atom structure contains a frozen-core, the core or-

bitals are first obtained from relevant HF/MCHF calculations for the ion of

the target atom. Following this, we add an electron to this core and generate

the Laguerre basis functions. By using analytical properties of these func-

tions, we can obtain the quasi one-electron Hamiltonian matrix elements of

this basis through

〈φk`|H|φk′`′〉 =

〈
φk`

∣∣∣∣α`(k + `)

r
−
α2
`

2
+ V (r)

∣∣∣∣φk′`′〉 , (2.9)

where V (r) contains the sum of the direct (V FC
d ) and exchange (V FC

ex ) terms

of the one electron with the frozen-core. These are equivalent to,

V FC
d = −Z

r
+
∑
ϕc

∫
d3r1
|ϕc(r1)|2

|r2 − r1|
, (2.10)

and

V FC
ex = −

∑
ϕc

∫
d3r1

ϕc(r1)ϕc(r2)

|r2 − r1|
, (2.11)
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where ϕc represents the core orbitals. The matrix elements for the V FC
ex

term are obtained via

〈
φk`
∣∣V FC

ex

∣∣φk`′〉 =
∑
ϕc

∑
λ

−2`c + 1

2`+ 1

(
C`c0
`0,λ0

)2

×
∫ ∞

0

∫ ∞
0

dr2dr1ϕc(r2)φk`′(r2)ϕc(r1)φk`(r1)
rλ<

rλ+1
<

, (2.12)

where C`m`1m1,`2,m2
is a Clebsch-Gordan coefficient.

We then diagonalise the Hamiltonian matrix in Eq. 2.9 which produces

a set of orthonormal one-electron orbitals i.e.∫ ∞
0

φn(r)φn′(r)dr = δnn′ , (2.13)

and therefore a one-electron orthonormal basis. The values of the quasi

one-electron Hamiltonian matrix elements for this basis are also obtained

from the diagonalisation. Within this basis, some of the orbitals are then

substituted with the corresponding orbitals obtained from the HF/MCHF

calculations. For the relevant orbitals, the one-electron Hamiltonian matrix

elements are then recalculated numerically with

〈φα|H|φβ〉 =

〈
φα

∣∣∣∣−1

2

d2

dr2
+
`α(`α + 1)

2r2
+ V (r)

∣∣∣∣φβ〉 . (2.14)

Orthonormality is ensured for this final basis through application of the

Gram-Schmidt orthogonalisation procedure. The one-electron orbitals from

the final basis are then used to build the n-electron configurations (Eq. 2.4).

When the calculation does not use a frozen-core, the elements of V reduce

to −Zr and the Laguerre basis functions are produced from 1s.

2.1.3 Target Hamiltonian matrix elements

We can separate the target Hamiltonian (Eq. 2.1) into one-electron,

H1
T =

Ne∑
i=1

(
−1

2
∇2
i −

Z

ri

)
, (2.15)
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and two-electron,

H2
T =

Ne∑
i>j=1

1

|ri − rj |
, (2.16)

components. To evaluate the matrix elements of HT it must be integrated

over all coordinates. Due to the orthonormality of the one-electron orbital

functions only some orbitals are involved in the integration whereas others

reduce to zero or unity. Non-zero results are obtained from the one-electron

term only when configurations differ by at most one orbital. For the two-

electron term, non-zero results are obtained when the configurations differ

by at most two orbitals. These are commonly referred to as Slater-Condon

rules, and allow us to solve the multi-electron Hamiltonian in terms of indi-

vidual orbitals.

For the two-electron term, we utilise a multipole expansion of the

electron-electron potential to obtain,

H2
T = 4π

∑
λ

rλ<

rλ+1
>

1

2λ+ 1
(Yλ(r̂1) · Yλ(r̂2)), (2.17)

where (Yλ · Yλ) is a tensor scalar product. Considering this expansion, the

general expression of the two-electron matrix element is

〈Φi|H2
T|Φj〉 =

∑
α,β,δ,γ;λ

Cijα,β,δ,γ;λRλ(α, β, δ, γ), (2.18)

where the radial integral (Rλ) is given by

Rλ(α, β, δ, γ) =

∫ ∫
dr1dr2

rλ<

rλ+1
>

φα(r1)φβ(r2)φδ(r1)φγ(r2). (2.19)

The values of α and β are the indexes to one-electron orbitals from the

configuration i, δ and γ are the indexes to one-electron orbitals from the

configuration j, λ is the multipolarity, and Cijα,β,δ,γ;λ is the angular coeffi-

cients of the λ terms in the matrix expansion that are dependent on the

angular symmetries of the configuration state functions.

The general expression of the one-electron term is given by,

〈Φi|H1
T|Φj〉 =

∑
α,δ

Cijα,δζ
ij(α, δ), (2.20)



Chapter 2. Theory 21

where Cijα,δ is the angular coefficients and ζij(α, δ) is the one-electron Hamil-

tonian matrix elements which are obtained as described in the previous sec-

tion.

For each `, π, s combination the target Hamiltonian matrix term is there-

fore expressed as

H`,π,s
ij =

∑
α,δ

Cijα,δζ
ij(α, δ) +

∑
α,β,δ,γ;λ

Cijα,β,δ,γ;λRλ(α, β, δ, γ), (2.21)

with the angular coefficient terms for each component calculated with the

BSR subroutines [262]. The sums (α, δ and α, β, δ, γ) are over the orbitals

occupied in either configuration state.

2.1.4 Diagonalisation of the target Hamiltonian

To obtain the CI coefficients in Eq. 2.2 we use,

HTΦ(r) = EΦ(r), (2.22)

and Eq. 2.2 to obtain the eigenvalue equation,

N∑
i=1

(
〈φNn |HT|φNm〉 − ε〈φNn |φNm〉

)
Ci = 0. (2.23)

By diagonalising HT with the set of configurations in Eq. 2.23, tar-

get pseudostates ΦN
n are then obtained and expanded in terms of single-

configuration basis states, which satisfy

〈ΦN
n |HT|ΦN

m〉 = εNn δnm, (2.24)

where εNn is the pseudostate energy. For sufficiently large N the low-lying

states accurately represent true eigenstates, and the target pseudostates

form an arbitrarily-complete basis for the target space.

2.1.5 Electron density

Electron density is a measure of the electron’s probability of being at location

r. The density of one electron in subshell j can be found through

ρj(r) = ϕ2
j (r), (2.25)
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where ϕ are electron orbital radial wavefunctions. For a set of subshells this

becomes

ρ(r) =

q∑
j=1

wjρj(r) =

q∑
j=1

wjϕ
2
j (r), (2.26)

where q is the number of subshells, and wj is the occupancy number of sub-

shell j. For calculations containing a frozen-core, the frozen-core component

of the density is calculated through

ρfc(r) =

Ncore∑
n=1

2(2`i + 1)ϕ2
i (r), (2.27)

where Ncore is the number of core orbitals, `i is the angular momentum of

core orbital i, and ϕi is the electron orbital wavefunction of core orbital

i. This is summed to the density of the active electrons to give the total

electron density of the target atom.

2.1.6 Oscillator strengths and multipole polarisability

For a multipole (dipole, quadrupole, or octupole) transition of state i to

state n the absorption oscillator strength for length is given by [358]

fkin =
2S

(k)
in |En − Ei|

(2k + 1)(2Li + 1)
. (2.28)

Here, Li is the orbital angular momentum of the initial state i, k is the

polarity of the transition, and Ei/n is the energy of state n/i. The value

of k represents the polarity of the transition, where a dipole transition has

k = 1, quadrupole has k = 2, and octupole has k = 3. For each polarity,

different selection rules are also present. The multiplet strength (Skin) is the

square of the reduced matrix element:

Skin = |〈ψi;Li||rkCk(r̂)||ψn;Ln〉|2. (2.29)

In this equation, k is a power for r, elsewhere it is an index. Weighted

oscillator strengths are defined as,

gfkin = (2Si + 1)(2Li + 1)fkin, (2.30)
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where Si is the spin of the state i. To obtain the polarisability for a multipole

transition we use

αk =
N∑
n=i

fkin
|En − Ei|2

. (2.31)

For the atoms considered, dipole transitions are the most significant tran-

sitions and, therefore, there exists substantial theoretical and experimental

results for the dipole oscillator strengths and polarisability. Although not

as important as the dipole polarisability (αD), we have also calculated the

quadrupole (αQ) and octupole (αO) polarisabilities for the atoms consid-

ered in this thesis as the accuracy of these values provides further evidence

of a structure model’s accuracy. These are calculated through changing the

value of k in Eq. 2.31.

2.2 Scattering

2.2.1 Close-coupling equations

The total scattering Hamiltonian for the positron-atom system is given by

H = HT −
1

2
∇2

0 + V, (2.32)

where index 0 represents the positron and V is the positron-atom interaction

potential:

V = V0 +

Ne∑
i=1

V0i. (2.33)

Here, V0 = Z
r0

is the positron-nucleus potential and V0i = − 1
|r0−ri| are the

positron-electron potential terms.

The Schrödinger equation for the total scattering wave function is given

by

(H − E)|Ψ(+)
i 〉 = 0, (2.34)

where E is the energy of the collision system. In the single-centre CCC

method, Eq. (2.34) is solved by expanding Ψ
(+)
i in the set of target pseu-

dostates:

Ψ
(+)
i ≈ Ψ

N(+)
i =

N∑
n=1

FN(+)
n (r0)ΦN

n (r1, . . . , rNe), (2.35)
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where F
N(+)
n (r0) are the positron channel functions and we rely on the

completeness of the Laguerre basis to give,

lim
N→∞

Ψ
N(+)
i (r0, . . . , rNe) = Ψ

(+)
i (r0, . . . , rNe). (2.36)

This expansion is substituted into Eq. (2.34) to obtain

(E −K0 − U0 −HT )Ψ
N(+)
i (r0, . . . , rNe) =

(V − U0 + (E −H))Ψ
N(+)
i (r0, . . . , rNe). (2.37)

Here, U0 are arbitrary short-ranged potentials which are used to reduce

the required computational resources needed to solve the coupled equa-

tions [359]. The inclusion of U0 is purely a numerical technique, and results

are independent of it. The asymptotic (large r0) Hamiltonian is hence given

by,

Has = K0 + U0 +HT . (2.38)

With Has, the spectral decomposition of the Green’s function

G
(+)
0 (k) = lim

ε→0+

1

E(+) − εNn − εk + iε
, (2.39)

is utilised to generate a set of coupled Lippmann-Schwinger equations from

Eq. 2.34,

|ΨN 〉 = |φiki〉+
N∑
n=1

∫
d3k
|ΦN
n k〉〈kΦN

n |T |ΦN
i ki〉

E(+) − εNn − εk + i0
, (2.40)

where εk = k2

2 is the energy of the plane wave |k〉. Following this, we

premultiply these equations with 〈kfΦN
f |V to obtain the coupled Lippmann-

Schwinger equations for the T matrix:

〈kfΦN
f |T |ΦN

i ki〉 = 〈kfΦN
f |V |ΦN

i ki〉

+
N∑
n=1

∫
d3k
〈kfΦN

f |V |ΦN
n k〉〈kΦN

n |T |ΦN
i ki〉

E(+) − εNn − εk + i0
, (2.41)

The use of plane waves assumes a neutral target; this method can be applied

to charged targets by choosing a form of the asymptotic Hamiltonian that

allows for scattering from ionic targets and using Coulomb waves in place

of plane waves.
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2.2.2 Solving the Lippmann-Schwinger equation

We can expand Eq. 2.41 in partial waves of the total orbital angular mo-

mentum J and total parity Π, where Π = (−1)L+`, with the reduced V (or

T ) partial-wave matrix elements given by

〈LkΦN
f |V JΠ|L′k′ΦN

i 〉 =
∑

M,m,M ′,m′

CMmMJ
L`J CM

′m′MJ
L′`′J

×
∫
dk̂

∫
dk̂′ YL′M ′(k̂′)Y ∗LM (k̂)〈k̂ΦN

f |V |ΦN
i k̂

′〉. (2.42)

Following from this, we can obtain the partial-wave coupled Lippmann-

Schwinger equations of the reduced T matrix

〈LfkfΦN
f |T JΠ|LikiΦN

i 〉 = 〈LfkfΦN
f |V JΠ|LikiΦN

i 〉

+
N∑
n=1

∑
L

∫
dk
〈LfkfΦN

f |V JΠ|LkΦN
n 〉〈LkΦN

n |T JΠ|LikiΦN
i 〉

E(+) − εNn − εk + i0
. (2.43)

Through residue theory we can transform Eq. 2.43 into a principle-value

integral

〈LfkfΦN
f |T JΠ|LikiΦN

i 〉 = 〈LfkfΦN
f |V JΠ|LikiΦN

i 〉

+
∑
L

[
N∑
n=1

P
∫
dk
〈LfkfΦN

f |V JΠ|LkΦN
n k〉〈LkΦN

n |T JΠ|LikiΦN
i 〉

E(+) − εNn − εk

−iπ
No∑
n=1

kn〈LfkfΦN
f |V JΠ|LkΦN

n 〉〈LkΦN
n |T JΠ|LikiΦN

i 〉

]
(2.44)

Here, P indicates this is a principle-value integral and No is the number

of open channels. Since the potential V is real, we can solve Eq. (2.44) using

real arithmetic by first defining the K matrix [360]

〈LkΦN
n |KJΠ|LikiΦN

i 〉 =
∑
L

No∑
n=1

〈LkΦN
n |T JΠ|Ln′kn′ΦN

n′〉

×
(
δi,n′δL,Li + iπkn′〈LkΦN

n′ |KJΠ|LikiΦN
i 〉
)
. (2.45)

We can then obtain the partial-wave Lippmann-Schwinger equation for the
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K matrix through substitution of Eq. 2.45 into Eq. 2.44 giving

〈LfkfΦN
f |KJΠ|LikiΦN

i 〉 = 〈LfkfΦN
f |V JΠ|LikiΦN

i 〉

+
∑
L

N∑
n=1

P
∫
dk
〈LfkfΦN

f |V JΠ|LkΦN
n 〉〈LkΦN

n |KJΠ|LikiΦN
i 〉

E(+) − εNn − εk
. (2.46)

By replacing the integral with a quadrature rule, this can then be reformat-

ted with real quantities to a set of linear equations

Kfi = Vfi +
∑
n

wnVfnKni. (2.47)

Here, wn are weights that contain the integration weights and the value of

Green’s function at each point. To solve this, we let f run over the same

range as n and solve for the half-on-shell K matrix elements,∑
n

(δfn − wnVfn)Kni = Vni. (2.48)

As the integral we are solving is a principle-value integral we cannot directly

solve for on-shell K matrix elements and they are instead obtained by sub-

stituting the obtained half-off-shell elements (Kni) into Eq. 2.47. Following

this, we solve Eq. 2.45 to obtain the on-shell T -matrix elements.

2.2.3 Direct V -matrix element calculation

Unlike for electron scattering the process of electron exchange, which arises

due to the indistinguishably of the target and projectile electron, does not

occur in positron scattering. Therefore, the V operator is described entirely

with the direct V -matrix elements. For calculation of these direct V -matrix

elements, we perform a multipole expansion of the potential (Eq. 2.33) ob-

taining

V = 4π
∑
λ,µ

1

2λ+ 1

Ne∑
i=1

vλ(r0, ri)Y
∗
λµ(r̂0)Yλµ(r̂i), (2.49)

where Yλµ are spherical harmonics, and

vλ(r0, ri) = V0δλ0 −
[min(r0, ri)]

λ

[max(r0, ri)]λ+1
. (2.50)
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Following from standard angular momentum algebra we obtain the reduced

matrix elements:

〈kLM,ΦN
n ; JM |V |k′L′M ′,ΦN

n′ ; J ′M ′〉

=
∑
λ

4π

2λ+ 1

∫ ∞
0

uL(kr0)uL′(kr1)〈L||Y ∗λ (r̂0)||L′〉

× δJ,J ′δM,M ′(−1)L+`′+2λ+J


L′ `′ J

` L λ


× 〈ΦN

n ||
Ne∑
i=1

vλ(r0, ri)Yλ(r̂i)||ΦN
n′〉, (2.51)

with |kLM〉 representing a partial wave with angular momentum L and

angular-momentum projection M . Using the CI coefficients we have

〈ΦN
n ||

Ne∑
i=1

vλ(r0, ri)Yλ(r̂i)||ΦN
n′〉

=
∑
mm′

C(n)
m C

(n′)
m′ 〈φm||

Ne∑
i=1

vλ(r0, ri)Yλ(r̂i)||φm′〉, (2.52)

where C
(n)
m and C

(n′)
m′ are the CI coefficients of the initial and final states,

respectively, and the sums over m and m′ cover all configurations. We then

write

〈φm||
Ne∑
i=1

vλ(r0, ri)Yλ(r̂i)||φm′〉

=

Ne∑
i=1

amm
′

i

∫ ∞
0

dri vλ(r0, ri)φm(ri)φm′(ri), (2.53)

where φm are the radial functions obtained either from Eq. (2.6) or the

HF/MCHF calculations, and amm
′

i are coefficients which depend only upon

the angular symmetry of the required configurations [262]. The amm
′

i coef-

ficients are calculated within the code with the BSR subroutines [262]. The

resulting expression for the reduced V-matrix element is hence,
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〈kLM,ΦN
n ; JM |V |k′L′M ′,ΦN

n′ ; J ′M ′〉

=
∑
λ

4π

2λ+ 1
× δJ,J ′δM,M ′(−1)L+`′+2λ+J


L′ `′ J

` L λ


×
∑
mm′

C(n)
m C

(n′)
m′

Ne∑
i=1

amm
′

i

∫ ∞
0

∫ ∞
0

dr0dri vλ(r0, ri)φm(ri)φm′(ri)

× uL(kr0)uL′(kr1)〈L||Y ∗λ (r̂0)||L′〉. (2.54)

2.2.4 Scattering amplitude and cross section

Once the reduced T -matrix elements are obtained for a transition, the scat-

tering amplitude in the collision frame can be calculated through,

fSmfmi
(θ) =

1√
4π

1√
2`i + 1

√
ki
kf

∑
Lf ,Li,JΠ

√
(2Li + 1)C

mi−mfmfmi

Lf lfJ
iLi−Lf

× C0mimi
LiliJ

T JΠ
lilfLiLf

Y
Lf

mi−mf
(θ), (2.55)

where the subscripts i and f denote the initial and final state, ` is the orbital

angular momentum, m the angular momentum projection, k the linear an-

gular momenta, and L the orbital angular momenta. The reduced on-shell

T -matrix (T JΠ
lilfLiLf

) is dependent on the total spin S, parity Π, and the

partial waves of the total orbital angular momentum J .

With the scattering amplitude, the differential cross section can be read-

ily obtained by averaging over the magnetic sublevels of li, which is ac-

counted for by the
√

2`i + 1 term in Eq. 2.55, and summing over the mag-

netic sublevels of lf ,
dσfi
dΩ

=
∑
mimf

|fSmfmi
|2. (2.56)

The integrated cross sections are obtained by integrating this over the

positron scattering angles,

σfi =

∫
dΩ

dσfi
dΩ

. (2.57)



Chapter 2. Theory 29

Through substitution of these equations into Eq. 2.55 we can also directly

calculate the integrated cross section from the on-shell values of the T ma-

trix,

σfi =
1

4π(2li + 1)

kf
ki

∑
Lf ,Li,JΠ

(2J + 1)|T JΠ
lilfLiLf

|2. (2.58)

The total cross section for an initial state i is obtained from summing the σfi

for every state f included in the close-coupling expansion. The electron-loss

is obtained by summing σfi for all positive-energy f states. Total bound-

state excitation is the summation of σfi for all the negative-energy states

excluding f = i, which is the elastic cross section.

2.2.5 Analytical Born completion

Calculations are completed to a maximum total angular momentum value of

Jmax which is generally sufficient to achieve convergence at low energies. At

high incident energies, the value of Jmax required for convergence is typically

computationally expensive. At these energies, however, Born results are

typically accurate and, therefore, the analytical Born completion technique

can be used to accelerate convergence by lowering the required Jmax needed

for convergence. To apply the Born approximation the T matrix elements

are replaced with those of the V matrix when calculating the scattering

amplitude. This technique, therefore, assumes that TJ ≈ VJ for large enough

J , and calculates Born-completed results by replacing T with

T = V +
∑
J

(TJ − VJ) (2.59)

in Eq. 2.55.

2.2.6 Stopping power and mean excitation energy

Mass stopping power for positron collisions has been previously calculated

with the CCC method for molecular hydrogen and its ion [13, 264]. This

is a useful quantity for mass transport studies which measures the positron

energy loss per unit path length per unity density:

− 1

ρ

dE

dx
≡ QSP =

NA

M
σSP. (2.60)
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Here, NA is Avogadro’s number, x is the path length, ρ is the density of the

target, M is the molar mass of the target, and σSP is the stopping power

cross section. In the single-centre CCC method σSP is obtained using

σSP =

N∑
n=2

(εn − ε1)σn, (2.61)

where εn and σn are the energy and cross section of the nth electronic state,

with n = 1 referring to the ground state. For our calculations, energy losses

from direct annihilation have been omitted, but this cross section is expected

to be small for the energies considered in this work.

To calculate the positronium-formation contribution of the stopping

power we assume that all of the formed positronium quickly breaks up in

subsequent collisions and that the energy loss of positronium-formation can

be calculated through energy conservation. In this case, after the breakup

of positronium the positron has half the kinetic energy available:

Kf =
1

2
(Ki − IPs

a ). (2.62)

Here, Ki/f are the initial/final energies of the positron and IPs
a is the

positronium-formation energy of the atom a. Therefore, the energy loss

of the positron is

∆K = Ki −Kf =
1

2
(Ki + IPs

a ) (2.63)

from which the stopping power can be obtained through,

σPs
SP = ∆KσPs, (2.64)

where σPs is the positronium-formation cross section.

A useful parameter that can be obtained directly from the stopping

power is the mean excitation energy:

E =
σSP

σinel
, (2.65)

where σinel is the inelastic cross-section, which is the sum of excitation,

ionisation, and positronium-formation cross sections. For simplicity, the

dependence on the incident positron energy was removed from the above

equations.
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2.2.7 Scattering length, Ramsauer-Townsend minimum, and

energy of virtual positron state

From the asymptotic value of the low-energy elastic cross section, we can

determine the scattering length of a system via

σel ≈ 4πA2, (2.66)

where A is the scattering length [78]. To determine the sign of this scattering

length, we can use [361]

tan(δ0) = −Ak − παDk
2

3a0
, (2.67)

where δ0 is the s-wave phase shift. A negative value of A indicates that this

system has a strongly attractive nature at low energies [109] and implies the

existence of a minimum in the s-wave, which if observed in the elastic cross

section is known as a Ramsauer-Townsend minimum. The incident energy

of the s-wave minimum can be found with [362]

Emin =

(
e2

2a0

)(
3Aa2

0

παD

)2

. (2.68)

This minimum in the s-wave occurs as a result of matter wave diffraction

and appears in calculations when long-range polarisation of the target by

the incident projectile is taken into account [363]. For elastic scattering, a

Ramsauer-Townsend minimum occurs when the s-wave phase shift becomes

0 while the contributions from higher L-wave phase shifts are small. The

presence of the minimum in the s-wave can also be hidden due to the contri-

butions of higher `-waves counteracting the minimum in the s-wave. Unlike

the elastic cross section, a minimum is observed in the momentum transfer

cross section when the s- and p-wave phase shifts are equal while the con-

tributions from higher L-wave phase shift differences are small [82]. As a

result, even when a minimum is not observed in the elastic cross section, it

can be present in the momentum-transfer cross section. Here, these L-waves

refer to the angular momentum of the incident positron.

If the magnitude of A is larger than the mean radius of the atomic tar-

get, and the scattering cross section is much greater than the geometric size

of the atom then it indicates the existence of a virtual level of the positron
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projectile [311]. The energy of this virtual level can be obtained using

ε =
1

2A2
. (2.69)

2.2.8 Limitations of the single-centre approximation

As this is a single-centre approximation the expansion is only under-

taken over the target states of the atomic target. In this approximation,

positronium-formation is calculated implicitly through configurations that

have an electron and positron in the continuum. Therefore, the electron-

loss cross sections obtained with this method contain contributions from

both direct ionisation and positronium-formation processes which cannot

be distinguished. The implicit inclusion of positronium-formation and the

strong correlations present, due to the attractive positron-electron interac-

tion, results in convergence being slow and the inclusion of states with high

orbital angular momentum being necessary to correctly model scattering.

Furthermore, between the positronium-formation threshold and the direct

ionisation threshold the single-centre calculation is unstable and converged

cross sections cannot be obtained. The instability in this region results from

mismatched boundary conditions with channels corresponding to positive-

energy pseudostates being closed while positronium-formation channels are

open. The obtained electron-loss cross section threshold, therefore, is equiv-

alent to the direct ionisation threshold and underestimates two-centre cal-

culations until approximately 10 eV above this threshold.

2.3 Chapter summary

In this chapter we present the formalism of the single-centre CCC method

for positron scattering. The formulation of the target structure and the

configuration-interaction approach to the wavefunctions are presented. To

solve positron scattering from atomic targets, the single-centre CCC method

expands the scattering wave function within the basis of the target. Follow-

ing an expansion of the Schrödinger equation, this equation is transformed

using the Green’s function into the momentum-space coupled Lippmann-

Schwinger equations for the T matrix. Through solving these equations the

scattering amplitudes for the considered channels are obtained, and rele-

vant cross sections can be extracted. The limitations of the single-centre
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approach are also described. From the theory described in this chapter a

computer code was developed to calculate positron scattering from atomic

targets.



Chapter 3

CCC-scaled complex model

potential

The single-centre positron-atom scattering CCC method suffers from two

drawbacks: the difficulty obtaining accurate cross sections between the

positronium-formation and direct ionisation thresholds, and the difficulty

of disentangling the direct ionisation and positronium-formation processes.

To address these issues, a complex model-potential technique has been de-

veloped that uses the cross sections calculated within the single-centre ap-

proach. By scaling the model potential to fit results calculated with the

single-centre model, we obtain sufficiently reliable estimates for positronium-

formation, direct ionisation, and excitation cross sections between the

positronium-formation and direct ionisation thresholds. In this chapter a

description is provided of this technique. Based upon the theory described

in this chapter, computer code was developed by the candidate to calculate

the required model potential cross sections. Some sections in this chapter

text or figures are adapted from a published work by the candidate [1]. The

publisher of this article (the American Physical Society) provides the right

to use an article or a portion of an article in a thesis or dissertation without

requesting permission.

34
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3.1 Complex model potential

The complex model-potential approach requires the calculation of a complex

optical potential (Vopt) given by

Vopt(r, Ei) = Vst(r) + Vpol(r) + iVabs(r, Ei), (3.1)

where Vst is the static interaction potential, Vpol is the polarisation potential,

Vabs is the absorption potential, and Ei is the incident positron energy. The

absorption potential accounts for all inelastic processes whereas the static

and polarisation potentials account for the elastic process.

The static potential Vst is calculated using [364]

Vst(r) =
Z

r
− 4π

(
1

r

∫ r

0
dr′ρ(r′)r′2

+

∫ ∞
0
dr′ρ(r′)r′

)
, (3.2)

where ρ is the electron density of the target obtained from the structure

calculation, as described in Section. 2.1.5. For calculation of Vpol we use a

Buckingham potential [291]

Vpol(r) = − αD

2(r2 + d
1
2 )2

, (3.3)

where αD is the static dipole polarisability of the target, and d is an ad-

justable parameter. The value of d is chosen for each energy so that the

model potential produces the same elastic cross section as the single-centre

CCC calculation for the considered atom. We fit to a smooth interpola-

tion of the single-centre cross-section for energies between the positronium-

formation threshold and direct ionisation threshold, where the CCC elastic

cross section is unstable.

For the absorption potential we follow the method of Staszewska et al.

[365], who give

Vabs(r, Ei) =− ρ(r)

[√
Tloc

2

(
8π

10k3
F(r)Ei

)

× θ(k2
i − k2

F(r)− 2∆)(A1 +A2 +A3)

]
. (3.4)
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Here, ∆ is the absorption threshold which represents the threshold energy

for inelastic processes, kF(r) is the magnitude of the Fermi wave vector given

by,

kF(r) = [3π2ρ(r)]
1
3 , (3.5)

and θ(x) is the Heaviside step function. Also present is the local kinetic

energy of the projectile, which for positrons is given by

Tloc = Ei − Vst. (3.6)

Finally, A1, A2, and A3 are dynamic functions that rely on several of

the above parameters. The equations for these functions are provided by

Staszewska et al. [365],

A1 =
5k3

F

2∆
, (3.7)

A2 =
−kF(5p2 − 3k2

F)

p2 − (k2
F)2

, (3.8)

A3 = 2θ(2k2
F + 2∆− p2)×

(2k2
F + 2∆− p2)5/2

(p2 − k2
F)2

. (3.9)

For these equations, p =
√

2Ei.

3.1.1 Delta variational technique

Positronium-formation cannot be explicitly included in the absorption po-

tential formulation as this process cannot be modelled by binary colli-

sions [33]. Therefore, to obtain the cross section for this transition, we

utilise the delta variation technique, which modifies the absorption thresh-

old ∆ in Eq. (3.4). Several different versions of this modification exist in

the literature [24, 32, 51]. To determine which formulation to use, we com-

pared positronium-formation results for the H and He targets between this

method and two-centre CCC calculations. Based on these studies, we found

the approach of Chiari et al. [51] most appropriate. Here, the absorption

threshold is modified according to

∆(E) = ∆e − (∆e −∆p)e−(Ei−∆p)/Em , (3.10)
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where ∆e and ∆p are the electronic-excitation and positronium-formation

threshold energies, respectively. For the adjustable parameter Em, Chiari

et al. [51] used the energy for which σinel was found to have a maximum

when not using the delta variation technique. However, we have used the

energy at which the single-centre CCC TCS has a maximum as this gave

results for positronium-formation in better agreement with two-centre CCC

results.

3.1.2 Scattering equations

To solve the scattering equations for the complex model potential, we em-

ploy a similar approach used in the CCC method by solving the Lippmann-

Schwinger equations for a potential scattering system:

〈kf |T |ki〉 = 〈kf |V |ki〉+

∫
dk
〈kf |V |k〉〈k|T |ki〉
k2
i /2− k2/2 + i0

. (3.11)

We perform a partial-wave expansion of the T - and V -matrix elements and

integrate over the singularity at k = ki, giving the partial-wave Lippmann-

Schwinger equation

T`(kf , ki) = V`(kf , ki)+P
∫ ∞

0
dk
V`(kf , k)T`(k, ki)

k2
i /2− k2/2

− iπ

ki
V`(ki, ki)T`(ki, ki), (3.12)

where P indicates a principal-value integral. We discretise the k domain,

and after some rearranging obtain∑
n

(δf,n − wnVfn)Tni = Vfi, (3.13)

where Tfi ≡ T`(kf , ki), and wn contain the integration weights and the

denominator of the integrand for all off-shell k-grid points, while for the

on-shell point it is

wn = − iπ
kn
. (3.14)

By allowing f to run over the same range as n, i.e. all on- and off-shell k-grid

points, we obtain a set of linear equations that can be solved to obtain the

T -matrix elements. For this complex model potential calculation, the k
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domain is discretised into a series of points following the standard approach

detailed by Bray and Stelbovics [366], with convergence tested through

calculations with increasing number of points.

3.1.3 Cross section evaluation and CCC-scaling

Once the on-shell partial-wave T -matrix elements T` ≡ T`(ki, ki) are ob-

tained, the TCS is given by

σtot = 4π3
∞∑
`=0

(2`+ 1)|T`|2, (3.15)

and applying the optical theorem, the elastic cross section is

σel = − 4π2

√
2Ei

∞∑
`=0

(2`+ 1)Im(T`). (3.16)

The inelastic cross section, not including positronium-formation, is then

given by

σinel = σtot − σel. (3.17)

The positronium-formation cross section (σPs) is equal to the difference be-

tween the inelastic cross sections obtained from calculations with ∆(E) = ∆e

and ∆(E) given by Eq. (3.10). By comparing with two-centre CCC results

for positron scattering on H and He, we have found that this approach sig-

nificantly underestimates the inelastic and positronium-formation cross sec-

tions. To correct this for systems where two-centre calculations are not avail-

able, we scale the cross section for inelastic scattering minus positronium-

formation to reproduce the total cross section σtot obtained from the single-

centre CCC calculations at high energies. Following this, we scale the σPs to

reproduce the single-centre σtot at the maximum cross-section between the

direct ionisation threshold and 10 eV above this threshold. Exact details of

this scaling procedure are provided for the hydrogen atom in Section. 3.2

and for the helium atom in Section. 3.3.

We can disentangle the direct ionisation by subtracting the calculated

positronium-formation cross section from our ELCS. We have done this for

incident energies above 20 eV. To calculate direct ionisation for energies

below 20 eV, we have followed the CSP-ic method [166] and, using our
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results for positronium-formation and direct ionisation, have calculated the

ratio

R(Ei) =
σion

σin
. (3.18)

Where σion is the direct ionisation cross section and σin is the direct inelastic

cross section, given by σin = σinel − σPs. The values for σinel are obtained

directly from the single-centre CCC calculation for E > 20 eV since the

single- and two-centre results for H and He were found to be in close agree-

ment by 10 eV above the direct ionisation threshold. Using a cubic spline,

we extrapolate the calculated R(Ei) down to the direct ionisation thresh-

old, where R(Ei) is zero by definition. Following this we can obtain σion for

E < 20 eV by multiplying the σin calculated with the CCC-scaled complex

model potential by R(Ei). This process is illustrated in Section 3.2 for the

hydrogen atom.

3.1.4 Low energy scaling of the positronium-formation
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Figure 3.1: Impact of scaling factor on CCC-pot positronium-formation
cross section compared against two-centre CCC results [5] for positron scat-
tering on atomic hydrogen. Also shown are the experimental values of Zhou
et al. [6].

Through analysis of calculations for atomic hydrogen presented in sec-

tion. 3.2, we find that the CCC-pot approach significantly underestimates

two-centre calculations for positronium-formation at energies below its max-

imum. For atoms with similar direct ionisation thresholds to hydrogen, we
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Table 3.1: Fit parameters

i pi qi

1 0.7803 -6.552

2 -2.994 13.66

3 -5.337 6.343

4 37.67 0.09373

5 21.71 -3.539×10−5

6 1.072

expect this same deficit to occur. To accommodate for this, we have ex-

tended the CCC-pot calculation to include a scaling factor which increases

the positronium-formation component of Vabs for energies between the

positronium-formation threshold and the maximum positronium-formation

cross section calculated in our CCC-pot method. The values for this factor

were determined to produce positronium-formation equal to that of the two-

centre calculation for atomic hydrogen for energies below the positronium-

formation maximum. The unscaled and scaled results for atomic hydrogen

are shown in Fig. 3.1 alongside the two-centre CCC calculation [5] and ex-

perimental results of Zhou et al. [6].

To allow for calculations at any energy below the maximum of

positronium-formation this factor was then fitted with a function of the

form

Fs(E) =
p1E

5
f + p2E

4
f + p3E

3
f + p4E

2
f + p5Ef + p6

E5
f + q1E4

f + q2E3
f + q3E2

f + q4Ef + q5
, (3.19)

where,

Ef (E) = E − EH
Ps. (3.20)

Here, E is the incident energy and EH
Ps is the positronium-formation thresh-

old of atomic hydrogen, with both units in eV. The parameters for Eq. 3.19

are shown in Table 3.1.

To apply this to atoms beyond atomic hydrogen, we have formulated

an approach based upon the difference in energy between the positronium-
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formation threshold and maximum for each atom. This replaces Eq. 3.20

with,

Ef (E) =
E − EA

Ps

Us
(3.21)

where

Us =
EAmax − EA

Ps

EHmax − EH
Ps

. (3.22)

Here, EA
Ps is the positronium-formation threshold for atom A and EAmax

refers to the energy that the maximum positronium-formation is found for

this atom, with EHmax representing this for the hydrogen atom. For Eq. 3.21

units are in eV, whereas Eq. 3.22 is dimensionless.

Unlike atomic hydrogen, the CCC-pot approach accurately models the

positronium-formation cross section for the helium atom at low energies, as

shown in Fig. 3.14. Therefore, it is expected that the need for the scaling

factor is reduced the closer the direct ionisation threshold of the atom is to

helium. We have therefore used the following modified scaling parameter:

F̃ (E) = (Fs(E)− 1)

(
1− Ia − IH

IHe − IH

)
+ 1, (3.23)

that reduces the impact of the scaling factor based on the direct ionisation

threshold of the considered atom. Here, Ia represents the direct ionisation

thresholds for atom a, IH for hydrogen, and IHe for helium.

3.2 CCC-scaled complex model potential: Hydro-

gen atom calculation

To demonstrate the efficacy of the CCC-scaled complex model potential ap-

proach, we present calculations for positron scattering from the hydrogen

atom for which both single- and two-centre CCC results are available. We

first obtain the complex model potential results utilising the same approach

as described in the previous section. To summarise, we fit the polarisation

potential parameter d in our polarisation potential given in Eq. 3.3 to ob-

tain elastic cross sections equal to the single-centre CCC for each energy.

Between the positronium-formation and the direct ionisation thresholds we

instead fit to a line smoothly connected between these two thresholds. This

is because the single-centre approach is unstable between these two thresh-
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olds, this instability can be viewed in Fig. 3.3 as a large dip occurring at

10 eV.
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Figure 3.2: Elastic cross section for positron scattering on the hydrogen
atom. Single- and two-centre CCC results are compared with the results
obtained using the model potential.
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Figure 3.3: The total cross sections and its components for the unscaled
model potential calculation of positron scattering from hydrogen presented
from the positronium-formation threshold to 1000 eV.

Elastic cross sections from our complex model potential are presented

in Fig. 3.2 alongside single- and two-centre CCC results. As expected,

outside of the region between the positronium-formation and direct ionisa-

tion thresholds, elastic results from the complex model potential are exactly

equal to those of the single-centre calculation. Our absorption potential is
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obtained following the method of Staszewska et al. [365] as described in Sec-

tion. 3.1, with values for the positronium-formation cross section obtained

through the delta variational technique. With these positronium-formation

values, we can obtain the direct inelastic cross section which is equal to

the bound state excitations summed with the direct ionisation cross section.

Hence, the total cross section contains three components: the direct inelastic

cross section, the positronium-formation cross section, and the elastic cross

section. The total cross section of this unscaled complex model potential

and its components are presented in Fig. 3.3.

The first step of the CCC-scaling procedure is to scale the direct inelastic

component of the total cross section to agree at large energies with the values

predicted by the single-centre CCC result. This is presented in Fig. 3.4, in

which this component has been scaled by a factor of 2.4. Also shown are

the single-centre CCC results and the unscaled model potential.
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Figure 3.4: Complex model potential total cross section results for positron
scattering on hydrogen in which direct inelastic cross sections have been
scaled to agree with CCC results for larger energies. In these results
positronium-formation cross sections are currently unscaled. These results
are presented with the single-centre CCC results.

The second step is to scale the positronium-formation component of the

total cross section. We uniformly increase this cross section so that the

CCC-scaled model potential total cross section reproduces the maximum

single-centre total cross section between the direct ionisation threshold and

10 eV above the direct ionisation threshold. For example, this occurs at
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16 eV for hydrogen, so we scale the CCC-scaled model potential result to

agree with the single-centre CCC at 16 eV. In this case, the positronium-

formation cross section was scaled by a factor of 5.75. The final results are

depicted in Fig. 3.5, in which scaled positronium-formation and inelastic

results are summed with the elastic cross section to obtain the new total

cross section. These results are again shown alongside corresponding single-

centre CCC results. The improvement in results from this scaling procedure

is clear when comparing the unscaled results in Fig. 3.4 and the final scaled

results in Fig. 3.5 to single- and two-centre CCC results. The CCC-scaled

model potential overestimates the single-centre cross section for energies

above 25 eV, resulting in inaccuracies in the CCC-scaled complex model

calculation for the excitation cross section between 25 and 600 eV. As our

subsequent calculations do not require these values this is not considered an

issue. By construction, the elastic cross section is equivalent to the single-

centre CCC results; therefore, this component does not require any scaling.
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Figure 3.5: CCC-scaled complex model potential and CCC single-centre
results for the positron-hydrogen total cross section. Here, the total
cross section is comprised of the elastic, scaled direct inelastic, and scaled
positronium-formation cross-section.

We can directly compare the scaled positronium-formation cross section

with the two-centre CCC. We present this in Fig. 3.6, where it can be seen

that our scaled result is both equal to and has the correct position of the

peak cross-section of the positronium-formation. However, our calculation

somewhat underestimates the two-centre result for energies above and below
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this peak.

We can obtain direct ionisation results for energies 10 eV greater than

the ionisation energy by subtracting these values from the single-centre

electron-loss cross section from our positronium-formation results. For

energies below this point, we rely on the CSP-ic method. First, we obtain

R(E) values for energies greater than 10 eV above the direct ionisation

threshold, and then we fit a spline interpolant to obtain the R(E) for lower

energies. We can obtain the direct ionisation cross section by multiplying

these fitted values by the direct inelastic cross section obtained from our

CCC-scaled complex model potential. The calculated and fitted R(E)

results are depicted in Fig. 3.7. These results rise to a maximum of approx-

imately 0.55 at 50 eV before dropping to an asymptote of approximately

0.4 by 1000 eV. This represents that by 1000 eV 40% of the direct inelastic

cross section is composed of direct ionisation.
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Figure 3.6: Positronium-formation cross section for positron scattering from
hydrogen. Our unscaled and CCC-scaled complex model potential results
are presented with the two-centre CCC results for energies ranging from the
positronium-formation threshold to 200 eV.

In Fig. 3.8, we present our results for direct ionisation obtained using

the CCC-scaled complex model potential approach and those obtained

via the two-centre CCC. We can observe that differences between these

methods mainly occur for energies less than 75 eV, which directly results

from the errors in our positronium-formation calculation. The peak of this
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approach overestimates the two-centre CCC, with differences within 25%.

For lower energies, particularly near the direct ionisation threshold, we

find larger differences; however, the magnitude of the cross section at these

energies is small.
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Figure 3.7: Calculated R(E) and fitted R(E) values for positron scattering
from hydrogen. R(E) is equivalent to σion/σin.
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Figure 3.8: The direct ionisation cross section for positron scattering from
hydrogen for our unscaled and CCC-scaled complex model potential calcu-
lations presented alongside the two-centre CCC results.

We have direct ionisation and positronium-formation results and can

now calculate the electron-loss cross section. This is calculated from the
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summation of our scaled positronium-formation and direct ionisation cross

sections with these results presented in Fig. 3.9 alongside single- and two-

centre CCC results. The benefit of our new approach compared to the single-

centre CCC is clear with our new results in significantly better agreement

with the two-centre calculation from positronium-formation threshold to

10 eV above the direct ionisation threshold. Below the direct ionisation

threshold, the differences between CCC-pot and the two-centre calculation

are the same as for the positronium-formation. Whereas, from the direct

ionisation threshold to 10 eV above it, the differences are within 5%.
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Figure 3.9: Electron-loss cross section for positron scattering from hydrogen
from our new approach presented alongside the single- and two-centre CCC
results. Results are presented from the positronium-formation threshold to
1000 eV.

The excitation cross section can also be calculated using the direct ion-

isation cross section. For energies higher than 10 eV above the direct ioni-

sation threshold, we use σexc = σtot−σPs−σion−σel where σtot is from our

single-centre CCC result. For energies below this, we do the same but use

σtot from our CCC-scaled complex model potential calculation. The total

bound excitation cross section is shown in Fig. 3.10 alongside single- and

two-centre CCC results. We can observe that this new approach is a great

improvement over the single-centre for lower energies, where instabilities in

the single-centre calculation for energies near the direct ionisation threshold

have resulted in substantially larger results than the two-centre calculation.

We find differences between this new approach and the two-centre calcula-
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tion to be within 5%.

Finally, for the calculation of the total cross section, we now combine the

results of the single-centre and CCC-scaled model potential. For this, we

use our single-centre results for energies below the positronium-formation

and higher than 10 eV above the direct ionisation threshold. For energies

between the positronium-formation threshold and 10 eV above direct ioni-

sation, we use the total cross section calculated by the CCC-scaled model

potential. We have compared these results with the single- and two-centre

CCC result for hydrogen in Fig. 3.11. We find that results are significantly

improved from the single-centre CCC calculation for the energies between

the positronium-formation and direct ionisation thresholds. Results still

underestimate the two-centre CCC over this energy range, with our results

within 20% of the two-centre results. From the direct ionisation threshold

to 10 eV above this threshold, errors between our results and the two-centre

CCC are within 10%.
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Figure 3.10: Total excitation cross section for positron scattering from hy-
drogen calculated from our new approach alongside single- and two-centre
CCC results.
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Figure 3.11: Combined results for the positron-hydrogen total cross section
alongside single- and two-centre CCC results.

3.3 CCC-scaled complex model potential: Helium

atom calculation
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Figure 3.12: Elastic cross section for positron scattering on the helium atom.
Single- and two-centre CCC results are compared with the results obtained
using the model potential.

As we have already depicted the process of the CCC-scaling of the direct

inelastic and positronium-formation cross sections for the hydrogen model

potential calculation, we only present the final results for the helium atom.

Model potential calculations are undertaken following the same process de-
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scribed in section 3.1. As with hydrogen, smooth elastic cross sections were

obtained using a line fit between the positronium-formation and direct ion-

isation thresholds. These elastic cross sections are presented in Fig. 3.12

alongside single- and two-centre CCC results. Firstly we present CCC-scaled

model potential total cross section results in Fig. 3.13 alongside single-centre

CCC results. For this model, the direct inelastic component was scaled by

a factor of 1.51 and the positronium-formation component by a factor of

6.71. For helium, the maximum cross-section for the single-centre calcula-

tion occurs at 70 eV, a much higher energy than is observed in the hydrogen

case.
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Figure 3.13: CCC-scaled complex model potential, unscaled complex model
potential, and CCC single-centre results for the positron-helium total cross
section.

Presented in Fig. 3.14 are positronium-formation cross sections for the

CCC-scaled complex model potential, unscaled complex model potential,

and two-centre CCC results. Unlike hydrogen, our new results only

underestimate the two-centre results around the peak cross section and

are higher for energies above 55 eV. These results are within 10% of the

two-centre results for results up to 60 eV. Excellent agreement is observed

with the presented experiment for both the two-centre CCC calculation

and the current CCC-pot result. As expected, the unscaled CCC-pot

result is significantly lower than both the two-centre calculation and the

experimental results.
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In Fig. 3.15, we present the direct ionisation result for this approach

against the two-centre CCC results. Unlike hydrogen, our direct ionisation

underestimates at lower energies and the peak cross section. However,

compared to experiment excellent agreement is observed across the entire

presented energy range with the CCC-pot calculation. The differences

between the two methods are less here than with hydrogen, with all values

within 20% of the two-centre CCC result. We also find much better

agreement for energies below this peak cross section than was viewed

with hydrogen, likely because the positronium-formation has a much lower

magnitude for helium.
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Figure 3.14: Positronium-formation cross-sections for positron scattering
from helium. Results from our unscaled and CCC-scaled complex model
potential are presented alongside two-centre CCC results. Experimental
results are from Caradonna et al. [7], Fornari et al. [8], and Murtagh et al. [9].
Results are presented from the positronium-formation threshold to 1000 eV.

We have also used our new method to calculate the total excitation

cross section for the helium atom. This is shown in Fig. 3.16 with single-

and two-centre CCC results. We see significant improvement from the

single-centre results for energies below 10 eV above the direct ionisation

threshold, with the cross sections here having near perfect agreement with

the two-centre calculation.
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Figure 3.15: The direct ionisation cross section for positron scattering from
helium. Our unscaled and CCC-scaled complex model potential results are
presented alongside the two-centre CCC results. Experimental results are
from [9], Jacobsen et al. [10], and [11]. Results are presented from the
ionisation threshold to 1000 eV.
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Figure 3.16: Total excitation cross section for positron scattering from he-
lium. Results calculated from our new approach are presented alongside
single- and two-centre CCC results.

Finally, in Fig. 3.17 we can find the combined results of the CCC-

scaled complex model potential and single-centre CCC alongside the single-

and two-centre CCC. As with hydrogen over the energy range between

positronium-formation and direct ionisation, our new results are a signif-

icant improvement over the single-centre calculation. As the elastic cross
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section is scaled to be equivalent to the single-centre CCC result, there is no

point in calculating CCC-pot below the positronium-formation threshold,

as the only process available below this threshold is elastic scattering. Here

we find even better agreement than was found with hydrogen, with our total

cross sections having errors of 5% or lower over this energy range. From the

direct ionisation threshold to 10 eV above this threshold, we find similar

errors with results within 5%, again an improvement from hydrogen.
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Figure 3.17: Combined results for the total cross section of positron scat-
tering from helium alongside the single- and two-centre CCC results.

3.4 Error analysis and limitations of CCC-scaled

complex model potential

The accuracy of this approach and the improvement it provides for single-

centre CCC calculations for both the hydrogen and helium targets is promis-

ing. It justifies its application to other targets, as these two targets have

very different scattering behaviours, polarisation potentials, and direct ioni-

sation, excitation, and positronium-formation thresholds. Following analysis

of these systems, we expect positronium-formation to have an accuracy of

20% for energies above the maximum cross section to up to 3 times the ioni-

sation threshold from this method. With the inclusion of the scaling method

based on the hydrogen results we expect that results below the maximum

positronium-formation cross section will have an accuracy of about 10 %.

Although the positronium-formation results are not particularly accurate



Chapter 3. CCC-scaled complex model potential 54

for higher energies as the magnitude of this process decreases rapidly with

increasing energy, they can still be utilised to calculate sufficiently accurate

direct ionisation cross sections.

For direct ionisation, we expect the peak cross section to be within 20% of

the two-centre value, with energies below the peak value having higher inac-

curacies if the positronium-formation cross section is significantly larger than

the direct ionisation. For higher energies, where the positronium-formation

cross section is small, we expect the accuracy for this cross section to be

within 5%. For the total excitation cross section, we expect an error of 10%

for energies where results are obtained from the model potential. Across the

energy range in which the CCC-scaled complex model potential is utilised

for the total cross section, we expect the errors to be within 15%.

For atoms with direct ionisation thresholds below 10 eV, the

positronium-formation process is significant and the maximum of the to-

tal cross section typically occurs between the positronium-formation and

direct ionisation threshold, where single-centre results cannot be accurately

obtained. Therefore, due to the scaling processes utilised, for atoms with

direct ionisation thresholds below 10 eV the uncertainty is expected to be

larger than discussed above. Hence, in conjunction with accurate single-

centre CCC results, we expect this method to be most accurate for atoms

with direct ionisation energies greater than 10 eV.

3.5 Chapter Summary

This chapter provides a description of the complex model potential approach

utilised in conjunction with our single-centre CCC calculations to calcu-

late positronium-formation, direct ionisation, and inelastic cross sections

between the positronium-formation and direct ionisation thresholds. The

equations for the required potentials used within our complex scaled poten-

tial calculations are provided and described. A description of how we solve

these equations with the complex potential Lippmann-Schwinger equations

is given. The two techniques utilised, the delta variational technique and

the CSP-ic technique, are also explained. To find agreement with the results

of the complex model potential and the accurate single-centre CCC calcula-

tions it was necessary to apply a scaling procedure. These procedures and

the current methodology are illustrated through a breakdown of the calcu-
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lations conducted for positron scattering from hydrogen and helium, with

figures provided for all relevant cross-sections. As two-centre CCC calcu-

lations exist for these two systems, we conduct an error analysis through

comparison of the two-centre and current results.



Chapter 4

IAM-SCAR method

This chapter presents the process of the IAM-SCAR calculation as described

by Blanco and Garćıa [224] and Blanco et al. [225]. Modifications to this ap-

proach for its use with the cross sections obtained through the CCC and the

CCC-scaled complex model potential approaches are also provided. CCC-

SCAR calculations for H2 are also shown as there is existing one- and two-

centre CCC calculations for positron scattering from this molecule.

4.1 IAM-SCAR

The IAM method for a molecule containing Na atoms is given by

σm =

Na∑
i=1

σi, (4.1)

where σm is the cross section of the considered molecule and σi is the cross

section of each independent atom i. This is a simple approximation and is

expected to only be accurate for high incident energies, where the projectile

“sees” the molecule as a sum of its independent atoms. For lower energies,

the atomic cross sections are typically too large and, if they are geometrically

visualised, will overlap the cross sections of the surrounding atoms within the

molecule. Without accounting for these overlaps, the IAM method double-

counts these interactions with the projectile and overestimates the cross

section. The fundamental concept of the IAM-SCAR method [367], there-

fore, is the use of screening coefficients (si) that account for the geometry of

a molecule and reduces the individual atomic contributions to the molecular

56
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cross section. This concept leads to a reformulation of Eq. 4.1 to

σ =
∑
i

siσi. (4.2)

These screening coefficients are calculated through,

si = 1−
ε
(2)
i

2!
+
ε
(3)
i

3!
−
ε
(4)
i

4!
+ · · · (4.3)

where,

ε
(k)
i =

Na − k + 1

Na − 1

∑
j 6=i

σjε
(k−1)
j

αij
(k = 2, · · · , Na), (4.4)

and αij = max(4πr2
ij , σi, σj). Here, rij is the distance between the centres of

the atoms i and j and σj is the cross section of atom j. The first coefficient

is defined as ε
(1)
i = 1. For each molecule, the molecular geometries were

obtained from the CCCB database of NIST [368].

This approach does not account for the vibrational or rotational motion

of the target molecule and is expected to be most accurate for energies

above 30 eV [225]. Furthermore, rotational cross sections, if available, can

be included through their summation to the IAM-SCAR result, a process

referred to as the IAM-SCAR+rot method [296].

4.2 CCC-SCAR

To obtain the cross sections for molecular systems with the CCC calculations

for independent atoms the IAM-SCAR method has been modified. First,

we utilise the IAM-SCAR approach for the total cross section to obtain

screening coefficient values for each atom at each considered energy. Fol-

lowing this, these screening coefficients are applied independently to all of

the cross sections that compose the total cross section for each atom at that

energy. For molecules, the thresholds for each process, besides elastic, are

typically different to the atoms that compose them. Therefore, we shift the

cross sections for each process so that its threshold is equal to its accepted

threshold value for each molecule. These shifted cross sections can then be

summed to obtain the final total cross section of the molecule at each energy.

Calculations conducted with this approach and utilising atomic CCC cross

sections are referred to as CCC-SCAR.
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4.3 H-atom scaling

For CCC-SCAR calculations of H2, we found large discrepancies with

existing MCCC calculations, with the CCC-SCAR substantially overesti-

mating the total cross section. This is most transparent at high energies,

see Fig. 4.1, where the IAM cross section is systematically larger than the

MCCC cross section. To validate the current cross sections we have also

included Fig. 4.2. In this figure, we present the MCCC results for incident

positrons [13] and electrons [12] alongside the recommended electron results

of Yoon et al. [14]. There is near-perfect agreement between these results

to 1000 eV. Also shown in this figure are the IAM results of the CCC for

both of these projectiles [5, 16]. We have also included the recommended

results for positron scattering from H [15] and the measurements of Zhou

et al. [6] for electron scattering on H, both multiplied by a factor of

two in accordance with the IAM. Comparing the IAM results there is

excellent agreement between the CCC and experimental cross sections

across the presented energy range. Apparently, the IAM method fails to

approximate H2 cross sections with corresponding atomic cross sections for

both calculated and measured results for both electron and positron impact.
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Figure 4.1: Total cross section for positron scattering on molecular hydrogen.
Theoretical CCC-SCAR, CCC-SCAR without the scaling described in text
and IAM results are shown alongside one- and two-centre CCC calculations.

To correct this, we have introduced a scale factor of 0.77, which the

H component of the CCC-SCAR cross section is uniformly multiplied
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by above 100 eV. Between the positronium-formation threshold and

100 eV this factor is linearly reduced from 1 to 0.77. The linear scale

was included to 100 eV as the CCC-SCAR approach is expected to be

of high accuracy above these energies and should accurately reflect the

high-energy behaviour. We have chosen not to scale the CCC-SCAR results

to the known MCCC values at all energies. The aim here is to rectify

the obvious problem with the CCC-SCAR technique in a way that can be

easily extended to other molecular scattering systems where often accurate

close-coupling calculations are not available while it is often relatively easy

to establish the high energy behaviour of the total cross section through

either existing electron measurements or Born approximation calculations.
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Figure 4.2: Total cross section for positron and electron scattering on molec-
ular hydrogen. MCCC results are from [12] and [13] for electrons and
positrons respectively. The recommended electron results for H2 are from
Yoon et al. [14]. For the IAM results we use the electron measurements of
Zhou et al. [6], the recommended positron results of Ratnavelu et al. [15],
and the CCC calculations for positrons [5] and electrons [16].

The impact of this scale factor is demonstrated in Fig 4.1 for H2 where,

after applying this scale factor, substantially better agreement is found

between the CCC-SCAR results and the MCCC calculations. For other

molecules containing H, similar disagreements were found at high energies

with existing high-energy electron measurements for the total cross section.

For molecules that did not contain H, no such discrepancies were found.

This suggests that there is a failure in the IAM approach when including
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the current cross sections for H. Therefore, for the molecules containing H,

i.e. H2O and CH4, we have scaled the H component of these calculations.

With this modification, we found a very good agreement with high energy

electron measurements for the total cross section as will be demonstrated in

Chapter. 11.

4.4 H2 scattering

For H2, CCC-SCAR calculations are conducted with existing single- and

two-centre results for atomic H [5, 228]. Where two-centre results are used

for energies ≤ 1000 eV, and single-centre for energies > 1000 eV. The dis-

tance between atomic centres was obtained from the CCCDB database of

NIST [59]. Through comparison of the CCC-SCAR calculations with the

MCCC calculations for H2, the error of the current approach is estimated.

4.4.1 Total cross section
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Figure 4.3: Total cross section for positron scattering on molecular hydrogen.
Theoretical CCC-SCAR results are shown alongside MCCC calculations [13]
and the experiments of Hoffman et al. [17], Zecca et al. [18], Machacek et al.
[19], Karwasz et al. [20], Deuring et al. [21], and Zhou et al. [6].

In Fig. 4.3, we present the CCC-SCAR calculations for the total cross section

of H2 alongside previous MCCC calculations and several experiments [6, 17–

21]. Close agreement is found between the MCCC and CCC-SCAR calcula-

tions for energies above 50 eV and below 3 eV. Between these two energies,
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the CCC-SCAR overestimates the MCCC calculations. Above 40 eV, good

agreement is found with the presented experimental results. At low ener-

gies there is little consensus between experiments, however, the MCCC and

CCC-SCAR are closest to the most recent experiment of Machacek et al.

[19].

4.4.2 Elastic cross section

The elastic cross section for positron scattering on H2 is shown in Fig. 4.4.

The CCC-SCAR elastic cross section is close to the MCCC results for en-

ergies below the positronium-formation threshold. From 15 eV to 1000 eV,

however, the CCC-SCAR results are slightly lower than the MCCC cal-

culations. The opening of the positronium-formation channel can result

in resonant-like structures in the elastic cross section known as a Wigner

cusp [108]. As the positronium-formation thresholds, and the magnitudes

of this cross section, are different in H and H2 this is likely the source of

the discrepancy between the CCC-SCAR and MCCC results for energies

between 4 eV and 15 eV.
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Figure 4.4: Elastic cross section for positron scattering on molecular hy-
drogen. Theoretical CCC-SCAR results are shown alongside single- and
two-centre CCC calculations.

4.4.3 Total electronic excitation cross section

The current CCC-SCAR results for the total electronic excitation cross sec-

tion for H2 are shown in Fig. 4.5 alongside the MCCC calculations [13] and
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the summed B1Σ+
u and C1Πu BSMC results of Arretche and Lima [22].

The measurements of Sullivan et al. [23] for excitation to the B1Σ+
u state

are also shown, there are no experimental results for the total electronic

excitation. The CCC-SCAR results are close to the MCCC calculations for

energies below 20 eV and both are within the error of Sullivan et al. [23]

under 15 eV. Other excited channels open above 15 eV, therefore, this ex-

periment will be smaller above this energy. Above 20 eV, the CCC-SCAR

results are higher than the MCCC calculations to 5000 eV. However, above

100 eV, differences between these calculations decrease. Compared to the

summed results of Arretche and Lima [22] for the first two excitations the

MCCC and CCC-SCAR calculations are higher even towards threshold.
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Figure 4.5: Total electronic excitation cross section for positron scattering
on molecular hydrogen. CCC-SCAR results are shown alongside MCCC
calculations [13] and the summed B1Σ+

u and C1Πu BSMC results of Arretche
and Lima [22]. The experiment of Sullivan et al. [23] for excitation to the
B1Σ+

u state is also shown.

4.4.4 Electron-loss, direct ionisation, and positronium-

formation cross section

The positronium-formation cross section for H2 is shown in Fig. 4.6. The

CCC-SCAR results are shown alongside the MCCC calculations [13] and

those of Singh and Antony [24] and Biswas et al. [25]. The experiments

of Machacek et al. [19], Zhou et al. [6], and Fromme et al. [26] are also

presented. The CCC-SCAR method is in close agreement with the MCCC



Chapter 4. IAM-SCAR method 63

calculations for energies above 30 eV, although it slightly underestimates

between 50 and 100 eV. Compared to the experiments, we find the two-

centre and CCC-SCAR to be lower than experimental uncertainty for en-

ergies between 40 eV and 80 eV. The two-centre calculations lies below

the uncertainty of both experiments for energies below 15 eV. In contrast,

the CCC-SCAR is within experimental uncertainty below 9 eV and above

30 eV but above experimental points between these energies. The MCCC

results follow a similar shape to the calculations of Biswas et al. [25] but

are slightly lower across the energy range. The results of Singh and Antony

[24] are close to the MCCC result to 15 eV but predict a much lower max-

imum. Above 40 eV, both of these theoretical calculations are of a higher

magnitude than the MCCC and CCC-SCAR results. Disagreements with

experiment at high energy could be a result of errors associated with the

formation of positronium in ortho- or electronically excited states.
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Figure 4.6: Positronium formation cross section for positron scattering on
molecular hydrogen. Theoretical CCC-SCAR and MCCC [13] results are
shown alongside the calculations of Singh and Antony [24] and Biswas et al.
[25], and the measurements of Machacek et al. [19], Zhou et al. [6], and
Fromme et al. [26].

The CCC-SCAR direct ionisation results are presented in Fig. 4.7 along-

side the MCCC calculations [13], other previous theory [24, 27, 28], and

previous measurements [10, 26, 29, 30]. The CCC-SCAR are in excellent

agreement with experiment for energies below 40 eV, whereas the two-centre

results are larger than experiment for this energy range. Between 30 eV and
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90 eV, the CCC-SCAR is above the MCCC calculations, finding a sharper

peak than these results. Above 80 eV, the CCC-SCAR slightly underesti-

mates the MCCC and is in close agreement with experiment above 700 eV.

For energies between 40 eV and 300 eV, there is little consensus among

experiments and theory. In this region, the MCCC results are closest to

the BEB calculations of Fedus and Karwasz [28] whereas the CCC-SCAR

is similar to the SCOP results of Singh and Antony [24] to its peak. We

expect that the two-centre MCCC results are of higher accuracy than the

CCC-SCAR results and that the CCC-SCAR approach is overestimating for

energies between 30 eV and 80 eV.
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Figure 4.7: Direct ionisation cross section for positron scattering on molec-
ular hydrogen. Theoretical CCC-SCAR and MCCC [13] results are shown
alongside the calculations of Singh and Antony [24], Campeanu et al. [27],
and Fedus and Karwasz [28]. Experimental results are those of Knudsen
et al. [29], Fromme et al. [26], Ashley et al. [30], and Jacobsen et al. [10].

The electron-loss cross section of H2, presented in Fig. 4.8, is equiva-

lent to the sum of the positronium-formation and direct ionisation cross

sections. Therefore, we find similar discrepancies as with these two compo-

nents. There is agreement with the CCC-SCAR and MCCC [13] results for

energies above 80 eV. For energies below 80 eV, the current approach is sig-

nificantly higher than the MCCC results. Compared to the measurements

of Fromme et al. [26] and Moxom et al. [31], good agreement is found below

10 eV, between 20 eV and 30 eV, and above 70 eV. With the CCC-SCAR

results much higher than these experiments for energies between 10 eV and
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30 eV, and lower for energies between 50 eV and 70 eV. Compared to the

only other theoretical calculation of Singh and Antony [24] we find substan-

tial differences across the energy range.
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Figure 4.8: Electron-loss cross section for positron scattering on molecu-
lar hydrogen. Theoretical CCC-SCAR and MCCC [13] results are shown
alongside the calculations of Singh and Antony [24] and the measurements
of Fromme et al. [26] and Moxom et al. [31].

4.4.5 CCC-SCAR error analysis

For the total cross section, we find the largest disagreement between

the CCC-SCAR and the MCCC for energies between the positronium-

formation threshold and 50 eV. This discrepancy is directly related to

the positronium-formation cross section, which the CCC-SCAR finds to

be significantly larger than the MCCC calculation. Outside this region,

the CCC-SCAR results are within 10% of the MCCC calculations. For

energies above 30 eV, the positronium-formation cross section results for

the CCC-SCAR are within 20% of the MCCC results to 100 eV, above

which this cross section becomes negligible. Below 30 eV, the CCC-SCAR

positronium-formation is significantly higher than the MCCC result and

existing experiments. The total electronic excitation cross section is within

10-20% of the MCCC results at low and high energies, with larger discrep-

ancies observed at intermediate energies. For the direct ionisation cross

section, the CCC-SCAR results are within 20% of the MCCC calculations

for high and low energies but much larger at intermediate energies. For the

electron-loss cross section, the CCC-SCAR results are within 10% of the
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MCCC results for energies above 50 eV.

This approach relies on simple approximations and does not account for

vibrational or rotational processes or the different polarisabilities present

within molecules. For diatomic non-polar molecules, we expect a similar

error of approximately 20% as found here for all H2 processes besides

positronium-formation. For the positronium-formation cross section, we

instead expect an error of 20% for energies above 30 eV. Below this energy,

we estimate a higher error of 30%, based on the comparison with experi-

ment. For molecules with more atoms or that are polar, we expect that the

accuracy of the current approach will also decrease for low and intermediate

energies. However, without accurate calculations or experiments for these

molecules to compare with we are unable to estimate to what extent the

accuracy will decrease.

4.5 Chapter summary

The process for calculating molecular cross sections with the IAM-SCAR

approach and CCC cross sections is described. Results are presented for

positron scattering from the H2 molecule and compared against existing

single- and two-centre CCC calculations. Good agreement is found for ener-

gies above 50 eV with the CCC-SCAR, past CCC results, and experiment.

However, the CCC-SCAR approach is found to overestimate the past CCC

calculations and experiment for energies between the positronium-formation

threshold and 50 eV. Through comparisons between the CCC-SCAR and

single- and two-centre calculations the uncertainties of the CCC-SCAR ap-

proach are estimated.



Chapter 5

Validation

To demonstrate and validate the accuracy of the developed code, we can

directly compare calculations completed with the new code for atomic sys-

tems with the results of the frozen-core atomic CCC code (CCCFC). In this

chapter, we present the results of positron scattering calculations undertaken

with both codes for atomic hydrogen, helium, and neon. For helium, results

are provided for positron scattering from the ground state, the metastable

23S excited state, and the 23P excited state. These calculations allow us

to validate scattering from target states of different angular momenta and

spin. To distinguish between the two codes the frozen-code CCC code is

referred to as CCCFC and the newly developed code as CCC.

5.1 Hydrogen

For atomic H, we compare calculations with Nl = 30 − `, α` = 1, and

with maximum target orbital angular momentum of `max = 9. All 255

generated target states were included and calculations were completed to

total angular momentum J = 20. These results were calculated for incident

energies between 0.1 eV and 1000 eV.

In Table. 5.1 we present the energies of the 10 lowest states for H from the

current and frozen-core CCC code. Perfect agreement is found between the

two codes for these energies. In Fig. 5.1 we present the close-coupling results

for positron scattering from atomic hydrogen for both the current CCC and

the frozen-core CCC codes. There is near-perfect agreement between the two

calculations. The electron-loss cross section for this system are presented in

67
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Fig. 5.2, with agreement again near-perfect between the current and frozen-

core CCC calculations.
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Figure 5.1: Positron-hydrogen total cross section close-coupling results from
the frozen-core CCC code (CCCFC) and the current CCC code.
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Figure 5.2: Positron-hydrogen electron-loss cross section close-coupling re-
sults from the frozen-core CCC code (CCCFC) and the current CCC code.
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Table 5.1: Energy of 10 lowest states for H.

State CCC CCCFC

11S -13.606 -13.606

11P -3.401 -3.401

22S -3.401 -3.401

11D -1.512 -1.512

21P -1.512 -1.512

31S -1.512 -1.512

11F -0.850 -0.850

21D -0.850 -0.850

31P -0.850 -0.850

41S -0.850 -0.850

5.2 Helium ground state

This calculation was a 189 state calculation with Nl = 25 − ` and with

maximum target orbital angular momentum of `max = 8. The values of

α` was 1.5 for each `-value and results included partial waves up to J =

10. Configurations included the ground state 1s2 and the 1sn` continuum.

Results were calculated over a wide energy range from 0.01 eV to 500 eV.

The structure model generated by each code can be directly compared

through the energy levels produced. The 10 lowest energy levels are pre-

sented in Table. 5.2 for both codes. Results are in near-perfect agreement

for all values with only minor differences of the order of 10−3 present.

Another comparison can be made between the length and velocity

oscillator strengths for each calculation, with results for various transitions

shown in Table. 5.3. Near-perfect agreement is again found between the

results of both codes with only minor differences of 1× 10−3 present.
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Table 5.2: Energy of 10 lowest singlet states for He.

State CCC CCCFC

11S -23.741 -23.742

21S -3.903 -3.904

21P -3.332 -3.332

31S -1.648 -1.648

31D -1.511 -1.511

31P -1.489 -1.489

41S -0.862 -0.862

41F -0.840 -0.840

41D -0.819 -0.819

51P -0.784 -0.784

Table 5.3: Oscillator strength length and velocity forms for He.

Transition CCC len. CCCFC len. CCC vel. CCCFC vel.

21P - 11S 0.282 0.282 0.255 0.256

31P - 11S 0.076 0.076 0.068 0.068

41P - 11S 0.044 0.044 0.039 0.039

21P - 21S 0.371 0.370 0.363 0.362

31P - 21S 0.157 0.158 0.158 0.159

41P - 21S 0.070 0.070 0.071 0.071

11S - 21P 0.094 0.094 0.085 0.085
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Table 5.3: Oscillator strength length and velocity forms for He.

Transition CCC len. CCCFC len. CCC vel. CCCFC vel.

21S - 21P 0.124 0.123 0.121 0.121

31S - 21P 0.047 0.047 0.047 0.047

31D - 21P 0.725 0.724 0.726 0.725

The cross section results of the analytical Born approximation for both

calculations are shown in Figs. 5.3 and 5.4 for the total and total ionisa-

tion cross section, respectively. The results from both codes for these cross

sections are indistinguishable.
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Figure 5.3: Analytical Born total cross sections for positron scattering on
helium generated with the frozen-core CCC code (CCCFC) and the current
CCC code.
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Figure 5.4: Analytical Born total ionisation cross sections for positron scat-
tering on helium generated with the frozen-core CCC code (CCCFC) and
the current CCC code.

Next we can compare close-coupling results for each calculation. The

total cross section for each calculation is shown in Fig. 5.5 and the electron-

loss cross section in Fig. 5.6.
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Figure 5.5: The total cross section close-coupling results for positron scat-
tering from the singlet ground state. Results are from the frozen-core CCC
code (CCCFC) and the current CCC code.
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Figure 5.6: The electron-loss section close-coupling results for positron scat-
tering from the helium ground state. Results are from the frozen-core CCC
code (CCCFC) and the current CCC code.

5.3 Triplet excited states of helium

For scattering of a positron from the metastable 23S excited state of helium

the current 161-state calculation has N` = 14 − `, α`=1.5, and `max=8.0.

These calculations were conducted up to J = 20. In Table. 5.4 we com-

pare the excitation energies of the current code with previous CCC calcula-

tions [257]. For the first five states perfect agreement is found between both

codes. For the next three states, however, the current results are slightly

higher but are in closer agreement with the experimental values.

In Fig. 5.7 the total cross section for positron scattering on the 23S state

of helium is shown for energies between 5 eV and 50 eV. The current CCC

results are indistinguishable from the frozen-core single-centre calculation.

The single-centre results are in agreement with the two-centre results for

energies above 15 eV. In Fig. 5.8 the elastic and 23S → 23P excitation cross

section are shown. As before, results from the current code are indistin-

guishable from that of the CCCFC code.
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Table 5.4: Energy of 8 lowest triplet states for He.

State CCC CCCFC Exp. [59]

23S -4.742 -4.742 -4.767

23P -3.573 -3.573 -3.622

33S -1.864 -1.864 -1.868

33P -1.566 -1.566 -1.580

33D -1.512 -1.512 -1.513

43S -0.968 -0.944 -0.993

43P -0.830 -0.792 -0.879

43D -0.819 -0.791 -0.851
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Figure 5.7: Total cross section for positron scattering from the metastable
23S excited state of helium. Results are shown for the frozen-core CCC code
(CCCFC) and the current CCC code.
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Figure 5.9: Total, elastic, and excitation cross sections for positron scatter-
ing from the 23P state of helium. Results are shown for the frozen-core CCC
code (CCCFC) and the current CCC code. The final state of each transition
is shown in the key.

In Fig. 5.9 cross sections of the total, elastic, and the first five excitations

for positron scattering from the 23P state of helium are presented. These

results were calculated with the same model used for the 23S calculation
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The results of the current code are in agreement with the frozen-core code

for all presented transitions.

5.4 Neon

Neon calculations were completed in a basis of N` = 16 − l with `max = 8

and α` = 2.0 with calculations completed with partial waves up to J = 5

for energies between 0.01 eV to 8 eV. This structure model contained the

ground configuration 2s2p6 alongside the 2s2p5n` continuum, which gener-

ated a total of 227 target states.

The ten lowest energies produced by the structure model are shown in

Table. 5.5 where differences between each code are under 0.02 eV for each en-

ergy. The close-coupling total cross section calculated with the current and

frozen-core CCC codes are shown in Fig. 5.10 for energies between 10−5 eV

and 60 eV. There is excellent agreement between these two calculations for

this result across the energy range.

Table 5.5: Energy of 10 lowest singlet states for Ne

State CCC CCCFC

1 1S -20.573 -20.550

1 1P -4.579 -4.566

1 1D -2.892 -2.876

1 1Po -2.847 -2.831

2 1S -2.545 -2.529

2 1P -1.632 -1.617

3 1P -1.349 -1.333

1 1F -1.345 -1.329

1 1Do -1.320 -1.304

2 1D -0.844 -0.828
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Figure 5.10: Positron-neon total cross section close-coupling results from
the frozen-core CCC code (CCCFC) and the current CCC code.

5.5 Chapter summary

This chapter presents calculations for positron scattering from atomic hydro-

gen and helium completed with the current CCC code and the established

frozen-core atomic CCC code. Comparing results between both codes finds

negligible differences for the presented cross sections, excited energy states,

and oscillator strengths of hydrogen and the singlet states of helium. For

scattering from the 23S and 23P excited states of helium, perfect agreement

is found between the current and frozen-core codes. For neon, near-perfect

agreement is found between the two codes for the total cross section. The

agreement observed for each system with the frozen-core CCC code verifies

the veracity of the results calculated throughout this thesis.



Chapter 6

Positron scattering from

carbon

This chapter presents the single-centre CCC and CCC-scaled complex model

potentials calculations for positron scattering from atomic carbon. First,

the calculation details are provided, followed by the results for the total

elastic, momentum-transfer, excitation, direct ionisation, electron-loss, to-

tal inelastic, positronium-formation, stopping power, and total cross sections

from threshold to 5000 eV. We also present oscillator strengths, the scat-

tering length, the hidden Ramsauer-Townsend minimum, the energy of the

positron-carbon virtual level, and the mean excitation energy. Some sec-

tions in this chapter text or figures are adapted from a published work by

the candidate [1]. The publisher of this article (the American Physical Soci-

ety) provides the right to use an article or a portion of an article in a thesis

or dissertation without requesting permission.

6.1 Calculation details

To begin, we utilise MCHF calculations for the carbon ion (C+) to obtain

orbitals ranging from 1s to 5s that were optimised for the 2P o ground state

of this ion. All other orbitals are obtained via the Laguerre basis given in

Eq. 2.6 with N` = 18−`, `max = 8, and α` = 1.0. The present close-coupling

expansion includes the states of carbon derived from the configuration sets

detailed here. The 2s22pn` configurations were included for all orbitals up

to n = 18 − ` with `max = 8. To account for the inner-core correlation, a

78
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set of different configurations had to be included in the structure model.

These included 2s2pn`n′`′ and 2s2pn`2 configurations, where n` and n′`′

were all possible combinations of the n = 3, n = 4, and 5s orbitals. Also

included were 2p3n` configurations for n = 18 − ` with ` ≤ 2. The first

of these configurations has strong coupling with the states derived from

2s22p2 [290]. Additionally we included 2sn`3 configurations for n` ≤ 3d.

The 2p4 configuration was also included due to its strong mixing with the

1s2s22p2 configuration [290]. Furthermore, the 2s2n`2 configurations for n`

between 3s and 4f were also included.To keep calculations at a reasonable

size the 2s2p2n` configurations were included only for n = 18−` with ` ≤ 4.

These configurations are important as all states derived from them are

autoionising [369], so their inclusion is necessary for a complete description

of ionisation.

We included the first 943 out of 1797 target states generated using

this basis in the close-coupling expansion, corresponding to those with

excitation energies up to 40 eV above the ionisation energy. Calculations

were conducted for partial waves up to J = 10 for energies up to 5000 eV.

A smaller close-coupling model was utilised to calculate elastic DCS for

energies above 500 eV, as a large number of partial waves, even with the

analytic Born completion technique, was required to obtain convergence

in the DCS. This model was similar to the 943-state model but with the

2s2p2n` configurations limited to n` ≤ 5s. Excitations were included only

up to 25 eV above the ionisation threshold, which generated a total of 379

states. Integrated elastic cross sections for this model and the 943-state

model were converged within 2% for 500 eV and within 0.5% for energies

above 1000 eV.

To obtain converged results for ionisation, a 4571-state Born model

with `max = 8 and a maximum n of 25 was also used. This model had a

similar configuration structure as the previous model but with 2p3n` states

for n = 25 − ` with ` ≤ 6 and with a 2s2p2n` continuum with `max = 8.

Furthermore, all generated states were used, which included states with

excitation energies up to 2057 eV above the ionisation threshold. Using this

model, we can approximate the contribution to the ionisation cross section

from states which were not included in the CCC calculation. Further

details are given in Sec. 6.4.4, where the extrapolation of the electron-loss

cross section is presented. This extrapolation is also present within the
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direct ionisation and total cross sections as they are calculated from the

extrapolated electron-loss result.

6.2 Structure

Excitation energies for C target states are presented in Table 6.1 for the

943-state CCC model and compared with the theoretical results of Wang

et al. [42], Stancalie [314], Dunseath et al. [43] and NIST [59]. Differences

between our calculated energies and NIST results range from 0.009 eV to

0.612 eV, with the difference generally increasing with increasing energy.

The ionisation limit from our structure model was within 0.04 eV of the

NIST value. For the higher energy states, our results are typically in be-

tween the calculations of Dunseath et al. [43] and other calculations.

Absorption oscillator strengths calculated in the 943-state CCC model

are presented in Table 6.2 for 3 different lower-level states alongside the

theoretical results of Wang et al. [42], Stancalie [314], Dunseath et al. [43]

and NIST [59]. We find generally close agreement between our results and

the results of Wang et al. [42] and NIST [59], however some notable dis-

agreements are present for the 2s22p3d 1F o, 2s22p3d 3Do and 2s22p3d 1P o

states where our calculations overestimate other results. The overestimation

of these results is likely directly related to the limiting of the CI expansions

in the current structure model due to the large angular momentum required

to achieve convergence for positron scattering.

The convergence of the energy levels and oscillator strengths has been

established by comparison between the 4571- and 943-state models. Differ-

ences between models were found to be under 1%. The dipole polarisability

(αD) of the 943-state model is 11.61 a3
0, which is in close agreement with

the 11.67 a3
0 result of Das and Thakkar [370] and within 3% of the currently

recommended value of 11.3 a3
0 [371]. For C, it is expected that only αD will

be relevant, however, for completeness we have calculated values for higher

polarisabilities. The quadrupole polarisability of our 943-state model was

54.5 a5
0 and the octuplet polarisability was 678.00 a7

0. This αQ is 18 % lower

than the CEPA-NO value of 64.2 a5
0 Reinsch and Meyer [372], but is close

to the coupled HF result of 55.2 a5
0 Reinsch and Meyer [372]. There are no

other octupole polarisability calculations for C within the literature.
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Table 6.1: Excitation energies (eV) for C target states from the ground
state, and the ionisation limit.

State Term CCC Ref. [42] Ref. [314] Ref. [43] NIST [59]

1 2s22p2 3P 0.000 0.000 0.000 0.000 0.000

2 2s22p2 1D 1.372 1.302 1.557 1.545 1.260

3 2s22p2 1S 2.748 2.629 2.602 2.545 2.680

4 2s2p3 5So 3.940 3.963 3.092 3.133 4.179

5 2s22p3s 3P o 7.617 7.527 7.401 8.488 7.481

6 2s22p3s 1P o 7.818 7.750 7.740 8.936 7.680

7 2s2p3 3Do 7.951 8.004 8.340 8.412 7.942

8 2s22p3p 1P 8.897 8.534 8.451 9.456 8.534

9 2s22p3p 3D 9.032 8.649 8.600 9.589 8.642

10 2s22p3p 3S 9.188 8.775 8.772 9.785 8.767

11 2s22p3p 3P 9.332 8.857 9.309 10.390 8.845

12 2s2p3 3P o 9.481 9.379 9.517 9.981 9.326

13 2s22p3p 1D 9.553 9.014 9.443 10.757 8.998

14 2s22p3p 1S 9.766 9.172 10.424 11.370 9.168

15 2s22p3d 1Do 10.166 9.614 9.772 10.719 9.627

16 2s22p4s 3P o 10.258 9.673 10.142 10.810 9.683

17 2s22p3d 3F o 10.271 9.687 9.517 10.809 9.695

18 2s22p3d 3Do 10.288 9.705 9.607 10.888 9.705

19 2s22p4s 1P o 10.301 9.685 9.549 10.834 9.709

20 2s22p3d 1F o 10.333 9.716 9.607 10.947 9.732
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Table 6.1: Excitation energies (eV) for C target states from the ground
state, and the ionisation limit.

State Term CCC Ref. [42] Ref. [314] Ref. [43] NIST [59]

21 2s22p3d 1P o 10.370 9.748 9.653 10.970 9.758

22 2s22p3d 3P o 10.404 9.840 13.407 11.018 9.830

Ion. Limit 11.234 11.268

23 2s2p3 1Do 13.600 12.968 14.470 14.645

24 2s2p3 3So 13.279 13.073 13.407 15.366 13.117

25 2s2p3 1P o 15.883 15.401 15.927 16.182

Table 6.2: Oscillator strengths for C.

Lower level Upper level CCC Ref. [42] Ref. [314] Ref. [43] NIST [59]

2s22p2 3P 2s22p3s 3P o 0.146 0.143 0.124 0.154 0.140

2s2p3 3Do 0.076 0.073 0.098 0.152 0.072

2s2p3 3P o 0.078 0.056 0.028 0.117 0.063

2s22p4s 3P o 0.037 0.027 0.023 0.010 0.021

2s22p3d 3Do 0.144 0.096 0.112 0.132 0.094

2s22p3d 3P o 0.037 0.037 0.340 0.069 0.040

2s2p3 3So 0.143 0.156 0.171 0.269 0.152

2s22p2 1D 2s22p3s 1P o 0.118 0.103 0.128 0.103 0.118

2s22p3d 1Do 0.017 0.012 0.009 0.007 0.013

2s22p4s 1P o 0.015 0.007 0.004 0.010 0.011

2s22p3d 1F o 0.123 0.080 0.061 0.099 0.085
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Table 6.2: Oscillator strengths for C.

Lower level Upper level CCC Ref. [42] Ref. [314] Ref. [43] NIST [59]

2s22p3d 1P o 0.011 0.011 0.018 0.014 0.009

2s2p3 1Do 0.256 0.224 0.344 0.529

2s2p3 1P o 0.151 0.155 0.351 0.333

2s22p2 1S 2s22p3s 1P o 0.088 0.090 0.021 0.0076 0.094

2s22p4s 1P o 0.008 0.011 0.007 0.001 0.005

2s22p3d 1P o 0.170 0.116 0.050 0.142 0.125

2s2p3 1P o 0.148 0.124 0.122 0.633

6.3 Convergence study

The TCS was found to be converged for energies less than 5 eV and above

18 eV for `max ≥ 6, while the ELCS is converged for energies higher than

20 eV for `max ≥ 6. Convergence studies for the ELCS are presented in

Fig. 6.1 for the 575-state `max = 2, 834-state `max = 4, 901-state `max = 6

and 943-state `max = 8 calculations. The large differences for energies below

20 eV are representative of positronium-formation as high `max values are

necessary to accurately model positronium-formation channels in the single-

centre approach.

6.4 Scattering

6.4.1 Total cross sections

The present results for the TCS are compared with the calculations of Singh

et al. [33] and Reid and Wadehra [32] in Fig. 6.2. Due to the mismatched

boundary conditions with channels corresponding to positive-energy pseu-

dostates being closed while positronium-formation channels are open, accu-

rate cross-sections between the positronium-formation and ionisation thresh-

olds cannot be calculated with the single-centre approach. To address this,
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Figure 6.1: CCC convergence study for electron-loss cross section.

we have utilised our CCC-scaled complex optical potential model to cal-

culate the total cross section between the positronium-formation threshold

and 20 eV. In this model, the direct inelastic component was scaled by a

factor of 1.1 and the positronium-formation by a factor of 2.91 to yield

agreement with the CCC total cross section. We present this in the figure

as CCC-pot, with results for all other energies in this model obtained from

our single-centre calculation. Following analysis of previous single- and two-

centre calculations, the single-centre approach is believed to be sufficiently

accurate for energies approximately 10 eV above the ionisation threshold,

which is why single-centre CCC results are used for energies greater than

20 eV. Below the positronium-formation threshold, we also use the single-

centre CCC results as at these energies this approach gives practically exact

results (as soon as convergence is established). We have also included in this

figure the CCC results to demonstrate the difference between the ionisation

threshold and 20 eV. The CCC-pot cross section is larger for this energy

range as it includes positronium-formation, which cannot be adequately ac-

counted for by the single-centre model. For energies above 55 eV, the ELCS

component of the TCS is scaled according to the procedure detailed in sec-

tion 6.4.4. Smooth cubic spline fitting has been applied for current results

in all figures, except those presenting differential cross sections.

Comparing our TCS to those of Singh et al. [33], we find good agree-

ment above 70 eV and very close agreement above 800 eV. For energies be-

tween 18 and 70 eV, our results are slightly lower than those of Singh et al.
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Figure 6.2: Total cross section for positron scattering on carbon. CCC
results are presented alongside theoretical results of Reid and Wadehra
[32] and Singh et al. [33]. For energies between the positronium-formation
threshold and 20 eV the CCC-pot results were calculated with the CCC-
scaled complex model potential calculation. Below this threshold and above
20 eV the CCC-pot results are the same as the CCC. The vertical lines
represent the positronium-formation and ionisation thresholds.

[33], whereas from 7 to 18 eV, they are slightly larger. Below 7 eV, the CCC

cross section is significantly lower than these results, most notably below the

positronium-formation threshold of 4.46 eV. For this energy range, the only

contribution to the TCS is the elastic cross section, and the CCC results are

up to a factor of 2 lower than those of Singh et al. [33]. As current results are

expected to be accurate for these energies, this discrepancy indicates that

the potential is too strong in the calculations of Singh et al. [33], resulting in

a larger absolute value of the scattering length. Another aspect that differ-

entiates the current method and that of Singh et al. [33] is that they do not

account for virtual positronium-formation. This is an important aspect of

positron scattering at energies below the positronium-formation threshold.

For example, in positron scattering from helium Gribakin and King [373]

found that it accounted for 20% of the total correlation potential and that

its inclusion was necessary to produce an accurate elastic cross section at

low energies.

The TCS in both methods decreases from 1 eV to the positronium-

formation threshold as a result of the decreasing elastic cross section. Above

this threshold, as inelastic channels open, cross sections quickly rise to



Chapter 6. Positron scattering from carbon 86

a maximum. This maximum cross section is predicted by the CCC and

Singh et al. [33] to occur at approximately 20 eV, whereas the CCC-pot

approach predicts the maximum at 15 eV. The model-potential calculations

of Reid and Wadehra [32] were only conducted over an energy range of 100

to 5000 eV, and their cross section is lower than both the SCOP method of

Singh et al. [33] and the single-centre CCC approach.

6.4.2 Electron-loss cross section
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Figure 6.3: Electron-loss cross section of positron scattering on carbon from
the positronium-formation threshold to 5000 eV. CCC-pot results are pre-
sented alongside CCC results, the theoretical results of Singh and Antony
[34] and experimental results for electrons incident on carbon measured by
Brook et al. [35] and Wang and Crawford [36].

For the electron-loss cross section, which is equal to the sum of direct

ionisation and positronium-formation, the current CCC results are compared

with the results of Singh and Antony [34] and experimental results for the

incident electron case [35, 36] in Fig. 6.3. The CCC results predict a double

maximum in the cross section, the first due to positronium-formation and the

second due to direct ionisation. Of these, the first maximum has a larger

magnitude. The results of Singh and Antony [34] predict a much larger

positronium-formation cross section than the direct ionisation, leading to a

less-pronounced shoulder due to direct ionisation. The first maximum due

to positronium-formation occurs at 10 eV in both our CCC-pot calculation

and the results of Singh and Antony [34]. Our method, however, predicts
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this maximum cross section to be almost 30% lower than that of Singh and

Antony [34]. At high energies, electron and positron results are expected

to be equal due to the exchange, Ps-formation, and inter-channel coupling

effects becoming negligible. For this scattering system, we see this occurs for

ELCS above 500 eV as the CCC results are within the experimental error of

both electron experiments above this energy. Although in agreement for high

energies, for lower energies large discrepancies exist between the electron

results of Brook et al. [35] and Wang and Crawford [36]. The uncertainties

of these two experiments are, however, significantly different with Wang

and Crawford [36] measurements having an uncertainty of 30% whereas the

uncertainty of Brook et al. [35] decreases with increasing energy, with an

uncertainty of 9% at 20 eV decreasing to less than 2% by 1000 eV. The

results of Singh and Antony [34] are significantly larger than the CCC-pot

results for energies above 7 eV and are in disagreement with the electron

experiment results at high energies. Further analysis of the discrepancies

at high energies is provided later in our discussion of direct ionisation in

section 6.4.3.

As we consider incident energies up to 5000 eV, the ionisation from the

inner 1s shell becomes possible. We have performed Born calculations to

determine the impact of ionisation from this shell, which has an ionisation

threshold of approximately 300 eV. This calculation included 1s12s22p2n`

configurations for n ≤ 25 and ` ≤ 8 into our 4571-state Born model, which

raised the total number of states to 6380. Comparing the TICS between this

6380-state and the 4571-state model, we found that the difference in TICS

was within 1% from 300 eV to 5000 eV. Distorted-wave calculations for

electron-impact ionisation by Jonauskas [374] have also reported ionisation

from the 1s orbital to be insignificant. Hence, errors in our TICS from

excluding ionisation from this orbital are expected to be negligible for the

considered energy range.

6.4.3 Positronium-formation and direct ionisation cross sec-

tions

Presented in Fig. 6.4 is the positronium-formation cross section calculated

with our CCC scaled complex model potential approach alongside the cal-

culations of Singh and Antony [34]. We find that the results of Singh and

Antony [34] are significantly larger than the present calculation. Although
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Figure 6.4: Positronium-formation cross section for a positron incident upon
carbon. CCC-pot results are presented alongside theoretical results of Singh
and Antony [34].

their results are also from a complex model potential calculation, we are

able to fit our results to accurate single-centre calculations. For energies

below 33 eV, we expect errors of within 20% for the positronium-formation

cross section for the unscaled calculation, while for energies above this, we

expect increasing errors with increasing energy. As σPs rapidly decreases for

higher energies, the impact of these larger errors will be minimal. For the

scaled calculation the error for energies under the maximum cross section

is expected to be within 10%. For energies towards threshold there is good

agreement between our unscaled calculation and the results of Singh and

Antony [34].

We present in Fig. 6.5 our current results for direct ionisation alongside

the theoretical results of Singh and Antony [34] and the measurements for

the incident electron case from Brook et al. [35] and Wang and Crawford

[36]. For direct ionisation, the CCC-pot results are lower than those of Singh

and Antony [34] above 20 eV, while good agreement is found below 20 eV

down to the ionisation threshold. Both calculations predict a cross-section

peak at 60 eV. For energies above approximately 150 eV, direct ionisation is

by far the dominant component of the ELCS; hence, the same observations

at high energy can be made here as for ELCS. The disagreement between

the electron experiments of Brook et al. [35] with the results of Singh and

Antony [34] at high energies is likely a result of the inaccuracies associated
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Figure 6.5: Direct ionisation cross section of positron incident upon car-
bon. Results calculated from our CCC-pot approach are presented alongside
the calculation of Singh and Antony [34] and the experimental results for
electrons incident on carbon measured by Brook et al. [35] and Wang and
Crawford [36].

with the CSP-ic method, in which σion is predicted from σin based on an

expectation that σion will be between 70-80% of σin at its maximum, and

100% for large energies. From our calculations we predict the direct ionisa-

tion cross-section to be 66% of σin at the peak at 60 eV, and by 5000 eV we

find that ionisation still only comprises 71% of σin.

6.4.4 Born extrapolation

Our total and direct ionisation cross section were extrapolated using the

4571-state Born calculation for energies above 55 eV. This was accomplished

by multiplying the CCC results by the ratio between the 4571- and 943-state

Born TICS. To confirm the validity of the 4571-state Born calculation, we

utilised the scaling method developed by Kim [272] to compare TICS re-

sults with both electron experiments and BEB calculations [45], as shown in

Appendix B. The agreement for scaled Born results with the more accurate

experiment of Brook et al. [35] and other theory provides direct evidence of

the accuracy of our structure model.

In Fig. 6.6, we present the 943- and 4571-state Born calculations utilised

for our extrapolation procedure, along with the single-centre 943-state CCC

result and the extrapolated cross section. The extrapolation has the great-
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Figure 6.6: 4571- and 943-state plane-wave Born alongside 943-state single-
centre CCC and Born extrapolated CCC results for the electron-loss cross
section of a positron incident upon carbon.

est effect for energies between 100 and 1000 eV, with the Born and CCC

results converged for energies above 300 eV. The 943-state model contains

all excitations up to 40 eV above the ionisation threshold. We can see this

reflected in the figure, with the 4571- and 943-state models being in near

perfect agreement up to 40 eV, in close agreement up to 60 eV, and then

above 60 eV, the 4571-state model is noticeably larger. Using the Born ex-

trapolation procedure, we can capture the states which become energetically

accessible at incident energies above 52 eV without requiring close-coupling

calculations, which would be unfeasible with this number of states.

6.4.5 Inelastic cross section

In Fig. 6.7 we present the inelastic cross section. This result was calculated

using the CCC-pot approach, with values above 20 eV obtained from the

single-centre CCC calculation and values below 20 eV calculated with the

CCC-scaled complex model potential technique. Also included in this figure

are the total excitation, direct ionisation, and positronium-formation cross

sections, which make up the total inelastic cross section. To reiterate, the

positronium-formation results are obtained directly from the CCC-scaled

complex model potential calculation. The direct ionisation result is ob-

tained from subtracting these results from the ELCS, and using the CSP-ic

method below 20 eV. As with the inelastic result, the total bound excita-
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Figure 6.7: The inelastic cross section and its components calculated through
the combination of our single-centre CCC and CCC-scaled complex model
potential. Exact details are provided in the text. Results are presented from
the positronium-formation threshold to 5000 eV.

tion is obtained below 20 eV with the CCC-scaled complex model potential

and above from the single-centre CCC calculation. The dominant inelastic

process is positronium-formation for energies under 25 eV, excitation from

25 eV to 31 eV, and direct ionisation for energies above 31 eV. There are

no previous measurements or calculations to which the total inelastic cross

section can be compared.

6.4.6 Frozen core model

In this section, we investigate the importance of including non-frozen-core

configurations in the structure calculations by comparing the present CCC

calculations with CCC calculations utilising a frozen-core model. In Fig. 6.8

we compare the 943-state CCC TCS and ELCS with results obtained from

a frozen-core 248-state CCC model which contains only the 2s22pn` config-

uration continuum, with n = 18− ` and `max = 8. As previously mentioned,

the single-centre method is unstable between the positronium-formation and

ionisation thresholds due to mismatched boundary conditions. Therefore,

results are not presented for this energy region in this figure. Between

the ionisation threshold and 14 eV, the frozen-core TCS sharply decreases,

whereas the 943-state cross section softly increases. These differences are

likely a result of the frozen-core approach not being stable at energies so close
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to the ionisation threshold. Above 14 eV, the frozen-core model underesti-

mates the TCS by up to 25%. The same is true for the ELCS results above

20 eV. However, below this, the frozen-core model predicts a higher ELCS

cross section with a sharper peak. The differences below the positronium-

formation energy between the two models can largely be ascribed to the

insufficient number of available states in the frozen core model resulting in

a dipole polarisability value of 9.44 a3
0, which is 23% lower than in the 943-

state model.

Another significant discrepancy between these two models is that the

frozen-core approach predicts an ionisation threshold at 10.5 eV, which is

almost 10% lower than our 943-state calculation. This discrepancy also ex-

tends to excitation energies, with the first excitation having a difference of

10% in its threshold; for each subsequent excitation, this difference consis-

tently increases. From these observations, it is clear that the frozen-core

structure model is insufficient for this system, and non-frozen-core config-

urations are necessary to obtain accurate results, particularly below the

positronium-formation energy.
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Figure 6.8: Comparison of total cross section and electron-loss cross sec-
tion between 248-state frozen-core CCC model and 943-state CCC model.
Results are presented from 1 to 500 eV.
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6.4.7 Elastic cross section
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Figure 6.9: Elastic scattering cross section results for a positron scattering
on carbon. CCC results are compared with the theoretical results of Reid
and Wadehera [32], Dapor and Miotello [37], Cai et al. [38], and Chaoui and
Bouarissa [39]. Also shown are the NIST elastic cross section results for the
electron case [40]. The vertical lines represent the positronium-formation
and ionisation thresholds, note that between these thresholds the single-
centre calculation does not yield convergent results.

In Fig. 6.9, the single-centre CCC elastic cross section is compared with the

calculations of Reid and Wadehra [32], Dapor and Miotello [37], Cai et al.

[38], Chaoui and Bouarissa [39], and results obtained for the electron case

from the NIST electron elastic-scattering cross-section database [40]. For

energies below the positronium-formation and above the ionisation thresh-

old, the single-centre CCC will converge to the true result; however, the

calculation is unstable between these energies. To address these instabilities

in the `max = 8 calculation, the CCC results between 6 eV and 11.26 eV

are taken from an `max = 4 calculation. As the single-centre calculation

cannot yield converged results for this energy range, the structure present

within this range is likely a result of these instabilities and not a physical

occurrence. Differences between the CCC calculation and those of Reid and

Wadehra [32] are similar to those in the total cross section, with their re-

sults underestimating CCC over their entire energy range. The results of

Cai et al. [38] agree with CCC above 2000 eV but are significantly lower for

energies below this. This calculation also predicts a dip in the cross section

at 80 eV, which is not seen in the CCC calculation. The calculations of
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Chaoui and Bouarissa [39] are between the calculations of Cai et al. [38]

and Reid and Wadehra [32] for energies above 150 eV, while below this en-

ergy they predict a lower cross section than CCC and Cai et al. [38]. The

calculations of Dapor and Miotello [37] are in excellent agreement with the

CCC results over their calculated energy range of 500 eV to 4000 eV. The

electron results from NIST agree with CCC results above 2000 eV, a much

higher energy for electron/positron projectile agreement than in the total

ionisation cross section case.
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Figure 6.10: Elastic scattering differential cross section results for a positron
incident upon carbon at 500, 1000 and 5000 eV. CCC results are presented
against the theoretical results of Dapor and Miotello [37] and Cai et al. [38].

Differential cross sections for elastic scattering at incident energies of

500, 1000, and 5000 eV are presented in Fig. 6.10, alongside the calculations

of Dapor and Miotello [37] and Cai et al. [38]. There is good agreement

between the two calculations except for angles below 15◦ for 500 eV and 10◦

for 1000 eV. In both these cases, Cai et al. [38] predicts a decrease in the

DCS, whereas the CCC DCS has a maximum value at 0◦. The calculations

of Dapor and Miotello [37] are also in excellent agreement with the CCC

results, and predict the same forwards-scattering behaviour as CCC. The

calculations of Cai et al. [38] were performed with the elsepa [291] code,

which performs Dirac partial-wave calculations for scattering systems. The

method of Dapor and Miotello [37] also solved the Dirac equation but used a

non-relativistic Hartree-Fock potential for the target structure calculations.

In Fig. 6.11, we present a selection of CCC elastic DCS for incident ener-
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gies between 0.1 and 5 eV. No previous calculations have been performed for

these incident energies. Calculations were completed to ensure convergence

in the partial wave expansion, using a technique similar to Green et al.

[89], which uses analytical properties of the long-range polarisation poten-

tial. This allows us to describe the cusp present at low scattering angles

for energies ≥ 1 eV. This feature is not present for lower energies as p-wave

scattering is dominant for the triplet ground state of C.
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Figure 6.11: CCC elastic scattering differential cross section results for a
positron incident upon carbon at 0.1, 0.2, 0.25, 0.5, 1 and 5 eV.

6.4.8 Momentum-transfer cross section

A useful quantity for Monte Carlo and other simulations is the MTCS, which

measures the average momentum-transferred between the positron and C

atom during the elastic scattering process. As with the elastic cross section,

the CCC results between 6 eV and 11.26 eV are taken from an `max = 4

calculation. We present the results of our calculation alongside those of Da-

por and Miotello [37] and Cai [41] in Fig. 6.12. We find excellent agreement

between all calculations above 500 eV. Of the other theoretical methods,

only Cai [41] performed calculations below 500 eV, and their calculation is

slightly higher than CCC down to 30 eV, below which CCC predicts an

increase in this cross section. An analysis of the low energy behaviour of

this cross section is provided later.
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Figure 6.12: Momentum-transfer cross section results for a positron inci-
dent upon carbon. CCC results are presented against the theoretical results
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Figure 6.13: Low energy elastic scattering cross section results for positron
scattering on carbon. CCC results are presented for several different models
from energies of 10−4 eV to 5 eV.

6.4.9 Low energy study

To demonstrate the impact of polarisability and virtual positronium-

formation on the elastic cross section and to enable calculation of the

scattering length, we have calculated the elastic scattering cross section
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down to incident energies of 10−4 eV. Calculations were performed using

three CCC models, the first being a single-state model in which the target

polarisability is not accounted for, the second a model containing all 19

bound states which accounts for the major part of the polarisability but

not virtual positronium-formation, and lastly the full 943-state CCC model

in which virtual positronium-formation and polarisability are both fully

accounted for. In Fig. 6.13, we compare the three models, which allows

us to illustrate the effects of including various reaction channels. For

the 943-state model, the elastic cross section rapidly rises and reaches an

asymptotic value of 318 a2
0. However, the single-state model is compara-

tively flat from 1 eV to lower energies, and the bound-state model decreases

before reaching a constant value of 6.13 a2
0.
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Figure 6.14: Cross section for elastic total, s-, p-, d-, and higher L wave
positron scattering from carbon for the energy range 0.1 eV to 5 eV.

From the asymptotic value of the 943-state low-energy elastic cross

section, we can determine the scattering length for the e+-C system to

be A = ±5.03 a0. To determine the sign, we can use Eq. 2.67. Using

our δ0 value at 10−4 eV we obtain A = −5.03 a0. The negative value

indicates that this system has a strongly attractive nature at low ener-

gies [109]. The magnitude of A is larger than the mean radius of C, and

the scattering cross section is much greater than the geometric size of

the atom at low energies. This enhancement of the elastic cross section

occurs due to the existence of a virtual level of the positron projec-
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tile [311], the energy of which can be obtained using Eq. 2.69. From our

calculated A the energy of the e+-C virtual level is found to be ε = 0.537 eV.
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Figure 6.15: Elastic and momentum-transfer cross section for positron scat-
tering from carbon for the energy range 10−3 eV to 5 eV.

As our scattering length is negative this implies the existence of a

Ramsauer-Townsend minimum which will occur at incident energy given

by Eq. 2.68. Using our calculated A and αD values we find Emin to be

2.34 eV. Our integrated elastic cross section does not exhibit a minimum

structure at this energy. However, it is observable when examining the s-

wave contribution. This is shown in Fig. 6.14 alongside the p, d and higher

 L contributions for 0.1 to 5 eV. Here, L represents the incident angular mo-

menta of the positron for which its contributions to the elastic cross section

are extracted from the relevant partial-wave J . It has been demonstrated

in the literature that for positron scattering from noble gas atoms, the con-

tributions of higher partial waves can result in the minimum in the s-wave

being hidden in the elastic cross section [82, 89, 310]. We observe this for

carbon with the p, d, and higher L cross sections supplementing the de-

creased s-wave contribution. Over the energy range considered, we can see

that s-wave scattering is dominant for incident energies below 0.6 eV. Above

this, the p wave is dominant, with the peak p-wave cross section occurring at

1.5 eV. The RTmin we find in our integrated s-wave cross-section occurs at

an incident energy of approximately 2.45 eV, 0.11 eV higher than the value

predicted by Eq. 2.68. This difference is small and likely due to the omission
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of higher-order terms in Eqs. (2.68) and (2.67). From this difference, we

can predict an uncertainty in our A of 2%.

Unlike the elastic cross section, in which the occurrence of a minimum

solely depends on the s-wave phase shift becoming 0 while higher contri-

butions are small, for the momentum-transfer cross section, the presence

of a minimum depends on the difference between the s- and p-wave phase

shifts [82]. As a result, even with a minimum hidden by higher contributions

in the elastic cross section, it can be present in the MTCS. This is the case

for e+-C scattering, where a minimum can be observed at approximately

1.25 eV in Fig. 6.15. The elastic and momentum-transfer cross sections be-

come equal when energies are low enough that scattering is isotropic, which

our calculations predict to occur at energies below 0.01 eV.

6.4.10 Excitation cross sections

Cross sections for several excitations from the 2s22p2 3P carbon ground

state are presented in Fig. 6.16. The oscillator strengths for the 2p3d 3Do

and 2s2p3 3P o transitions had differences over 20% with the results of

NIST. We have therefore scaled the positron-impact CCC cross section by

the ratio between these oscillator strengths and those of NIST for these

excitations, a process we refer to as OOS scaling. The scaled and unscaled

results for these transitions are presented in the figure. As results for

these excitations are unstable below the direct ionisation threshold, these

calculations have been linearly interpolated between their threshold and

the direct ionisation threshold. Since there are no previous positron-impact

results for these processes, our results are presented alongside electron-

impact scattering calculations. Due to the different scattering dynamics

for positron and electron projectiles, the results are only expected to be

equal at high energies, typically greater than 500 eV [118, 264, 375]. As

results for these excitations have only been calculated to a maximum of

150 eV for electron-impact, comments can only be made regarding general

differences between our positron-impact calculation and the electron-impact

calculations.
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Figure 6.16: Cross section for excitations from the ground state of carbon
to several excited states from threshold to 500 eV. Positron-impact CCC
results are shown alongside electron-impact calculations from the BSR [42]
( ), R-matrix (RM) [43] ( ), CCO [44] ( ), and CC [44] ( ) methods.
For CCC results which have been OOS scaled, the unscaled result is shown
by ( ) and the scaled by ( ).

For these excitations positron-impact CCC results are typically closer

in magnitude with the 696-state electron-impact BSR calculations [42] than

other electron calculations, a reflection of our closer agreement in oscillator

strengths. As expected, differences largely decrease with increasing energy

between the BSR and CCC results, particularly in the 2s2p3 3Do and 2s2p3

3P o excitations. After scaling of the 2p3d 3Do excitation with the NIST

oscillator strengths, we find our positron-impact results to be closer in
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magnitude to the CC [44] and BSR electron-impact models.
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Figure 6.17: Cross section of excitation from the ground state to the 2s2p3

3S0 autoionising state. Positron-impact CCC and limited model CCC re-
sults are shown alongside electron-impact results calculated with BSR [42],
R-matrix (RM) [43], and BEB [45] methods.

Our positron-impact CCC results for the 2s2p3 3So autoionising-state

excitation from the ground state can be viewed in Fig. 6.17 with previous

theoretical electron-impact results for this excitation. We have included

results for a positron-impact model in which excitations from 2s2p2n` were

bound to n` ≤ 5s, denoted as CCC (limited model). The results of this

limited model are similar in magnitude to the electron-impact BEB [45]

result at low energy and converge with it for energies above 2000 eV. The

electron-impact R-matrix calculation of Dunseath et al. [43] is larger than

both the BEB results and our CCC results above 25 eV. The 943-state CCC

results are almost a factor of 2 lower than our limited model values and are

larger than the BSR results up to 60 eV, where they appear to meet. The

discrepancy between this calculation of Dunseath et al. [43] and the 943-

state model is not surprising as their oscillator strength for this transition

is almost twice the value we predict. Comparing our two CCC models,

it is likely that the difference between the BSR and other electron-impact

theoretical methods results from an inadequate description of the 2s2p2n`

continuum in the other approaches.
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6.4.11 Stopping power and mean excitation energy
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Figure 6.18: Stopping power of a positron incident on carbon. CCC re-
sults are compared against those of Gumus et al. [46], the penelope 2005
program [47], and Ashley [48]. Also presented is the positronium-formation
(PosF) component of the CCC stopping power. These results are presented
from threshold to 5000 eV.

In Fig. 6.18, we present the stopping power, calculated from threshold

to 5000 eV using Eq. 2.61. The positronium-formation component of the

stopping power was calculated with the method outline in Section. 2.2.6, the

bound-state excitation component for energies below 21 eV was obtained

from an `max=2 calculation, and the direct ionisation component was

found from scaling the electron-loss stopping power from the single-centre

CCC calculation. Alongside the CCC results are those from the Gumus

et al. [46], penelope program [47], and Ashley [48]. As was done for

ionisation, the results were extrapolated using our 4571 Born calculation

for energies above 50 eV. In these results, we cannot utilise the CCC-pot

approach as it does not calculate the cross-section for each specific excita-

tion. Therefore, positronium-formation is only included implicitly. From

250 eV to 1000 eV, there is excellent agreement between the CCC and

penelope results. Below 250 eV, the penelope results are significantly

higher than the CCC, with a difference of approximately 200 MeV cm2/g

at 50 eV, whereas above 1000 eV, the penelope result is only slightly

larger than the CCC. The penelope program is a Monte-Carlo program

that calculates stopping power using a plane-wave Born approximation
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with the Sternheimer-Liljequist generalised oscillator strength model [376].

Therefore, the large differences at low energies are not surprising as this

approach becomes increasingly inaccurate for energies below 1000 eV [47].

The results of the GOS model agree with penelope for energies above

800 eV. Below this, the GOS model has lower values than both these

models, except for energies below 100 eV, where it is larger than the CCC

results. The calculations of Ashley [48] follow a similar shape to the CCC

calculation but underestimate all other theoretical results below 1500 eV.

Above this energy, however, there is excellent agreement with the CCC

results.

The other theoretical approaches applied to stopping power are simpler
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Figure 6.19: Mean excitation energy of a positron scattering on carbon.
Results are presented from threshold to 5000 eV.

methods that do not directly model the target structure of the atom or

account for positronium-formation. Therefore, while accurate for high

energies, with all models practically equivalent above 1500 eV, they will be

inaccurate at lower energies where scattering is more complex. As a result

of the accurate structure model, the large number of included states, and

the inclusion of positronium-formation, the CCC method is expected to

model stopping power over the considered energy range more accurately

than these other methods.

Following directly from the stopping power, we can obtain the mean

excitation energy per Eq. 2.65. We present our results from threshold to

5000 eV in Fig. 6.19. We can observe that our mean excitation energy
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steadily increases to 500 eV, after which it plateaus and slowly decreases

to 5000 eV. The sharp rise near the threshold is a result of positronium-

formation. We could not find any other calculations of mean excitation

energy for the e+-C system in the literature.

6.4.12 Chapter summary

In this chapter, the specific details of the calculation utilised for positron

scattering on atomic carbon are outlined. The target wave functions of this

structure model are in good agreement with NIST and previous theory for os-

cillator strengths and excitation energies. Cross sections associated with the

total, elastic, momentum-transfer, direct ionisation, positronium-formation,

electron-loss, inelastic, excitation, and stopping power scattering processes

are presented for this system over energies ranging from 10−5 eV to 5000

eV. Several quantities of interest have also been determined. These include

the scattering length, the energy of the virtual positron-carbon state, and

the hidden Ramsauer-Townsend minimum.

The present results have been compared with existing experimental and

theoretical results for both positron and electron scattering on atomic car-

bon. Total, elastic, momentum-transfer, and stopping power cross sections

were all in good agreement with previous calculations at high energies. Sub-

stantial differences exist between the cross sections calculated by the SCOP

and CCC methods for positron scattering at low energies. This is expected

to result from the potential utilised by the previous SCOP approach which

also significantly overestimate the ELCS across almost the entire calculated

energy range. The current CCC calculations, however, are in excellent

agreement with the existing electron-carbon experiment above 500 eV. Con-

sequently we expect that our results to be of sufficient accuracy across the

calculated energy range. The differences between positron and electron scat-

tering are minimal for high energies, and their results are practically iden-

tical. The main source of the differences present between CCC ELCS and

previous model potential approach calculations is the positronium-formation

process, with the previous theory being a factor of 1.5 larger than our results

at the maximum for this cross section.



Chapter 7

Positron scattering from

oxygen

This chapter presents the single-centre CCC and CCC-scaled complex model

potential calculations for positron scattering from atomic oxygen. First, the

calculation details are provided, and comparisons are made with quanti-

ties such as excitation energies, oscillator strengths, and dipole polarisabil-

ity with existing theoretical and experimental values to verify the quality

of the utilised structure model. Following this, the results for the total

elastic, momentum-transfer, excitation, direct ionisation, electron-loss, to-

tal inelastic, positronium-formation, stopping power, and total cross sec-

tions from threshold to 5000 eV are shown. We also present the scatter-

ing length, the hidden Ramsauer-Townsend minimum, the energy of the

positron-oxygen virtual state, and the mean excitation energy. These re-

sults are compared with existing positron calculations, electron experiment,

and halved positron-O2 experiment. Some sections in this chapter text or

figures are adapted from a published work by the candidate [2]. The pub-

lishers of this article (EDP Sciences, Società Italiana di Fisica, and Springer

Berlin Heidelberg) provide the right to use an article or a portion of an

article in a thesis or dissertation without requesting permission.

7.1 Calculation

Orbitals 1s to 2p were obtained from a HF calculation of the oxygen ion

(O+), optimised on its ground state. All other orbitals were obtained from

105
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the Laguerre basis. For this calculation, N` = 18 − ` with α` = 0.4 for

0 ≤ ` ≤ 4 and α` = 1.0 for ` ≤ 8. The present close-coupling expan-

sion includes 2s2np4, 2snp5, and np6. The 2s22p3n` continuum is included

for ` ≤ 8. We also include the 2s2p4n` continuum, but with ` ≤ 4, and

2s2p3n`2 configurations for orbitals n` between 3s and 5s. To limit the

size of the calculation the only 2s2p3n`n′`′ configurations included were

2s2p34s4p, 2s2p34s4d, 2s2p34d4f , 2s2p34p4d, and 2s2p34d5s. The restric-

tion of these configurations is expected to slightly decrease the accuracy of

the current structure model. States were included with energies up to 75 eV

above ionisation, resulting in a total of 1543 states.

For energies above 500 eV, calculations were completed with `max = 4,

which is sufficient to obtain convergent results at these energies. Below the

positronium-formation threshold, a 1409 state model with α` = 5.0 and

N`=25 − ` containing all states with energies up to 300 eV was used. For

energies above 100 eV, ELCS and stopping power were extrapolated using

a Born model with the same configuration structure as the CCC model but

with N=25 − `, the 2s2p4n` continuum extended to ` ≤ 8, and all 3863

generated states included. Calculations are completed to J = 10 for all

energies, except for presented DCS results which were obtained with J ≤ 50

and for low energies where convergence can be achieved for J ≤ 5.

A convergence study for the ELCS is presented in Fig. 7.1. Calculations

are fully converged for `max = 7 for energies ≥ 20 eV, `max = 6 for energies

≥ 100 eV, and `max = 4 for energies ≥ 300 eV.
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7.2 Structure

Excitation energies for triplet target states of the atomic oxygen atom are

presented in Table 7.1. Agreement between the current calculation and past

theory and experiment is satisfactory, with differences between NIST [59]

and CCC ranging from 0.002 eV to 0.278 eV. Oscillator strengths for sev-

eral transitions between triplet bound states are shown in Table 7.2. Good

agreement is found with NIST and past theory for all presented transitions

except for the 2p33s 3D0 transition, though this is a weak transition with a

small oscillator strength.

For oxygen, the experimental value of αD is 5.2±0.4a3
0 [377]. Our largest

3863 state Born model had αD = 5.50 a3
0, which is within experimental er-

ror and slightly higher than other theory [331]. Our 1543 state model had

a dipole polarisability of 6.00 a3
0 and our small-energy 1490 state model of

5.31 a3
0, which is within 3 % of the largest model and within experimental

uncertainty. The difference between the polarisabilities of these models re-

sults from the differences in their structure models, as described previously.

As the charge distribution for oxygen is spherically symmetric only αD is

relevant for the scattering calculations. For completeness, however, we pro-

vide the quadrupole and octupole polarisability results of our small-energy

model. The quadrupole polarisability was 18.91 a5
0, which is within 12% of

CEPA-NO value for αQ of 21.2 a3
0 [372]. For the octupole polarisability, our

result was 159.80 a7
0 and there exists no other calculations of αO to compare

with.

7.3 Scattering

7.3.1 Total cross section

The total cross section arising in the CCC calculation of atomic oxygen is

presented in Fig. 7.2 alongside the calculations of Singh et al. [33], Reid and

Wadehra [32], and Pindariya et al. [49]. In this case, the CCC-pot is equiv-

alent to the 1490 state CCC calculation below the positronium-formation

threshold and the 1543 state model above 23.5 eV. The calculation is

equivalent to the CCC-scaled complex model potential between these two

energies. Due to the lack of existing experimental data for electron and

positron scattering from atomic oxygen, we compare against experimental
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Table 7.1: Excitation energies (eV) for atomic oxygen triplet target bound
states.

State Term CCC Ref. [61] Ref. [63] Ref. [331] NIST [59]

1 2s22p4 3P 0.000 0.000 0.000 0.000 0.000

2 2s22p33s 3S0 9.523 9.608 9.67 9.592 9.521

3 2s22p33p 3P 11.002 11.025 11.24 11.156 10.989

4 2s22p34s 3S0 11.938 12.035 12.07 12.000 11.930

5 2s22p33d 3D0 12.075 12.119 12.23 12.150 12.087

6 2s22p34p 3P 12.355 12.59 12.504 12.359

7 2s22p33s 3D0 12.744 12.653 12.82 12.694 12.540

8 2s22p35s 3S0 12.692 12.89 12.697

9 2s22p34d 3D0 13.037 13.01 12.762 12.759

10 2s22p34f 3F 12.752 13.16 12.830 12.766

Ion. Limit 13.513 13.597 13.618

Table 7.2: Oscillator strengths for bound triplet states of O.

Lower level Upper level CCC Ref. [61] NIST [59]

2p4 3P 2p33s 3P 0 0.052 0.051 0.052

2p34s 3S0 0.0090 0.0087 0.0092

2p33d 3D0 0.024 0.022 0.020

2p33s 3D0 0.011 0.056 0.056

2p33s 3S0 2p33p 3P 1.091 1.050 1.030

2p33p 3P 2p34s 3S0 0.182 0.186 0.186

2p33d 3D0 0.956 0.960 0.990
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results for positron and electron results for O2, which are divided by 2,

in accordance with the additivity rule. This rule is expected only to be

relevant for higher energies. Therefore, only qualitative comparisons can be

made for lower energies. A more accurate comparison between the current

theoretical calculations for O and the experimental data for O2 can be

accomplished using the IAM-SCAR approach. This approach was applied

to the current atomic data to calculate O2 cross sections in Section. 11.2

for all presented cross sections.

CCC results are higher than the halved positron O2 experimental results

of Charlton et al. [50] and Dababneh et al. [52] for energies above 40 eV.

However, comparison with the more recent measurements of Chiari et al.

[51], shows near-perfect agreement. For high incident energies, positron and

electron results are expected to become equal to the Born approximation,

which is independent of the projectile charge. We observe this for energies

above 1000 eV, with excellent agreement found with the halved electron O2

measurements of Garćıa et al. [53].
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Figure 7.2: Total cross section for positron scattering on oxygen. Theoretical
CCC results are shown alongside optical potential calculations by Singh
et al. [33], Reid and Wadehra [32], and Pindariya et al. [49]. Experimental
O2 results for positron scattering are from Charlton et al. [50], Chiari et al.
[51], and Dababneh et al. [52]. Electron O2 results are by Garćıa et al. [53].
The vertical dotted lines represent the positronium-formation and direct
ionisation thresholds.

The peak cross section of the CCC TCS is of similar magnitude to the
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calculation of Pindariya et al. [49] and the halved positron O2 experiment

of Chiari et al. [51]. However, the results of Singh et al. [33] are much larger

than our CCC result at the peak TCS and also depicts significantly different

behaviour for lower energies. At low energies, our results behave similarly

to O2 experiment, with results flat from 1 eV to the positronium-formation

threshold. On the other hand, Singh et al. [33] predict the cross section

to decrease significantly from 1 eV to the positronium threshold and the

experiment of Dababneh et al. [52] predict the cross section to increase over

this energy range. Consequently, this calculation predicts a value at 1 eV

over five times higher than the CCC result. We expect that CCC results

converge to exact results at energies below the positronium-formation

threshold, given in Fig. 7.2. Therefore, the discrepancy is likely due to

the polarisation potential being too high in the model potential or from

the exclusion of virtual positronium-formation in the SCOP approach. A

similar discrepancy was noted between the CCC and results of Singh et al.

[33] for the carbon atom [1], but not as pronounced.

7.3.2 Electron-loss cross section
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Figure 7.3: Electron-loss cross section for positron scattering on oxygen.
Current CCC results are presented alongside the calculations of Singh and
Antony [34] and Pindariya et al. [49]. The CCC-pot calculations incorporate
an estimate of the Ps-formation cross section contribution from its threshold,
see text.
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The ELCS for positron scattering on oxygen, which is equivalent to the sum

of direct ionisation and positronium-formation, is shown in Fig. 7.3. As with

the total cross section, for energies below 23.5 eV the CCC-pot results are

from the CCC-scaled complex model potential, whereas, for energies above

this energy they are from the single-centre CCC calculation. The results of

Pindariya et al. [49] are in close perfect agreement with those of CCC from

near the direct ionisation threshold through to high energies. The results of

Singh and Antony [34] are considerably higher for energies above 10 eV.

7.3.3 Direct ionisation and positronium-formation cross sec-

tion

The e+-O direct ionisation cross section is presented in Fig. 7.4. This in-

cludes the current CCC-pot results alongside the theoretical result of Singh

and Antony [34] and e−-O experiment. At high energies, electron and

positron results are expected to become equal. We find this to occur by

1000 eV, with excellent agreement between the CCC and electron experi-

ment above this energy. Similar to the ELCS, the calculation of Singh and

Antony [34] is significantly larger than the CCC calculation for incident

energies above 35 eV.

Cross sections for positronium-formation in e+-O scattering are pre-

sented in Fig. 7.5. Current CCC-pot results are presented together with the

only other calculation, by Singh and Antony [34]. The experimental results

are for the O2, and have therefore been divided by two. The positronium-

formation threshold energy of O2 is lower than that of O, which is why

near-threshold energies, there is a discrepancy in the behaviour of the O2

experiment and theoretical values for O. Compared to the halved O2 exper-

iment, we find agreement with the measurements of Marler and Surko [56]

for energies above 40 eV, and Griffith [58] above 100 eV. Apart from the

lower energies the results of Singh and Antony [34] are generally considerably

above those of CCC-pot. A similar disagreement was found comparing these

approaches for atomic carbon [1]. The absence of existing experiment for

atomic oxygen makes it difficult to judge the true accuracy of the CCC-pot

calculations, particularly at the lower energies. However, as our calcula-

tion is scaled directly to the ab-initio CCC calculation and is in agreement

with halved O2 experiment at the higher energies, we believe lower energy

CCC-pot cross section uncertainty is no more than 20%.
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Figure 7.4: Direct ionisation cross section for positron scattering on oxygen.
Theoretical results include CCC-pot and Singh and Antony [34] calculations.
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Figure 7.5: Positronium-formation cross section for positron scattering on
oxygen. Theoretical results include CCC-pot and Singh and Antony [34]
calculations. Halved experimental O2 measurements are from Marler and
Surko [56], Archer et al. [57], and Griffith [58].

7.3.4 Inelastic cross section

Fig. 7.6 presents the total inelastic cross section for positron scattering on

oxygen from its threshold to 5000 eV. Above 500 eV, close agreement is

found between the CCC and the calculation of Pindariya et al. [49]. The
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CCC is slightly above the results of Pindariya et al. [49] between 100 eV and

500 eV. Below this, Pindariya et al. [49] are notably larger than the CCC

results, except for below 20 eV, where they are smaller. The calculation

of Reid and Wadehra [32] overestimates other theory over their calculated

energy range of 100 eV to 5000 eV.
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Figure 7.6: Total inelastic cross section for positron scattering on oxygen.
CCC results are shown alongside those of Pindariya et al. [49] and Reid and
Wadehra [32].

7.3.5 Elastic and momentum-transfer cross section

The integrated elastic cross section is shown in Fig. 7.7 alongside the

calculations of Reid and Wadehra [32], Pindariya et al. [49], Dapor and

Miotello [37], and, for the electron case, NIST. Above 500 eV, we find

near-perfect agreement with the calculations of Dapor and Miotello [37]

and above 3000 eV with the NIST electron results. Comparisons are also

made with the halved electron experimental results of Iga et al. [60] for O2.

At 1000 eV, the electron and positron theory lies within the experimental

uncertainty.

In Fig. 7.8 we present the momentum-transfer cross section for this

system. Current results are compared with the calculations of Dapor and

Miotello [37], the electron calculations of NIST, and halved electron-O2

experimental data of Iga et al. [60]. As with the elastic cross section, for

energies above 500 eV excellent agreement is observed between the CCC

and the calculations of Dapor and Miotello [37]. The NIST results for
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the electron case are larger than the positron theoretical results, with

no agreement viewed by 5000 eV. The experimental data is found to lie

between the positron and electron calculations.
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Figure 7.7: Total elastic cross section for positron scattering on oxygen.
Theoretical results for positrons include the CCC, Reid and Wadehra [32],
Pindariya et al. [49], and Dapor and Miotello [37]. Theoretical results for
electrons are from NIST [59]. Halved O2 experimental results for electrons
are from Iga et al. [60]. The vertical dotted lines represent the positronium-
formation and direct ionisation thresholds.

The DCS for various energies between 500 and 3500 eV are shown in

Fig. 7.9. As with the integrated cross section, excellent agreement is viewed

with the calculations of Dapor and Miotello [37] for each of these energies.

In Fig. 7.10 we present a selection of elastic DCS for incident energies be-

tween 1 and 100 eV. A technique similar to Green et al. [89] is used to ensure

convergence in the partial wave expansion, resulting in a cusp at low scatter-

ing angles for incident energies above 1 eV. As with carbon [1], this feature

is not present at lower energies due to the triplet ground state resulting in

p-wave scattering being dominant at low energies.
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Figure 7.8: Momentum-transfer cross section for positron scattering on oxy-
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Figure 7.10: Elastic differential cross sections for positron scattering on
oxygen for energies between 1 and 100 eV.

7.3.6 Low-energy study
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Figure 7.11: Elastic and momentum-transfer cross sections for positron scat-
tering on atomic oxygen at energies below 1 eV. Halved O2 experimental
results are from Chiari et al. [51].

Elastic and momentum-transfer cross sections for energies below 1 eV

are shown in Fig. 7.11. Although the IAM approximation does not hold

for low energies, we find good agreement with the halved O2 experiment

from Chiari et al. [51], this experiment does not have forward-scattering

corrections so likely underestimates the actual result for O2. However,

the similar behaviour exhibited provides some evidence of the accuracy



Chapter 7. Positron scattering from oxygen 117

of the current results. At lower energies, as scattering becomes isotropic,

the elastic and momentum-transfer cross sections are expected to become

equal. We observe this for energies below 10−3 eV.

Using the asymptotic value of our elastic cross section at 10−5 eV, we

determine A = −1.862 a0 for this system. Where the sign is derived from

our phase shift at low energies, per Eq. 2.67. As |A| is larger than the mean

radius of O, the scattering cross section is greater than the geometric size

of the atom at low energies. This is due to the existence of a virtual level

of the positron projectile, which has energy ε = 3.92 eV.
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Figure 7.12: Elastic cross sections for positron scattering on atomic oxygen
and its s-, p-, d- and higher L-wave contributions. Here, L refers to the
angular momentum of the incident positron.

As the scattering length is negative this implies a Ramsauer-Townsend

minimum that occurs at an energy of Emin = 1.53 eV, per Eq. 2.68, which

(due to neglected higher order terms in Eq. 2.68) is 0.5 eV lower than the

value of 2.05 eV observed in the s-wave scattering component of the elastic

cross section in Fig. 7.12. In this figure, the s-, p-, d-, and higher-wave cross

sections refer to the angular momentum of the incident positron L for which

their contributions to the elastic cross section are extracted from the rele-

vant partial-waves J . A Ramsauer-Townsend minimum is not observed in

the total elastic cross section as the magnitude of the s-wave component be-

comes small relative to other partial waves as the incident energy increases.

This process can be observed in Fig. 7.12, with the peak of the p-wave and
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increasing values of the d- and higher-wave cross-sections supplementing the

decreased s-wave contribution at its minimum. As we observed in carbon,

although the effect of the minimum in the s-wave is hidden for the elastic

cross-section, its impact can be observed for the momentum-transfer cross

section, which has a minimum at 1 eV due to this effect.

7.3.7 Bound-state excitation cross section

There is no other existing positron theory or experiment for specific

bound-state excitations. Therefore, we compare against existing electron

theory and experiment, which are expected to be equivalent to positron

results for high incident energies. To obtain stable results for energies below

20 eV, values were obtained for calculations with `max = 2 and only bound

states included.
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Figure 7.13: The 2p4 3P → 2p33s 3So excitation cross section for positron
scattering on oxygen. Theoretical results for incident electrons are from
Tayal and Zatsarinny [61] and the recommended values from Johnson et al.
[62]. Experimental electron measurements are from Johnson et al. [63],
Kanik et al. [64], and Vaughan and Doering [65].

Fig. 7.13 presents the excitation of the ground state to 2p33s 3So. Ex-

cellent agreement is found for energies above 500 eV with the recommended

electron theoretical results of Johnson et al. [62]. At lower energies, our

positron calculation lies within the experimental error of existing electron

measurements and is close to the BSR calculation of [61].
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Fig. 7.14 presents the 2p4 3P → 2p33s 3So excitation cross section. Com-

paring with the BSR results, we find that differences decrease with increasing

energy and that they become close by 100 eV. The CCC results lie within

the uncertainty of the experiment of Gulcicek et al. [66] below 20 eV.

The 2p33d 3Do excitation cross section is shown in Fig. 7.15. Due to the

differences observed with the oscillator strength for this transition and those

of NIST, we have applied OOS scaling, which is the scaling of the CCC cross

section by the ratio between these two oscillator strengths. Agreement is

observed after this scaling with the recommended electron results of John-

son et al. [62] for energies above 500 eV. Closer agreement is observed with

the BSR calculation for the unscaled result of this excitation.
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Figure 7.14: The 2p4 3P → 2p33p 3P excitation cross section for positron
scattering on oxygen. Theoretical results for incident electrons are from
Tayal and Zatsarinny [61]. Experimental electron measurements are from
Gulcicek et al. [66].

Fig. 7.16 shows the 2p33s 3Do excitation cross section. After OOS

scaling we find excellent agreement with the recommended electron results

of Johnson et al. [62] at high energies. At lower energies our positron

calculation is found to be lower than the electron theory, but within the

uncertainty of electron experiment.



Chapter 7. Positron scattering from oxygen 120

 0

 0.1

 0.2

 10  100  1000

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

Theory
 

e
+
: OOS CCC

e
+
: CCC

e
-
: Johnson et al

e
-
: Tayal and Zatsarinny

Experiment (electron)

Kanik et al

Vaughan et al

Figure 7.15: The 2p4 3P → 2p33d 3Do excitation cross section for positron
scattering on oxygen. Theoretical results for incident electrons are from
Tayal and Zatsarinny [61] and recommended from Johnson et al. [62]. Ex-
perimental electron measurements are from Kanik et al. [64]
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Figure 7.16: The 2p4 3P → 2p33s 3Do excitation cross section for positron
scattering on oxygen. Theoretical results for incident electrons are from
Tayal and Zatsarinny [61] and recommended results from Johnson et al.
[62]. Experimental electron measurements are from Vaughan and Doering
[65] and Kanik et al. [64].

The total bound-state excitation cross section is presented in Fig. 7.17.

The CCC-pot calculation is equivalent to the CCC-scaled complex model

potential calculation for energies below 23.5 eV and the CCC for energies

above this. Little agreement is observed with the only existing positron
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calculation of Pindariya et al. [49], which is significantly larger than the

CCC result for energies below 300 eV. However, both calculations find a

maximum at ≈ 20 eV. For energies above 500 eV, the electron results of

Joshipura and Patel [67] agree with the positron results of Pindariya et al.

[49] above 500 eV, but both are lower than the CCC results. The presented

calculation of Johnson et al. [62] is a sum of only the three previously pre-

sented excitations. Therefore, it is expected to underestimate the total as

it does not contain enough states to approximate the full excitation spec-

trum. Consequently, the summed recommended values follow the shape of

the CCC calculation, which contains 28 bound states, for energies above

100 eV but is much lower even at 1000 eV. As the summed Johnson et al.

[62] results are higher than the other presented electron and positron calcu-

lation at this energy, this suggests they underestimate the total bound-state

excitation cross section at higher energies.
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Figure 7.17: Total bound-state excitation cross section for positron scatter-
ing on oxygen. Theoretical results are from the CCC, Pindariya et al. [49],
and, for the electron case, Joshipura and Patel [67] and Johnson et al. [62].

7.3.8 Mean excitation energy and stopping power

In Fig. 7.18, we present the stopping power for a positron incident on

atomic oxygen. The calculation of stopping power requires the cross section

and excitation energy for each reaction channel. The stopping power for the

positronium-formation channel was obtained from the total positronium-

formation cross sections, as discussed in Section. 2.2.6. Reaction channels
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corresponding to bound-state excitation and ionisation are treated in the

following way. Below 23.5 eV, for bound-state excitation, we have used

the present estimates for the cross sections. For ionisation, we have used

cross sections for positive-energy pseudostates from the single-centre CCC

model scaled to obtain the present direct ionisation cross section. For

energies above 23.5 eV, the stopping power is obtained directly from the

single-centre CCC calculation.
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Figure 7.18: Stopping power for positron scattering on oxygen. Current
CCC-pot calculations are shown alongside the calculations of the pene-
lope code [47], and Gumus et al. [46] for e+-O2. Calculations for e−-O by
Gupta et al. [68] and semi-empirical results for the e−-O2 system by Williart
et al. [69] are also presented. The positronium-formation component of the
stopping power (PosF) is also shown for the CCC-pot calculation.

According to Bragg’s additivity rule [378], which is accurate for high

energies, the stopping power of O2 is expected to be equal to that of O.

CCC calculations of stopping power for H and H2 [13] targets found this

rule accurate for energies above 100 eV. As electron and positron results

are equivalent for high energies, we also present the e−-O calculation of

Gupta et al. [68] and the e−-O2 semi-empirical calculations of Williart et al.

[69]. For energies above 1000 eV, we find excellent agreement between the

current CCC results and those of Williart et al. [69]. The calculations of

Gupta et al. [68] are in close agreement with the CCC results and those of

Williart et al. [69] for energies above 3000 eV.

For energies above 200 eV, CCC, the GOS model of Gumus et al.
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[46] and the penelope code [47] predict similar behaviour, with the CCC

results slightly below these other models. Below 200 eV, the CCC-pot

calculation is in significant disagreement with these other approaches and

predicts a substantially lower stopping power. As the models used for

these positron calculations apply simple approximations, do not account

for processes such as positronium-formation, and do not directly model

the atom’s target structure, the current CCC calculation is expected to be

more accurate for the presented energies.
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Figure 7.19: Mean excitation energy for positron scattering on oxygen.
CCC-pot theoretical results are presented alongside experimental results
for the e−-O2 system from Williart et al. [69].

The mean excitation energy, directly obtained from the stopping power

and the inelastic cross section, is shown in Fig. 7.19. There are no existing

calculations of mean excitation energies for positron scattering on atomic

oxygen or O2. Williart et al. [69] only provide measurements and their un-

certainty for incident energies of 300 eV and 600 eV for the e−-O2 system.

As their stopping power result was obtained with their measurements of

mean excitation energy, we have extracted the experimental values for other

energies using their presented stopping power and inelastic cross section.

There is no discussion provided of the experimental uncertainty for these

other incident energies.

The mean excitation energy between atomic oxygen and O2 is expected

to be similar at higher energies. For CCC calculations of e− and e+ scatter-
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ing on H2 [13], the e+ mean excitation energy was found to follow similar

behaviour as the e− result but at a magnitude ≈ 20 % higher. A similar

trend is found here but with a smaller difference between the e+ and e−

result. At 600 eV, the CCC results lies just within the electron experimen-

tal uncertainty. Above this energy, as our results decrease, the difference

between them and this experiment decreases to be within 10 % at 5000 eV.

This experiment and the CCC results exhibit similar behaviour, with the

mean excitation energy increasing to 600 eV. Above this energy, the mean

excitation energy becomes nearly constant in the experiment and slowly de-

creases in the CCC-pot calculation. The sharp rise observed in the CCC-pot

at threshold is due to positronium-formation.

7.3.9 Chapter summary

An outline is given for the target structure model and scattering calculation

utilised to calculate cross sections for the positron-oxygen scattering sys-

tem. The target structure in the present calculations is in good agreement

with the energy levels and oscillator strengths of NIST and previous theory,

reflecting its accuracy. A comprehensive set of cross sections and other quan-

tities have been calculated for positron scattering from atomic oxygen within

the current approach. These include total, elastic, momentum-transfer, di-

rect ionisation, positronium-formation, electron-loss, inelastic, excitation,

and stopping power cross sections for energies between threshold and 5000

eV. Quantities such as the scattering length, mean excitation energy, hid-

den Ramsauer-Townsend minimum, and the energy of the virtual positron-

oxygen state were also calculated.

Good agreement is observed between current results and high-energy

electron atomic oxygen experiment and theory for total ionisation, total,

elastic, and bound- state excitations. Halved O2 experiments for both

positron and electrons are also in good agreement with the present calcula-

tions. For past positron calculations, agreement is observed at high energies

with some available approaches. However, large differences are observed at

lower energies and for the positronium-formation cross section.



Chapter 8

Positron scattering from

neon and argon

This chapter presents the single-centre CCC and CCC-scaled complex model

potential calculations for positron scattering from the noble gas atoms neon

and argon. We present cross sections for both atoms for total, direct ionisa-

tion, electron-loss, elastic, positronium-formation, momentum-transfer, and

total bound state excitation processes. The scattering length for each atom

is also obtained from the low-energy elastic cross sections. Comparisons are

made with previous frozen-core CCC calculations and other existing theory

and experiment. Some sections in this chapter text or figures are adapted

from a published work by the candidate [3]. The publishers of this article

(EDP Sciences, Società Italiana di Fisica, and Springer Berlin Heidelberg)

provide the right to use an article or a portion of an article in a thesis or

dissertation without requesting permission.

8.1 Calculation

First, atomic orbitals are obtained for the ground state of each target’s

singly-charged ion using the HF method. For the Ar case, a MCHF cal-

culation is then used to obtain the outer orbitals 4s to 5f for Ar+. This

HF, MCHF, and subsequent CCC calculations, have all orbitals below the

outermost s and p orbitals frozen. For the Laguerre basis, the exponential

fall-off (α`) was 2.0 for Ar and 1.5 for Ne. In the configuration structure for

each noble gas atom, along with the ground configuration (ns2np6), we have

125
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included ns2np5n′` and nsnp6n′` configurations for n′` = 25 − ` and ` ≤ 8,

where the n is the outermost orbital for each noble gas ground state. To ac-

count for electron correlations more accurately we have included np4n′`n′′`′

configurations, where n′` and n′′`′ are all possible combinations of the or-

bitals 3d to 5f for Ne and 3d to 5f for Ar. We have also included np4n′`2

configurations for 4s ≤ n′` ≤ 5f for both Ne and Ar. We apply the non-

relativistic LS-coupling scheme which is satisfactory for these relatively light

atoms. Such a scheme results in 1034 and 1025 singlet states for Ne and Ar,

respectively.

8.2 Structure

Table. 8.1 presents the excitation energies from the ground state to the first

12 LS-coupled singlet states of Ne. Compared to the previous frozen-core

calculation, better agreement is observed with the reference data [59].

Almost all errors are less than 0.1 eV.

Table 8.1: Excitation energies (eV) for first 12 singlet Ne target states from
the ground state, in the LS-coupling scheme.

State Term CCC CCC (FC) NIST. [59]

1 2s22p6 1S 0.000 0.000 0.000

2 3s22p54s 1P o 16.949 15.994 16.848

3 2s22p53p 1D 18.659 17.681 18.636

4 2s22p53p 1P 18.708 17.742 18.612

5 2s22p53p 1S 18.996 18.035 18.966

6 2s22p54s 1P o 19.788 18.940 19.779

7 2s22p53d 1P o 20.083 19.098 20.040

8 2s22p53d 1F 20.087 19.102 20.048

9 2s22p53d 1Do 20.104 19.120 20.048
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Table 8.1: Excitation energies (eV) for first 12 singlet Ne target states from
the ground state, in the LS-coupling scheme.

State Term CCC CCC (FC) NIST. [59]

10 2s22p54p 1D 20.264 19.340 20.297

11 2s22p54p 1P 20.276 19.354 20.211

11 2s22p54p 1S 20.379 19.515 20.368

Ion. limit 21.597 20.573 21.564

For Ar, excitation energies for the first 12 LS-coupled states are shown

in Table. 8.2. Good agreement is found with our current calculation, the

past theoretical results of Zatsarinny et al. [211], Ballance et al. [340], and

the reference data [59]. Differences between our energies and the reference

data are all within 0.2 eV for these 12 states.

Table 8.2: Excitation energies (eV) for first 12 Ar target states from the
ground state, in the LS-coupling scheme.

State Term CCC Ref. [211] Ref. [340] NIST. [59]

1 3s23p6 1S 0.000 0.000 0.000 0.000

2 2s22p54s 3P o 11.596 11.717 11.547 11.548

3 3s23p54s 1P o 11.786 11.998 11.805 11.828

4 3s23p54p 3S 12.852 12.974 12.879 12.907

5 3s23p54p 3Do 13.099 13.134 13.045 13.076

6 3s23p54p 1P 13.241 13.206 13.160 13.153

7 3s23p54p 3P 13.239 13.229 13.160 13.172

8 3s23p54p 1D 13.163 13.348 13.104 13.302

9 3s23p54p 1S 13.467 13.534 13.440 13.480
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Table 8.2: Excitation energies (eV) for first 12 Ar target states from the
ground state, in the LS-coupling scheme.

State Term CCC Ref. [211] Ref. [340] NIST. [59]

10 3s23p53d 3P o 13.818 13.999 13.741 13.854

11 3s23p53d 3F o 13.980 14.079 13.768 13.979

12 3s23p53d 1F o 14.119 14.109 14.000 14.067

Ion. limit 15.713 15.760

The static dipole polarisability (αD), quadrupole polarisability (αQ), and

octupole polarisability (αO) of each noble gas structure model is provided

in Table 8.3. The dipole polarisability (αD) obtained was 2.85 a3
0 for Ne and

12.9 a3
0 for Ar. These values, although higher than experiment and other

theory, are improved from the previous frozen-core calculations [70]. As αD

are a little above that of experiment and other theory we have followed the

approach suggested in [379] where the reduced matrix elements for dipole

transitions are scaled to obtain αD equal to the experimental value. This

scaling was utilised in both the structure and scattering calculations. The

αQ value for Ne is within the range of theoretical results, whereas, for Ar,

αQ is within 5% of the upper limits. For αO, the value for Ne is within 3%

of other calculations and for Ar is within 7%. The values of αQ and αO

are expected to have minimal impact on the calculations as Ne and Ar have

spherically symmetric charge distributions, however, the good agreement of

these values with past theory give further support of the accuracy of the

current structure model.

The calculations were conducted for partial waves up to J = 10. To

obtain elastic differential cross sections (DCS) for energies above 100 eV,

we utilised calculations with a simpler structure by including configurations

with only ` ≤ 4, and performing the partial-wave expansion up to J = 100.

For elastic DCS at the forward scattering angles, an analytical extrapola-

tion of these DCS is utilised based on the long-range polarisation potential,

which is necessary to describe the cusp present at these angles [89]. Between

the positronium-formation and direct ionisation threshold the elastic cross
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section was linearly interpolated for each atom.

Table 8.3: Multipole polarisabilities for Ne and Ar. The αD value for the
CCC is scaled to be equal to the experimental value within the scattering
calculation for both atoms. CCC results are presented alongside the range
of theoretical values and experiment.

α Atom CCC Theory [380, 381] Exp [382]

αD Ne 2.67 2.37 - 2.71 2.67

Ar 11.1 10.59 - 11.22 11.1

αQ Ne 7.33 6.41 - 7.52

Ar 54.50 49.54 - 52.8

αO Ne 43.66 42.07

Ar 591.27 536.4 - 553.1

8.3 Scattering

8.3.1 Total cross section

In Figs. 8.1 and 8.2, we present the total cross sections for positron

scattering on neon and argon, respectively, for incident energies ranging

from 0.1 eV to 5000 eV. The theoretical results shown are the current

CCC-pot result and the previous frozen-core CCC calculations of Fursa and

Bray [70], labelled as CCC (FC). The CCC-pot result is equivalent to the

current single-centre CCC calculation for energies below the positronium-

formation and for energies 10 eV above the ionisation threshold of each

atom. CCC-pot results are obtained from the CCC-scaled complex model

potential between these energies.
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Figure 8.1: Total cross section for positron scattering on neon. Current CCC
and CCC-pot calculations are compared with the previous CCC calculation
of Fursa and Bray [70]. Also presented are experimental results for positrons
by Jones et al. [71], the Detroit group [72, 73], Griffith et al. [74], Brenton
et al. [75] and Nagumo et al. [76]. The grey shaded area represents the un-
certainty of the recommended results of Ratnavelu et al. [15]. Experimental
results for incident electrons are by Garćıa et al. [77]. Vertical dotted lines
represent the positronium-formation and direct ionisation thresholds.

For the current CCC calculations for Ne, there is little difference with

the previous frozen-core CCC calculations for energies above 0.6 eV. The

current calculations are slightly lower than the frozen-core approach below

100 eV and slightly larger above this energy. For energies below 0.6 eV, the

current calculations are also larger than the frozen-core calculations. For

energies above 1 eV, the current CCC-pot results are in close agreement

with the recommended results of Ratnavelu et al. [15]. Between 1 eV

and the positronium-formation threshold the current and frozen-core CCC

results agree well with the measurements of the Detroit group [72, 73],

but are above the results of Jones et al. [71] and below those of Nagumo

et al. [76]. The measurements of Nagumo et al. [76] agree with our

calculation at low energies and between the positronium-formation and

ionisation thresholds but elsewhere are notably larger than our calcula-

tion and the other experiments. Between the ionisation threshold and

300 eV, the Detroit group results are larger than our calculation and most

other experiments. For energies above 100 eV, our calculation is mostly

within the uncertainties of the measurements of Brenton et al. [75] and
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Griffith et al. [74]. As a consistency check, we also compare with the

electron-impact measurements of Garćıa et al. [77] at high energies, and

find good agreement for energies above 2000 eV. Here the Born approx-

imation is valid, which is the same for both electron and positron scattering.
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Figure 8.2: Total cross section for positron scattering on argon. Current
CCC and CCC-pot calculations are compared with the previous CCC cal-
culation of Fursa and Bray [70]. Also presented are experimental results for
positrons by Zecca et al. [78], Jones et al. [71], Brenton et al. [75], Grif-
fith et al. [74], Karwasz et al. [20, 79], and Kauppila et al. [73]. The grey
shaded area represents the uncertainty of the recommended results of Rat-
navelu et al. [15]. Measurements for incident electrons are by Garćıa et al.
[77]. Vertical dotted lines represent the positronium-formation and direct
ionisation thresholds.

From Fig. 8.2 we see that there is little difference between the cur-

rent and frozen-core CCC calculations for Ar, except for energies below

the positronium-formation threshold, where the current results are slightly

larger. For energies above 10 eV, the current results are within the 10%

uncertainty of the recommended results of Ratnavelu et al. [15]. The best

agreement with these recommended results is found for energies above the

direct ionisation threshold. For energies below 1 eV, the current results are

slightly lower than the lower limits of the recommended values. Very close

agreement is also found between the majority of the presented experiments

and the current calculations for energies above the positronium-formation

threshold and below 300 eV. The CCC-pot and frozen-core CCC results
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are slightly larger than positron experiments for incident energies above

600 eV. This difference is likely a result of the measurements of Karwasz

et al. [79] lacking an energy-loss discriminator, which causes forward scat-

tered positrons to be measured as non-scattered, resulting in a systematic

underestimation at high energies. Excellent agreement, however, is found

between the CCC-pot calculation and the electron experiment of Garćıa

et al. [77] above 1000 eV, which gives us confidence in the CCC-pot results

at the lower energies.

Due to the high `max and large number of states included in the current

calculations we expect the errors associated with convergence to be within

2%. Based on the excellent agreement with excitation energies and multipole

polarisabilities with past theory and experiment, the current structure mod-

els are estimated to contribute errors of within 2%. The single-centre CCC

approach has very good numerical stability and we expect errors associated

with this to be under 2%. The errors associated with the model potential

approach will be most significant for the direct ionisation and positronium-

formation cross sections. Therefore, for the total cross section, we expect an

uncertainty of 10% in the energy region where model potential calculations

were utilised. Outside of this region, where results are obtained directly from

the CCC calculations, the uncertainty for the total cross section is expected

to be within 5%. As the recommended results are only available between

0.25 eV and 100 eV, we provide accurate theoretical results for energies in

which recommended values are unavailable.

8.3.2 Elastic cross section

The elastic cross sections for Ne and Ar are shown in Figs. 8.3 and 8.4

for energies between 0.1 eV to 5000 eV. In the energy region between

the two given thresholds, where single-centre CCC calculations are unable

to converge, the elastic cross section is linearly interpolated between the

positronium-formation and ionisation thresholds. The instability in this en-

ergy region is a result of mismatched boundary conditions which occur due

to the channels corresponding to positive-energy pseudostates being closed

while positronium-formation channels are open. This means convergent re-

sults cannot be obtained between the positronium-formation and ionisation

thresholds. Below the positronium-formation threshold, the elastic cross

section is convergent and is the same as the total cross section. We, there-
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fore, expect the uncertainty of the current results to be within 5% for all

energies besides between the two thresholds, where results are expected to

be within 10%.

 0

 1

 2

 3

 4

 5

 0.1  1  10  100  1000

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

CCC
Khandker et al

Hofierka et al

Dapor & Miotello
Arretche et al

e
-
: De Heer et al

Jones et al

Stein et al

Nagumo et al

Figure 8.3: Elastic cross section for positron scattering on neon. CCC results
are presented alongside the calculations of Khandker et al. [80], Hofierka
et al. [81], Arretche et al. [82] and Dapor and Miotello [37]. Measurements
of Nagumo et al. [76], Jones et al. [71], and Stein et al. [72] are shown
alongside the electron results of De Heer et al. [83]. Vertical dotted lines
represent the positronium-formation and direct ionisation thresholds.

In Fig. 8.3, we show the elastic cross section for positron scattering from

neon. Calculations by Khandker et al. [80], Arretche et al. [82], Hofierka

et al. [81], and Dapor and Miotello [37] are shown alongside the CCC re-

sults. The calculations of Arretche et al. [82] and Hofierka et al. [81] are

lower than the CCC results across their calculated range, although they

follow a similar shape. The results of Khandker et al. [80] have numerous

features that are not found in the CCC calculation, with agreement only

found above 2000 eV. The results of Dapor and Miotello [37] agree with

the CCC calculation for energies above 1500 eV. We have also presented

the electron-impact measurements of De Heer et al. [83] for energies above

500 eV, which agree with the current positron calculations above 3000 eV.

All theoretical methods and experiments agree on the position of the mini-

mum (≈ 0.6 eV), however, not on the magnitude of the cross section at the

minimum. This minimum is a Ramsauer-Townsend minimum which occurs

due the J = 0 partial wave yielding a near-zero cross section at this energy.
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Figure 8.4: Elastic cross section for positron scattering on argon. CCC
results are presented alongside the calculations of Arretche et al. [82], Haque
et al. [84], Parcell et al. [85], and Hofierka et al. [81]. Measurements of Jones
et al. [71], Zecca et al. [78], Boadle et al. [86] and Coleman et al. [87] alongside
the electron results of Iga et al. [60] and De Heer et al. [83].

For argon, the elastic cross section for positron scattering is shown in

Fig. 8.4. Here, alongside the CCC calculation, we present the calculations

of Haque et al. [84], Hofierka et al. [81], and Dapor and Miotello [37]. We

also show the experiments of Jones et al. [71, 108], Zecca et al. [78], Boa-

dle et al. [86], Coleman et al. [87], and the electron experiment results of

Iga et al. [60]. The calculations of Hofierka et al. [81] are higher than the

current CCC results over its calculated range. The calculations of Haque

et al. [84] are significantly lower than the CCC calculation up to 100 eV;

however, for energies above 700 eV, there is excellent agreement between

these calculations. The CCC calculation also has excellent agreement above

1000 eV with the results of Dapor and Miotello [37]. Comparison of CCC

positron-impact results with the electron-impact experiments of Iga et al.

[60] shows excellent agreement above 500 eV, and with De Heer et al. [83]

agreement is seen for energies above 1000 eV. All of the experimental re-

sults predict a rise in the elastic cross section at the positronium-formation

threshold.

Experimental results for the elastic cross section of noble gas atoms con-

tain Wigner cusps at the positronium-formation threshold [87, 108], which

are expected to result from virtual positronium formation. The current

calculations have a small rise near the positronium-formation, but do not
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exhibit this feature to the same extent as observed in experiment. This dis-

crepancy is expected to result from the single-centre approximation utilised

in the current calculations which causes instabilities at, and between, the

positronium-formation and direct ionisation thresholds. To properly model

this feature, two-centre calculations would be required.

Recommended results are not available for the elastic cross sections and

there are no existing positron experiments for intermediate and high ener-

gies. We expect the current calculations to provide accurate results across

the entire energy range.

8.3.3 Elastic differential cross sections: positron-Neon
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Figure 8.5: Elastic folded differential cross sections for positron scattering
on neon with energies ranging from 1 eV to 5 eV. CCC results are presented
alongside relativistic optical potential (ROP) [88] and many-body theory
(MBT) calculations [89], and the measurements of Cheong et al. [88].

We present folded elastic DCS for Ne in Figs. 8.5 and 8.6 for energies

between 0.4 eV and 40 eV. These cross sections are “folded” at 90◦ to allow

comparison with existing positron beam experiments, where positrons with

angles > 90◦ are backscattered resulting in the measurement at angle θ

also including the DCS of angle 180− θ [86]. For 1 eV and 2 eV, the CCC
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results are within the uncertainty of most of the measurements of Cheong

et al. [88] and is slightly above the ROP and MBT calculations of [88] and

[89]. For 3 eV and 5 eV, the measurements are in significant disagreement

with the theoretical results, while a good agreement is observed between

the CCC results and other presented theory for angles above 30◦. The

reason for the discrepancy between theoretical and experimental DCS

for 3 eV and 5 eV is unknown. An experimental and theoretical inves-

tigation undertaken by Cheong et al. [88] found that neither systematic

error or multiple scattering effects could have resulted in this difference.

For energies between 10 eV and 40 eV, there is generally good agreement

between the presented theory, measurements, and current CCC calculations.
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Figure 8.6: Elastic folded differential cross sections for positron scattering on
neon with energies ranging from 10 eV to 40 eV. CCC results are presented
alongside relativistic optical potential (ROP) [88] and many-body theory
(MBT) calculations [89], and the measurements of Cheong et al. [88].

Elastic differential cross sections for energies between 50 eV and 300 eV

are shown in Fig. 8.7 over the full angular range. The measurements of

Kauppila et al. [93] were normalised to the existing theoretical results of

the time, therefore, to facilitate comparison with the current results we
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have renormalised them to the CCC at 90◦. At 50 eV, the CCC calculation

follows a similar shape to the experimental results of Kauppila et al. [93] and

is higher than the other presented theory. For 100 eV, the closest agreement

is found with the CCC calculation and those of Byron Jr and Joachain [91]

for angles above 100◦. For this energy, the different theoretical methods

predict very different behaviour and magnitudes of the cross section. At

200 eV, the CCC calculation finds different behaviour from the previous

calculations and experiment of Kauppila et al. [93], however, the shape

of the calculation follows that of the electron measurement of Gupta and

Rees [94] for angles below 60◦. For 300 eV, on the other hand, very similar

behaviour is observed between the current and other calculations, with

the CCC cross sections being larger at higher angles. As with 200 eV, the

shape of the CCC results resembles that of the electron measurement of

Gupta and Rees [94] for angles below 60◦.
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Figure 8.7: Elastic differential cross sections for positron scattering on neon
with energies ranging from 50 eV to 300 eV. Theoretical results include the
current CCC calculation and those of Khandker et al. [80], Baluja et al.
[90], Byron Jr and Joachain [91], and Stepanek [92]. The measurements of
Kauppila et al. [93] are shown for 50 eV and 200 eV, electron measurements
by Gupta and Rees [94] are shown for 200 and 300 eV.
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8.3.4 Elastic differential cross sections: positron-Argon

For Ar, folded elastic DCS are shown in Fig. 8.8 for energies between

0.4 eV and 1.5 eV. For 0.4 eV, the CCC calculation passes within the range

of experimental values; for 0.7 eV, the CCC calculation agrees with two

experimental points. For 1 eV, the CCC results are within the uncertainty

of all the absolute measured points of Sullivan et al. [95], and for 1.5 eV,

good agreement is found with the absolute measurements of Gilbert et al.

[96].
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Figure 8.8: Elastic differential cross sections for positron scattering on argon
with energies ranging from 0.4 eV to 1.5 eV. CCC results are shown alongside
the measurements of Sullivan et al. [95] and Gilbert et al. [96].

In Fig. 8.9 the folded elastic DCS are presented for energies between

2 eV and 10 eV. We present the experimental results of Boadle et al. [86],

Coleman and McNutt [97], Floeder et al. [98], and Smith et al. [99]. For

which, the results of Boadle et al. [86] are absolute measurements and

the latter three were rescaled by Boadle et al. [86]. The theoretical ROP

results of Boadle et al. [86] are also presented. For these energies, we find

very close agreement with the shape of the ROP results, however, the CCC

results are slightly higher for all energies except 2 eV. The current results
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are typically in the range of experiment, however, for large angles the

behaviour predicted by Boadle et al. [86] differs from the other experiment

and theoretical results.

In Fig. 8.10 the folded elastic DCS are presented for energies between

15 eV and 50 eV. As with the previous results, the older experiments have

been rescaled by Boadle et al. [86]. Very close agreement is found with the

shape of the current CCC results and the measurements of Smith et al.

[99] for each of these considered energies. The ROP calculation finds very

different behaviour for angles > 30◦ to the CCC calculations for these

energies. Current results are also within the uncertainty of Boadle et al.

[86] for the majority of experimental points.

10
-1

10
0

10
1

2eV

CCC
ROP
Coleman &
McNutt

10
0

10
1

0 30 60

8eV

F
o
ld

ed
 d

if
fe

re
n
ti

al
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
0
2
)

Floeder  et al

5eV

Boadle et al

Smith et al

 0  30  60  90

10eV

Scattering angle (deg)

Figure 8.9: Elastic differential cross sections for positron scattering on argon
with energies ranging from 2 eV to 10 eV. CCC results are shown alongside
the ROP theoretical results of Boadle et al. [86] and the experimental results
of Boadle et al. [86], Coleman and McNutt [97], Floeder et al. [98], and Smith
et al. [99].

Fig. 8.11 presents elastic DCS for incident energies between 100 eV and

500 eV. For positron experiments we show the normalised measurements

of Hyder et al. [101] and the absolute measurements of Dou et al. [102].

As the measurements of Hyder et al. [101] were normalised to theory and
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experiment at the time, we have renormalised this experiment at 100 eV

and 200 eV to the current calculations at 90◦. At 100 eV, we find the

CCC calculation to be a similar shape to both experiments and slightly

above the results of Dou et al. [102]. The DCS for this energy is also below

the theoretical results of Haque et al. [84] and Nahar and Wadehra [100],

for all angles except below 15◦. For 200 eV, the current DCS follows the

shape of the results of Hyder et al. [101] and is below the other presented

theory for angles above 10◦. For 300 eV, there is good agreement with the

measurements of Hyder et al. [101] and Dou et al. [102], with the CCC

results again lower than the other theory.
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Figure 8.10: Elastic differential cross sections for positron scattering on ar-
gon with energies ranging from 15 eV to 50 eV. CCC results are shown
alongside the ROP theoretical results of Boadle et al. [86] and the exper-
imental results of Boadle et al. [86], Floeder et al. [98], and Smith et al.
[99].

There is no existing positron experiment for 500 eV, so we instead com-

pare our calculations with existing electron measurements and the theoret-

ical results of Dapor and Miotello [37]. The remarkable agreement between

the two theories indicates that 500 eV is close to the Born approximation

regime.
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Figure 8.11: Elastic differential cross sections for positron scattering on
argon with energies ranging from 100 eV to 500 eV. CCC results are shown
alongside the theoretical results of Nahar and Wadehra [100], Haque et al.
[84], and Dapor and Miotello [37] and the experimental results of Hyder
et al. [101] and Dou et al. [102]. For 500 eV, the experimental results of Iga
et al. [60], DuBois and Rudd [103], and Jansen et al. [104] for the electron
case are shown.

8.3.5 Momentum-transfer cross section

The momentum-transfer cross section for the considered noble gas systems

are presented in Figs. 8.12 and 8.13. For these cross sections we expect

the uncertainty to be the same as the elastic cross section. A dip at low

energies can be observed in the momentum-transfer cross section for each

atom, which is due to the minimum in the s-wave. For elastic scattering,

a Ramsauer-Townsend minimum occurs due to the s-wave phase shift

becoming 0 while higher J-wave phase shifts are small, as occurs for Ne.

The presence of the minimum in the s-wave can also be hidden due to

the contributions of higher J-waves counteracting the minimum in the

s-wave, as occurs for Ar. This can be observed in the J-wave contributions

to the elastic cross sections presented in Figs. 8.16 and 8.17. For the

momentum-transfer cross section, a minimum occurs when the s- and

p-wave phase shifts are equal and the contributions from the higher J-wave
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phase shift differences are small [82]. Therefore, a minimum can occur in

the momentum-transfer cross section even if none is present for the elastic

case.
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Figure 8.12: Momentum-transfer cross section for positron scattering on
neon. CCC results are shown alongside the theoretical results of Arretche
et al. [82], Khandker et al. [80], and Dapor and Miotello [37]. Vertical dotted
lines represent the positronium-formation and direct ionisation thresholds.

In Fig. 8.12, the momentum-transfer cross section for positron scatter-

ing on neon is shown. The current CCC calculations are compared with the

theoretical results of Arretche et al. [82], Khandker et al. [80], and Dapor

and Miotello [37]. The calculations of Arretche et al. [82] are close to the

CCC calculations from 2 eV to 10 eV; below 2 eV, these calculations follow

a similar shape to the CCC results, but with a minimum at a slightly lower

energy. Across the calculated energy range, Khandker et al. [80] follows a

similar shape to CCC, but predicts lower values and has a much steeper

decrease in the cross section at the positronium-formation threshold. The

results of Dapor and Miotello [37] are in excellent agreement with CCC for

energies above 1000 eV.

Fig. 8.13 shows the momentum-transfer cross section for positron scat-

tering on argon. Alongside the current CCC calculations we show the cal-

culations of Haque et al. [84], Dapor and Miotello [37], Arretche et al. [82],

Šuvakov et al. [105], and the electron experimental results of Iga et al. [60].

The results of Šuvakov et al. [105] follow a similar shape to CCC, but the
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minimum occurs at a higher energy and, instead of sharply decreasing above

30 eV, follows a linear path. Calculations of Arretche et al. [82] yield simi-

lar results to those of Šuvakov et al. [105], but with a shallower minimum.

The results of Haque et al. [84] are similar in shape to CCC with excellent

agreement above 1000 eV. The CCC cross sections are slightly below the

measurements of Iga et al. [60]. As with neon, we find excellent agreement

with the calculation of Dapor and Miotello [37] for energies above 1000 eV.
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Figure 8.13: Momentum-transfer cross section for positron scattering on
argon. CCC results are shown alongside the theoretical results of Arretche
et al. [82], Haque et al. [84], Šuvakov et al. [105], Dapor and Miotello [37]
and the electron experiment of Iga et al. [60]. Vertical dotted lines represent
the positronium-formation and direct ionisation thresholds.

8.3.6 Low-energy scattering

The elastic cross section for incident energies below 1 eV is shown in

Fig. 8.14 for positron scattering from Ne. Compared to the frozen-core

CCC [70], the current calculation predicts a higher cross section for these

energies, and is almost indistinguishable from the calculations of Poveda

et al. [107]. The calculations of McEachran et al. [106] are around 20%

higher.

In Fig. 8.15, we show the positron-argon elastic cross section for

energies between 10−4 eV and 1 eV. The current CCC calculation is in

close agreement with the frozen-core CCC calculation, with it slightly

higher across the presented range. The calculations of Poveda et al. [107]

and McEachran et al. [109] are significantly larger than the two CCC
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calculations across the presented energy range. The calculation of Green

et al. [89] is in excellent agreement with the current CCC calculation for

energies below 0.4 eV.

 0

 1

 2

 3

 4

 5

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

CCC
CCC (FC)
Poveda et al

McEachran et al

Jones et al

Detroit group

Figure 8.14: Total cross section for positron scattering on neon for energies
below 1 eV. Theoretical results include the CCC and frozen-core CCC cal-
culations alongside those of McEachran et al. [106], and Poveda et al. [107].
Measurements are from the Detroit group [72, 73] and Jones et al. [108].
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Figure 8.15: Total cross section for positron scattering on argon for energies
below 1 eV. Theoretical results include the CCC and frozen-core CCC cal-
culations alongside those of McEachran et al. [109], and Poveda et al. [107].
Measurements are from Zecca et al. [78] and Jones et al. [108].

The scattering length was obtained from the asymptote for low-energy
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elastic cross section through Eq. 2.66. The values for Ne and Ar are given in

Table 8.4 alongside the results from past theory and the experimental value

of Zecca et al. [78] for Ar, which was extrapolated to low energies with the

frozen-core CCC calculation. The current scattering length result for Ne is

in good agreement with other calculations. For Ar, close agreement is found

with the MBT calculations, and within the uncertainty of the experimental

estimate.

Table 8.4: Scattering length (a0) for neon and argon. Current results are
from CCC, frozen-core CCC (FC), model potential (MP), many-body theory
(MBT), polarised orbitals method (POM) and experiment.

Atom CCC CCC (FC) MP [107] MBT [81] POM Exp.

Ne -0.58 -0.53 -0.57 -0.53 -0.61 [106]

Ar -4.42 -4.30 -5.05 -4.90 -5.30 [109] -4.9 ± 0.7 [78]
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Figure 8.16: Elastic cross sections for positron scattering on neon and its
s-, p-, d-, and higher L-wave contributions for the energy range 0.1 eV to
15 eV.

In Fig. 8.16 we show the partial-wave components of the elastic scattering

of Ne for energies between 0.1 eV and 15 eV. The minimum in the s-wave

component can be clearly observed at 0.84 eV. For comparison, we present

this result with other theoretical calculations in Table. 8.5. The current

calculation is in agreement with the POM calculations of McEachran et al.
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[106], close to the semi-empirical model potential (SEMP) calculation of

Arretche et al. [82], and 0.18 eV higher than the MBT calculation of Green

et al. [89]. The s-wave component of the cross section is dominant for

energies below 0.4 eV and above 2 eV, with the p-wave component dominant

between these two energies.

For Ar, the partial-wave components for the elastic scattering are shown

in Fig. 8.17. The minimum can be observed in the s-wave component of

the cross section at 2.14 eV. In this case, the current result is lower than all

other theory, with closest agreement observed with the MBT calculation [89].

Similar to Ne, the s-wave component is dominant for energies below 0.4 eV

and above 2.5 eV, with the p-wave component dominant between these two

energies. In this case, as previously observed [82, 89], it is clear that the

contributions of the higher J-waves counteract the decreased s-wave and,

therefore, hide the presence of the s-wave minimum in the elastic cross

section.
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Figure 8.17: Elastic cross sections for positron scattering on argon and its
s-, p-, d-, and higher L-wave contributions for the energy range 0.1 eV to
10 eV.

8.3.7 Electron-loss cross section

The electron-loss cross section (ELCS) is the sum of positronium-formation

and direct ionisation. The single-centre CCC calculation yields this

cross section directly by summing the cross sections for all positive-

energy pseudostates. The CCC-pot separation of Ps-formation and direct
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Table 8.5: Energy of the s-wave minimum for neon and argon.

Atom CCC SEMP [82] MBT [89] POM

Ne 0.84 0.79 0.66 0.85 [106]

Ar 2.14 3.05 2.35 2.76 [109]

ionisation is constrained by this result at energies a little above the

ionisation threshold. For the region where results are obtained from

the model potential calculation the error is expected to be within 10%.

Outside of this region, errors are again expected to be within 5%. Hence,

we expect the CCC method to be particularly accurate for this cross section.
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Figure 8.18: Electron-loss cross section for positron scattering on neon. The
current CCC-pot and previous frozen-core CCC [70] results are shown along-
side the calculations of Singh et al. [110]. Measurements for positrons are
from Marler et al. [111], Laricchia et al. [112] and those for electrons are
by Sorokin et al. [113]. Vertical dotted lines represent the positronium-
formation and ionisation thresholds.

In Fig. 8.18, results are shown for the ELCS of positron-neon scattering.

Excellent agreement is found between the CCC-pot calculation and the

experiment of Marler et al. [111] below 30 eV, and above 30 eV agreement

is found with the upper measurements of this experiment. Agreement is

found with the current calculation and the measurements of Laricchia et al.

[112] for energies below 30 eV; above this energy, this experiment is lower
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than the current calculation and that of Singh et al. [110]. This difference,

however, decreases with increasing energy and is most significant at the

peak cross section, where the measurements of Laricchia et al. [112] are

more than 20% lower than the current theory. The calculation of Singh

et al. [110] is in close agreement with the CCC-pot results for energies

above 1000 eV but typically is lower than the CCC-pot for energies below

this. On the other hand, the results of Khandker et al. [80] are larger than

those of the CCC-pot for all energies above 30 eV. We also compare with

the frozen-core CCC results of Fursa and Bray [70]. These are marginally

smaller than the present results at the higher energies as they do not

include ejection of the 2s electrons.
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Figure 8.19: Electron-loss cross section for positron scattering on argon.
The current CCC-pot and previous frozen-core CCC [70] results are shown
alongside the calculations of Singh et al. [110] and Haque et al. [84]. Mea-
surements for positrons are from Marler et al. [111], Laricchia et al. [112],
Knudsen et al. [29], Marler et al. [111], and Bluhme et al. [114]. Electrons
measurements are by Sorokin et al. [113]. Vertical dotted lines represent the
positronium-formation and ionisation thresholds.

The ELCS results for positron-argon scattering are shown in Fig. 8.19.

For energies below 25 eV, the CCC-pot calculation is slightly below experi-

ment. Between 25 eV and 50 eV, there is good agreement with experiment

and the CCC-pot calculation. Above 50 eV, however, the CCC-pot result is

notably higher than most experimental results, with agreement only found,

again, above 2000 eV. The CCC-pot calculation predicts a similar shape to
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those of Singh et al. [110], and both calculations predict a peak at approxi-

mately 60 eV. The CCC-pot results, however, are significantly larger across

the entire calculated energy range. Haque et al. [84] predict a peak cross

section lower than the other calculations, and above 60 eV is between the

current calculation and those of Singh et al. [110], except for above 1000 eV

where it converges with the Singh et al. [110] calculation. As for the neon

target, the present CCC results at energies above 100 eV are a little higher

than the CCC (FC) [70]. This time this is due to the inclusion of the ejection

of the 3s electrons.

The consistency of the present CCC results and the CCC(FC) ones for

both targets gives us confidence in the latest CCC results for the electron-loss

cross section. Due to the discrepancies that exist between theory and ex-

periment at intermediate energies, further experimental investigation would

be most welcome.

8.3.8 Positronium-formation cross section

The positron-neon positronium-formation cross section is presented in

Fig. 8.20. The recommended values of Ratnavelu et al. [15] are in agree-

ment with the current calculations for energies below 30 eV. For energies

above 30 eV, the current results are larger than the recommended results

and the available measurements but follow the shape of the data obtained

by Laricchia et al. [112]. The CCC-pot calculation is higher than the

calculations of Singh et al. [110] and McEachran and Stauffer [115] over

the entire presented energy range, whereas the calculation of Gilmore et al.

[116] is higher at energies below 22 eV. Given the discrepancy with the

corresponding experiment for the ELCS above, we expect the CCC-pot

results to be somewhat higher than experiment, and the recommended

cross sections.

The positron-argon positronium-formation cross section is shown in

Fig. 8.21. Compared to the recommended values of Ratnavelu et al. [15]

the current CCC-pot calculations are sufficiently close to the recommended

values and experiment over most of the energy range. Comparison with

other theory shows that the CCC-pot results are roughly in between the

calculations of Singh et al. [110] and McEachran and Stauffer [115] over

much of the energy range of interest.
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Figure 8.20: Positronium-formation cross section for positron scattering on
neon. CCC-pot results are presented alongside the results of the calculations
of Singh et al. [110], McEachran and Stauffer [115], and Gilmore et al. [116],
and the recommended results of Ratnavelu et al. [15]. The grey shaded area
represents the uncertainty of the recommended results. Measurements are
from Jones et al. [71], Marler et al. [111], and Laricchia et al. [112]. The
threshold is indicated by the vertical dotted line.
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Figure 8.21: Positronium-formation cross section for positron scattering on
argon. CCC-pot results are presented alongside the results of the calcula-
tions by Singh et al. [110], Gilmore et al. [116], and McEachran and Stauffer
[115], and the recommended results of Ratnavelu et al. [15]. The grey shaded
area represents the uncertainty of the recommended results. Measurements
are from Jones et al. [71], Marler et al. [111], and Laricchia et al. [112]. The
threshold is indicated by the vertical dotted line.
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The above two comparisons between CCC-pot results and the recom-

mended data for Ar and Ne are rather different. The first thing to note

is that the Ps-formation cross section at its maximum is around five times

higher than for Ne, and so the discrepancy for Ne has to be seen in that

context. Due to the inclusion of scaling procedures to increase the accuracy

of the positronium-formation cross section for energies below its maximum,

we expect errors for these energies to be within 10%. For higher energies,

we estimate an uncertainty of 20%.

8.3.9 Direct ionisation cross section

The direct ionisation cross sections are obtained as the difference of the

ELCS and Ps-formation, and are given for positron scattering on neon in

Fig. 8.22. The current CCC-pot result is within the uncertainty limits of

the recommended results of Ratnavelu et al. [15] for energies above 50 eV.

For energies between 100 eV and 1000 eV, the CCC-pot calculation agrees

within uncertainty with the measurements of Jacobsen et al. [10]. For en-

ergies between 50 eV and 80 eV, the CCC-pot calculation is within the un-

certainty of the experiment of Mori and Sueoka [11], slightly above that of

Laricchia et al. [112], and below other experiments. Below 50 eV, the CCC-

pot cross sections are below the existing experiment and theory. There is

good agreement with the calculation of Bartschat [117] above 50 eV to its

maximum calculated energy of 100 eV. The CCC-pot is substantially larger

than the calculation of McEachran and Stauffer [119] for energies above

110 eV and that of Singh et al. [110] between 150 eV and 700 eV. The

calculation of Montanari and Miraglia [118] is significantly larger than that

of the CCC for energies below 300 eV, with a peak cross section over 15%

larger than the CCC calculation. The peak direct ionisation cross section

is predicted to occur at 150 eV by the CCC-pot, slightly above the energy

predicted by Montanari and Miraglia [118], approximately 50 eV above that

of McEachran and Stauffer [119] and almost twice that of Singh et al. [110].

Very close agreement is found between the CCC-pot calculation and that of

Singh et al. [110] above 700 eV, and for Montanari and Miraglia [118] above

300 eV.
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Figure 8.22: Direct ionisation cross section for positron scattering on neon.
CCC-pot results are compared with the calculations of Bartschat [117],
Singh et al. [110], Montanari and Miraglia [118], McEachran and Stauffer
[119], and the recommended results of Ratnavelu et al. [15]. The grey shaded
area represents the uncertainty of the recommended results. Measurements
are from Laricchia et al. [112], Marler et al. [111], Mori and Sueoka [11], and
Jacobsen et al. [10]. The threshold is indicated by the vertical dotted line.

The corresponding results for the argon target are presented in Fig. 8.23.

The current CCC-pot calculations follow a similar shape to the recom-

mended results of Ratnavelu et al. [15] but are a little outside the upper

uncertainty limits for energies above 30 eV. CCC-pot results are within the

error of the experiment of Laricchia et al. [112] for energies below 30 eV and

above 500 eV. Between these energies, the CCC-pot results overestimate

this experiment and that of [111], but follow the shape of these experiments

with a peak at 100 eV. The CCC-pot calculation, however, is within the

uncertainty of Mori and Sueoka [11] from 30 to 100 eV. The calculation of

Singh et al. [110] is significantly lower than the CCC-pot results for energies

above 40 eV and is below experiment between 60 and 300 eV. On the other

hand, the calculation of Montanari and Miraglia [118] is notably larger than

other theory to 70 eV, with a peak cross section at 60 eV. The calculation of

Bartschat [117] follows a similar shape to the CCC-pot result and predicts

a similar peak cross section at slightly lower energy. The CCC-pot results

are slightly higher than these other calculations for energies above 1000 eV,

but by 5000 eV the differences between each method are minimal.

As the positronium-formation rapidly decreases above its maximum, the
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impact of the higher uncertainty at these energies is not expected to signif-

icantly contribute to the calculation of the direct ionisation cross section,

which we estimate to be within 15% of the true result for both targets.
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Figure 8.23: Direct ionisation cross section for positron scattering on ar-
gon. CCC-pot results are compared against the calculations of Bartschat
[117], Singh et al. [110], Montanari and Miraglia [118], and the recommended
results of Ratnavelu et al. [15]. The grey shaded area represents the uncer-
tainty of the recommended results. Measurements are from Laricchia et al.
[112], Marler et al. [111], and Mori and Sueoka [11]. The threshold is indi-
cated by the vertical dotted line.

8.3.10 Total bound excitation cross section

We present the positron-impact total bound excitation cross section (la-

belled CCC-pot) for Ne and Ar in Figs. 8.24 and 8.25, respectively, from the

excitation energy threshold to 5000 eV. For energies higher than 10 eV above

the direct ionisation threshold, results are obtained directly from the CCC

calculation, whereas, below this point, results are calculated with a CCC

model containing only bound states and the CCC-scaled complex model

potential. The bound state CCC model is used for energies closer to the

excitation threshold and the CCC-scaled complex model potential is used

for energies closer to the direct ionisation threshold, with these two models

smoothly connected at their intersection. The instability of the single-centre

CCC model, which contains both bound and continuum states, can be ob-

served towards the direct ionisation threshold, where it rapidly increases,

demonstrating the benefit of using the complex model potential. For ener-
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gies below the direct ionisation threshold the uncertainty is expected to be

within 15%, whereas, above this threshold, uncertainty is within 10%.

Starting with Fig. 8.24, we see that from threshold to 100 eV the CCC-

pot results are within the error bars of the experiments of Coleman et al.

[121] and Mori and Sueoka [11]. The CCC-pot calculation predicts this cross

section to rise to a maximum at 30 eV before slowly descending to 5000 eV.

The calculation of Kothari and Joshipura [120] agrees with the CCC-pot

result below 30 eV, but not above until around 1000 eV. For energies above

200 eV, the current calculation is in excellent agreement with the electron

semi-empirical results of De Heer et al. [83], as we would expect at the higher

energies.
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Figure 8.24: Total bound excitation cross section for positron scattering on
neon. CCC results are presented alongside the calculations of Kothari and
Joshipura [120] and the measurements of Mori and Sueoka [11] and Coleman
et al. [121]. Semi-empirical results of De Heer et al. [83] for incident electrons
are also shown. The vertical dotted line represents the direct ionisation
threshold.

The corresponding results for argon are given in Fig. 8.25. Our current

CCC and CCC-pot results are shown alongside the calculations of Kothari

and Joshipura [122] and Parcell et al. [85], and the experiment of Mori and

Sueoka [11], Coleman et al. [121], and Sullivan et al. [23]. The calcula-

tion of Kothari and Joshipura [122] exhibits very different behaviour to the

CCC calculation, peaking at almost twice the largest value of the CCC and

decreasing far more rapidly at higher energies. The calculation of Parcell

et al. [85] is smaller than the CCC result, particularly at lower energies, and
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has its peak cross section approximately 40 eV above the other two calcu-

lations. Good agreement is found between the experimental data of Mori

and Sueoka [11] and the CCC-pot results, within the error bars of most

points. The measurements of Sullivan et al. [23] and Coleman et al. [121]

are significantly lower than both the CCC and the experiment of Mori and

Sueoka [11] for energies above 15 eV. This is expected for the measurements

of Sullivan et al. [23] as their results are of only excitation to the 4s state

and, therefore, are only equivalent to the total bound-state excitation cross

section near-threshold. On the other hand, the results of Coleman et al.

[121] are expected to underestimate the true result due to under-counting of

the positrons. For energies above 300 eV, we find close agreement between

the current positron-impact and the electron-impact semi-empirical results

of De Heer et al. [83].
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Figure 8.25: Total bound excitation cross section for positron scattering
on argon. CCC results are presented alongside the calculations of Kothari
and Joshipura [122] and Parcell et al. [85]. Measurements are by Mori and
Sueoka [11], Sullivan et al. [23], and Coleman et al. [121]. Semi-empirical
results of De Heer et al. [83] for incident electrons are also shown. The
vertical dotted line represents the direct ionisation threshold.

8.4 Chapter summary

In this chapter, the structure models utilised for the positron scattering

calculations from neon and argon are described. Results for the excitation

energy and dipole polarisabilities are then shown alongside existing theory,
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NIST, and previous frozen-core CCC calculations. Following this, single-

centre CCC calculations of positron scattering from Ne and Ar noble gases

are presented for energies between 10−5 eV and 5000 eV. Compared to previ-

ous frozen-core CCC calculations, quantities such as the dipole polarisability

and excitation energy are significantly improved due to the opening of the

upper s and p shells in these calculations. Due to the implementation of the

MCHF and large CI expansions, the current structure model is expected

to give more reliable and accurate results than the frozen-core approxima-

tion. However, differences between the open- and frozen-core cross sections

were mostly minimal. The one exception was the elastic cross section for

neon for energies below 0.6 eV, in which the current approach leads to signifi-

cantly larger cross sections. Through the use of the complex model potential

procedure outlined in Chapter. 3, we have also obtained cross sections for

positronium-formation, direct ionisation, and inelastic scattering between

the positronium-formation and direct ionisation thresholds.

Overall, the CCC-pot calculations are found to be in satisfactory agree-

ment with experiment. Exceptions include the electron-loss cross section

for both atoms at intermediate energies, and some elastic differential cross

sections. Agreement with previous calculations is rather mixed. Previous

review articles have presented several recommended cross sections for these

systems. However, these have been limited in both the incident energies and

scattering processes considered. Therefore, the current calculations have ad-

dressed an existing gap in the literature for accurate theoretical results at

intermediate and high energies and provides results for scattering processes

in which previous theoretical and experimental work is limited. Another

benefit of the current approach is that it allows the extraction of individual

bound-state excitation cross sections, which will be a focus of future work.



Chapter 9

Positron scattering from

boron

This chapter first describes the structure and scattering calculations under-

taken for positron scattering on boron. To validate the structure models

comparisons are made with existing values for the excitation energies, os-

cillator strengths, and multipole polarisabilities. Then, cross sections are

provided for the significant scattering processes of this system. An analy-

sis is also provided for low-energy scattering, with results for the scattering

length and energy of the virtual positron level given.

9.1 Structure

9.1.1 Calculation details

A MCHF calculation was used to obtain orbitals up to 4d. The current

model contained N` = 20 − ` with α` = 1.0. Configurations included

1s22s2n` and 1s22p2n` for ` ≤ `max. Also included was 1s22s2pn` for ` ≤ 4,

1s22p3, and 1s22sn`2 for all orbitals between 2p and 3d. Above the di-

rect ionisation threshold, a 1559-state `max = 9 was used to 15 eV. Above

15 eV, a 1353-state `max = 8 model was used. Both of these previous mod-

els contained all states with energies up to 100 eV relative to the B+ direct

ionisation threshold. For energies below the positronium-formation, a 1673-

state model with α` = 3.0, `max = 20, and energies up to 350 eV above

the direct ionisation threshold was used. This larger model was required to

obtain convergent results at low energies due to the slow convergence with

157
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` for energies below the positronium-formation threshold. The electron-loss

cross section was extrapolated above 50 eV using a 3832 state Born model

containing the above configurations, in addition to 1s22s2pn`, 1s22s3sn`

and 1s22s3pn` for ` ≤ 8, 1s22s3dn` and 1s2s22pn` configurations.

9.1.2 Convergence study

A convergence study of the electron-loss (positronium-formation plus direct

ionisation) cross section for different `max for e+-B is shown in Fig. 9.1. This

cross section converges quickly with calculations fully converged for `max ≥ 8

for energies above 10 eV, and `max ≥ 4 above 50 eV.
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Figure 9.1: Convergence study of electron-loss cross section of Be for models
of different `max.

In Fig. 9.2 a convergence study is presented for the scattering length for

the B models used below the positronium-formation. Convergence of this

value is found to occur by `max = 20. The slow convergence at low energies in

relation to `max leads to the requirement of very large scattering calculations.

This was also found to be the case in CCC calculations for positron scattering

from magnesium [230, 261], which also has a low positronium-formation

threshold (0.8 eV).
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Figure 9.2: Convergence study of scattering length of B for models of dif-
ferent `max.

9.1.3 Excitation energies, oscillator strengths, and polaris-

abilities

We present the excitation energies of the current calculation for B alongside

those of the BSR [123], MCHF [383, 384], and NIST [59] in Table. 9.1. There

is excellent agreement between these results, with all excitations within

0.1 eV of the NIST values. In Table. 9.2 we present the oscillator strengths

for transitions from the ground state of B. Close agreement is typically ob-

served between the calculations for the presented oscillator strengths, with

minor discrepancies present for the weaker transitions.

Table 9.1: Excitation energies (eV) for the first 10 B doublet target states.

State Term CCC BSR [123] NIST [59]

1 2s22p 2P o 0.000 0.000 0.000

2 2s23s 2S 4.898 4.916 4.964

3 2s2p2 2D 5.931 5.939 5.933

4 2s23p 2P o 6.006 5.974 6.027

5 2s23d 2D 6.761 6.725 6.790
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Table 9.1: Excitation energies (eV) for the first 10 B doublet target states.

State Term CCC BSR [123] NIST [59]

6 2s24s 2S 6.773 6.752 6.820

7 2s24p 2P o 7.117 7.097 7.165

8 2s24d 2D 7.399 7.374 7.438

9 2s24f 2F o 7.397 7.370 7.443

10 2s25s 2S 7.427 7.387 7.457

Ion. Limit 8.383 8.222 8.298

The dipole polarisability (αD) of both models utilised for B is 20.3 a3
0,

within 1 % of the accepted value of 20.5 a3
0. This quantity must be accurate

to calculate cross sections at low energies correctly. Due to the relatively low

ionisation energy of boron, the majority of the dipole polarisability originates

from the continuum rather than the bound-states. Therefore, to accurately

model boron the impact of the continuum must be correctly accounted for.

The close agreement of αD, oscillator strengths, and energy levels with past

theory and experiment provides strong evidence for the accuracy of the

current B structure model.

Higher multipole polarisabilities are expected to have negligible impact

for these atoms, however the αQ and αO results of our small-energy models

are included for completeness. Our calculation of B had αQ = 135.89 a5
0

and αO = 2243.2 a7
0. The current αQ result is within 8 % of the CEPA-NO

result of 145.7 [372].



Chapter 9. Positron scattering from boron 161

Table 9.2: Oscillator strengths for transitions from the ground state of B.

Lower level Upper level CCC BSR. [123] MCHF [383, 384] NIST [59]

2s22p 2P o 2s23s 2S 0.0770 0.0803 0.0797 0.0785

2s2p2 2D 0.0304 0.0290 0.0471

2s23d 2D 0.167 0.0172 0.104 0.170

2s24s 2S 0.0132 0.0162 0.0161 0.0154

2s24d 2D 0.0759 0.0762 0.0428 0.0723

2s25s 2S 0.0069 0.0117 0.0097 0.0082

9.2 Scattering

9.2.1 Total cross section

In Fig. 9.3 the CCC-pot results for the total cross section of positron scat-

tering on B are presented alongside the electron scattering BSR calculation

of Wang et al. [123]. Typically for atomic targets below 500 eV, the elec-

tron and positron total cross sections differ significantly due to the different

scattering dynamics present for each projectile. In this case, however, we

see unexpected agreement between the electron BSR and positron CCC-pot

results for energies above 15 eV. From considering the components of ex-

citation (Fig. 9.10), ionisation (Fig. 9.6), and elastic scattering (Fig. 9.7)

the reason for this agreement is because the difference in elastic scattering

between the two projectiles is almost equivalent to the difference in inelastic

scattering. The significantly larger elastic cross section for the electron case

is a result of electron exchange, a process which does not occur in positron

scattering.

Unlike the other atoms considered in this thesis, when completing the

CCC-scaled complex model potential calculations the direct inelastic com-

ponent of the CCC-pot for B was fit to 100 eV, where the positronium-

formation becomes near-zero, instead of at high-energies. This was done to

prevent discontinuities in the inelastic cross section between the CCC and
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CCC-pot approaches.
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Figure 9.3: Total cross sections for positron scattering from boron. CCC-
pot results are presented alongside the theoretical results for the incident
electron by Wang et al. [123]. The vertical dotted lines represent the
positronium-formation and direct ionisation thresholds.

9.2.2 Positronium-formation, direct, and electron-loss cross

section

 0

 15

 30

 45

 60

 1  10  100

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

CCC-pot

Figure 9.4: CCC-pot positronium-formation cross sections for positron scat-
tering from boron. The vertical dotted line represents the direct ionisation
threshold.

In Fig. 9.4, positron-boron CCC-pot results are presented without compar-

ison as there is no existing theory or experiment for this transition.
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Figure 9.5: Direct ionisation cross sections for positron scattering from
boron. CCC-pot results are presented alongside the theoretical results for
the incident electron by Wang et al. [123] and Kim and Stone [124].The ver-
tical dotted lines represent the positronium-formation and direct ionisation
thresholds.
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Figure 9.6: Electron-loss cross sections for positron scattering from boron.
CCC-pot results are presented alongside the theoretical results for the inci-
dent electron by Wang et al. [123] and Kim and Stone [124]. The vertical
dotted line represents the direct ionisation threshold.

Direct ionisation results for boron are shown in Fig. 9.5. Due to the ab-

sence of previous positron results, we present current CCC results alongside

the BSR calculation of Wang et al. [123] and BEB calculation of Kim and
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Stone [124]. At high incident energies CCC results become equal to that of

the Born approximation, which is equal for positrons and electrons. We find

this to be valid for energies above 300 eV, with close agreement between

the electron BEB calculation and the current CCC result above this energy.

The results for the electron-loss cross section are shown in Fig. 9.6

9.2.3 Elastic cross section

In Fig 9.7 we present the elastic cross section for boron. Positron results

from the CCC calculations and Dapor and Miotello [37] are shown alongside

the electron scattering BSR calculations of Wang et al. [123] and NIST [125].

As previously mentioned, the electron results for elastic scattering are sig-

nificantly greater than the positron calculation across most of the energy

range due to the electron exchange process. Above 500 eV, near-perfect

agreement is found between the CCC calculation and the results of Dapor

and Miotello [37]. For energies above 1000 eV, the electron elastic results of

NIST [125] are close to the positron results, with them nearly the same by

5000 eV.
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Figure 9.7: Elastic cross sections for positron scattering from boron. CCC
results are presented alongside the theoretical results of Dapor and Miotello
[37] and electron scattering results of Wang et al. [123] and NIST [125].
The vertical dotted lines represent the positronium-formation and direct
ionisation thresholds.
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9.2.4 Momentum-transfer cross section
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Figure 9.8: Momentum-transfer cross sections for positron scattering from
boron. CCC results are presented alongside the theoretical results of Da-
por and Miotello [37]. The vertical dotted lines represent the positronium-
formation and direct ionisation thresholds.

The CCC momentum-transfer cross section for boron is presented in Fig. 9.8

alongside the only other calculation of Dapor and Miotello [37]. As with the

elastic cross section, excellent agreement is observed between these calcu-

lations. Above 1000 eV, the NIST [125] results are close to the positron

results.

9.2.5 Low energy scattering

Due to the absence of other theoretical results, we present only CCC low-

energy results for both momentum-transfer and elastic scattering in Fig. 9.9.

We find the scattering length of B to be 53.85a0. As scattering becomes

isotropic for low energies, the momentum-transfer and elastic cross section

become equivalent, in this case, for energies below 10−2 eV.

As the scattering length for B is significantly greater than its geometric

size, a positron virtual level will exist. The energy of this level can be

obtained using the scattering length and Eq. 2.69. For boron, we find this

energy to be ε =4.69×10−3 eV.
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Figure 9.9: CCC elastic and momentum-transfer cross sections for positron
scattering from boron for energies below 1 eV.

9.2.6 Excitation cross sections

The single-centre CCC formalism is unable to obtain convergence in

the small energy region (6.8 eV) between positronium-formation and

the ionisation threshold. This is due to the inability to approximate

positronium-formation with the positive-energy atomic pseudostates,

which are closed in this energy region. In our experience, running small

eigenstate-only calculations are likely to provide more accurate results in

this energy region.

The total and first nine individual bound-state excitation cross sections

for boron are shown in Fig. 9.10. For the total excitation cross section,

there are no other results to compare against within the literature. The

sharp spike at the lower energies in the CCC result for the total excitation

is unphysical and a result of a lack of convergence in the single-centre

approach. The CCC-pot total excitation result does not exhibit this

unphysical behaviour, however, this approach can not discretise the

individual excitations. Therefore, for the lower energies, the current results

for individual excitations are instead from a 10-state CCC model. For the

2s24f 2Fo and 2s25s 2S excitations, this smaller model was significantly

larger than the 1353-state CCC model. This discrepancy is likely due to

the strong coupling of these states to the continuum in the larger model,

therefore, the 10-state model was uniformly scaled to agree with the larger

model at 18 eV for these excitations. This process better approximates
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the low-energy behaviour of these excitations by minimising the unphysical

behaviour that results from positronium-formation in the single-centre

technique.
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Figure 9.10: The first nine and the total bound-state excitation cross sec-
tions for positron scattering from boron. Current CCC results are presented
alongside the BSR electron calculations of Wang et al. [123]. For the to-
tal excitation cross section, the CCC and CCC-pot results are presented.
The vertical dotted line in the total excitation figure represents the direct
ionisation threshold.

For low energies the results for each projectile are not expected to be

equal due to the impact of the different Coulomb forces. However, there

is close agreement between the current positron results and the electron

BSR [123] results by 100 eV for almost all transitions. The one exception is

the 2s25s 2S excitation, which differs significantly at high energies between

the CCC and BSR due to the different oscillator strengths found by these

models for this transition.
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9.2.7 Stopping power and mean excitation energy
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Figure 9.11: Stopping power CCC-pot calculations for boron. Also shown
are the positronium-formation (PosF) component of the stopping power and
the electron calculations from the ESTAR database [126].
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Figure 9.12: Mean excitation energy CCC-pot calculations for positron scat-
tering from boron.

Current CCC-pot results for the positron stopping power of B are shown in

Fig. 9.11 alongside the ESTAR database [126] results for the electron stop-

ping power. We also present the positronium-formation component of the

stopping power which is estimated from the CCC-pot result using the same

approach utilised for oxygen in Chapter. 7. At 1000 eV, these electron stop-

ping power results are slightly below the positron stopping power, but the
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difference between the electron and positron calculations becomes negligible

for higher energies.

The mean excitation CCC-pot results for B are shown in Fig. 9.12. The

mean excitation energy generally slowly rises across the entire energy range

before plateauing by 5000 eV.

9.3 Chapter summary

In this chapter the structure model and details of the current calculations for

positron scattering on boron are provided. The excitation energies, oscillator

strengths, and multipole polarisabilities derived from the current atomic

structure models are then compared with previous theory and experiment.

A comprehensive set of cross-sections is presented for positron scattering

from boron. An analysis is also performed for the low-energy scattering of

this system to calculate the scattering length and energy of the positron

virtual level.

Good agreement was found between the current results and the only

other existing positron calculation for elastic and momentum transfer cross

sections which were available at high energies only. Excellent agreement

is found with past theory and experiment for the polarisabilities, oscillator

strengths, and excitation energies, with differences only present for weak

transitions. Due to the absence of positron results, other cross sections

have been compared to existing electron theoretical results. In particular,

excellent agreement was found for the direct ionisation and electron-loss

cross section for energies above 300 eV. There was also good agreement

between previous electron and current positron results for most of the first

nine bound-state excitations by 100 eV. Above the positronium-formation

threshold, there was an unexpected agreement between the current positron

results and previous electron calculations for the total cross section. This is

a result of the differences between the elastic cross section of the different

projectiles being approximately equal to their differences in the inelastic

cross section.
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Positron scattering from

fluorine

This chapter presents the single-centre CCC and CCC-scaled complex model

potential calculations for positron scattering from atomic fluorine. First,

details of the calculation and structure model are provided, comparisons

are then made with the excitation energies, weighted oscillator strengths,

and multipole polarisabilities of the current calculation with existing the-

oretical and experimental values. This is followed with the results for the

total elastic, momentum-transfer, excitation, direct ionisation, electron-loss,

positronium-formation, stopping power, and total cross sections from thresh-

old to 5000 eV. These results are compared against existing positron and

electron theory and experiment.

10.1 Structure

10.2 Calculation details

The Laguerre basis utilised in these calculations had N = 25 for ` ≤ 2

and N = 22 − ` for ` > 2, with `max = 8 and α` = 2 for all `. The 1s

core is frozen while one-electron excitations are allowed from the 2s and

2p shells for these calculations. The structure model includes the ground

configuration 2s22p5, the one-electron excitation configurations of 2s22p4n`

and 2s12p5n` for all possible n and ` within the Laguerre basis, and the

configuration 2s2p6. For each symmetry, states were included with energies

170
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up to 50 eV above ionisation, except for the So, P , and Do symmetries for

which all states were included with energies up to 100 eV. These states were

required to obtain an accurate dipole polarisability. This model generated a

total of 1246 target states. For energies below 1 eV, a 1175 state model with

α` = 5 and all states with energies up to 300 eV was required to achieve

convergence at low energies. The electron-loss cross section was extrapolated

for high energies with a Born calculation with the same structure model but

containing all 2446 generated states.

10.3 Excitation energies, oscillator strengths, and

polarisabilities

Good agreement is observed between the present bound-state excitation

energies, those of Gedeon et al. [127], and NIST [59], which are presented in

table 10.1. All current results are within 0.1 eV of this previous theory and

NIST, except for the 2p43s2D and 2p45s2P states, which are within 0.4 eV

of NIST.

Weighted oscillator strengths are presented for the doublet target states

in Table. 10.2. We find typically good agreement across all these transitions

with the BSR calculations of Gedeon et al. [127], the MCHF calculations of

Fischer and Tachiev [385], and NIST [59]. The best agreement is found for

transitions from the ground state, which are the only transitions considered

within our scattering calculation. The structure model of Gedeon et al. [127]

contained more configuration states and continuums than the present model,

which had to be limited due to the high `max required to accurately model

positron scattering. The close agreement between our current excitation

energies and oscillator strengths with their results is, therefore, indicative of

the current model’s accuracy.

Other quantities we can use to evaluate the quality of our structure

model are the multipole polarisabilities. The value of αD is found to be 3.75

a3
0 for the model used above the direct ionisation threshold, and 3.78a3

0 for

the model used below the positronium-formation threshold. These values

are within 1 % of the experimental result of 3.76a3
0 and are close to our 2764

state result of 3.78a3
0.

The model used below the positronium-formation had αQ = 12.05 and

αO = 85.79. This value of αQ is close to the CEPA-NO calculation of
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12.69 [372] and B-Spline CI calculation of 12.69 [358]. The current octupole

result for this model is within 3% of the B-spline CI value of 88.43 [358].

For the model used above the direct ionisation threshold αQ = 11.78 and

αO = 84.57. These results are close to our 2446-state model result of αQ =

12.05 and αO = 85.48.

Table 10.1: Excitation energies (eV) for F bound doublet target states.

State Term CCC Ref. [127] NIST [59]

1 2p5 2P o 0.000 0.000 0.000

2 2p43s 2P 13.101 13.092 12.982

3 2p43p 2Do 14.603 14.584 14.579

4 2p43p 2So 14.699 14.670 14.680

5 2p43p 2P o 14.785 14.728 14.735

6 2p43s 2D 15.748 15.496 15.347

7 2p44s 2P 15.671 15.628 15.653

8 2p43d 2D 15.884 15.836 15.874

9 2p43d 2F 15.900 15.836 15.906

10 2p43d 2P 15.915 15.868 15.934

11 2p44p 2Do 16.124 16.063 16.109

12 2p44p 2So 16.154 16.086 16.136

13 2p44p 2P o 16.182 16.099 16.152

14 2p45s 2P 16.709 16.426 16.482

Ion. Limit 17.335 17.367 17.406
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Table 10.2: Weighted oscillator strengths for F.

Lower level Upper level CCC Ref. [127] Ref. [385] NIST [59]

2p5 2P o 2p43s 2P 0.580 0.559 0.586

2p43s 2D 0.281 0.286 0.306

2p44s 2P 0.113 0.106 0.585

2p43d 2D 0.147 0.125 0.150

2p43d 2P 0.029 0.028 0.041

2p45s 2P 0.058 0.039

2p43s 2P 2p43p 2Do 3.265 3.303 3.166 3.18

2p43p 2So 0.660 0.662 0.661 0.660

2p43p 2P o 2.168 2.158 2.060 2.04

2p44p 2P o 0.042 0.030

2p43p 2Do 2p44s 2P 1.667 1.662

2p43d 2D 1.408 1.421 1.388

2p43d 2F 7.863 7.875 7.859

2p43d 2P 0.079 0.081 0.107

2p45s 2P 0.226 0.167

2p43p 2So 2p44s 2P 0.389 0.379

2p43d 2P 1.876 1.880 1.809

2p45s 2P 0.010 0.032

2p43p 2P o 2p43s 2D 0.061 0.023 0.009

2p44s 2P 1.154 1.121

2p43d 2D 4.271 4.282 3.751

2p43d 2P 1.492 1.465 1.255

2p45s 2P 0.207 0.096

2p44s 2P 2p44p 2Do 4.834 4.889

2p44p 2So 1.020 1.015

2p44p 2P o 2.976 2.945

2p43d 2D 2p44p 2Do 0.435 0.422

2p44p 2P o 1.429 1.324

2p43d 2F 2p44p 2Do 2.365 2.285

2p43d 2P 2p44p 2Do 0.015 0.016

2p44p 2So 0.566 0.544

2p44p 2P o 0.515 0.467



Chapter 10. Positron scattering from fluorine 174

10.4 Scattering

10.4.1 Convergence study

In Fig. 10.1, we present a convergence study of the electron-loss cross section

for positron scattering on fluorine. From this, we find that this model is

converged for `max ≥ 6 for energies above 30 eV and for `max ≥ 4 for

energies above 300 eV.
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Figure 10.1: CCC convergence study for the electron-loss cross section of
positron scattering on fluorine.

10.4.2 Total cross section

In Fig. 10.2 the CCC-pot calculations for positron scattering from fluorine

for energies between 0.1 eV and 5000 eV are presented. As no other results

exist in the literature for the positron total cross sections, we present these

results alongside the BSR calculations of Gedeon et al. [127] for incident

electrons. The BSR calculations were only conducted to 100 eV; therefore,

comparisons can only be qualitative as electron and positron calculations are

not expected to be equivalent below incident energies of 500 eV. The electron

results are significantly larger than the positron results above 0.25 eV, with

a maximum almost twice that of the positron result. However, the electron

TCS decreases above quickly for energies above its peak and is only 50 %

larger by 100 eV. The electron cross section is notably higher for intermediate

energies due to electron exchange, which causes a substantial increase of the

e−-F elastic cross section.
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Figure 10.2: Total cross sections for positron scattering from fluorine. CCC-
pot results are presented alongside the BSR calculations of Gedeon et al.
[127] for incident electrons.

10.4.3 Electron-loss, direct ionisation, and positronium-

formation cross sections
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Figure 10.3: Direct ionisation cross sections for positron scattering from
fluorine. CCC-pot results are presented alongside the theoretical results for
the incident electron by Joshipura and Limbachiya [128] and Gedeon et al.
[127]. Measurements for electron scattering are from Hayes et al. [129].

The direct ionisation cross section for positron scattering is shown in

Fig. 10.3. We present the CCC-pot results for e+-F alongside the e−-F the-

oretical results of Joshipura and Limbachiya [128] and Gedeon et al. [127].



Chapter 10. Positron scattering from fluorine 176

Experimental results for the electron case by Hayes et al. [129] are also pre-

sented. The BSR calculations of Gedeon et al. [127] are lower than the

other theory, except near threshold. The positron calculations are equiv-

alent to the electron results for energies above 1000 eV and close to them

below 40 eV. The electron theoretical results are within the uncertainty of

experiment over its measured range, and the positron results for energies

below 50 eV. The peak cross section at 125 eV occurs at the same energy

for the current CCC-pot positron calculation, experimental results, and the

electron calculations of Joshipura and Limbachiya [128].

In Fig. 10.4, we present the positronium-formation cross sections from

threshold to 500 eV. As no other theoretical or experimental results exist

for this scattering process, we present CCC-pot results by themselves. This

cross section exhibits a shoulder formation with a peak at 15 eV followed by

a slightly larger peak at 25 eV. For energies above 30 eV, this cross section

steadily decreases and is found to be negligible by 300 eV.
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Figure 10.4: CCC-pot positronium-formation cross sections for positron
scattering from fluorine.

The electron-loss cross section is presented in Fig. 10.5. The current

CCC-pot results are shown alongside the same theory and experiment as for

direct ionisation. This cross section exhibits two peaks, one at 15 eV and

the other at 85 eV.
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Figure 10.5: Electron-loss cross sections for positron scattering from fluo-
rine. CCC-pot results are presented alongside the theoretical results for the
incident electron by Joshipura and Limbachiya [128] and Gedeon et al. [127].
Measurements for electron scattering are from Hayes et al. [129].

10.4.4 Bound-state excitation cross sections

The CCC and CCC-pot total bound-state excitation cross section for

positron scattering on fluorine is shown in Fig. 10.6. There are no existing

positron results for the excitation cross sections of e+-F in the literature.

Alongside the total, the excitation cross sections of the first two excited

states, 2p43s2P and 2p43p2D, from the ground state are also presented.

These cross sections were smoothly connected from 20 eV to their thresh-

olds, as the CCC calculation is unstable for these energies. The presented
2P excitation is found to peak at 60 eV, whereas the 2D excitation peaks

at 30 eV. The total bound excitation cross section peaks at 25 eV and then

plateaus to 60 eV, after which it steadily decreases to 5000 eV.

10.4.5 Elastic and momentum-transfer cross sections

The elastic cross section for positron scattering on fluorine is shown in

Fig. 10.7 for energies between 0.01 eV and 5000 eV. The current CCC results

are presented alongside three theoretical models of Tenfen et al. [130] and

the calculations of Dapor and Miotello [37]. Compared to these, we find the

shape of our current calculation matches closest with the MCF-PD model of

Tenfen et al. [130] but with a higher magnitude. The other two models are

significantly higher than the current calculation for incident energies below
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Figure 10.6: Total bound-state excitation cross sections for positron scat-
tering from flourine. CCC and CCC-pot results are presented. Also shown
are the excitation cross section of the 2p43s2P and 2p43p2D states from the
ground state.

1 eV. Each of these models contain different approximations for the polar-

isation of F. The MCF-PD model includes only the dipole polarisability,

MCF-PQ includes the dipole and quadrupole polarisability, and MCF-PG

accounts for the dipole, quadrupole, mixed dipole-quadrupole hyperpolaris-

ability, and pure dipole hyperpolarisability. The quadrupole polarisability

is particularly important in this system as fluorine contains a permanent

quadrupole moment [131]. Below the positronium-formation threshold, the

CCC calculation is expected to converge to the true result. Evidence for this

is provided through our calculations of αD, which is within 1% of experimen-

tal results, αQ, which is within 2% of previous calculations, and αO, which

is within 3% of the previous calculation. Due to the excellent agreement

of these polarisabilities, the current elastic cross sections are expected to

be accurate. The calculations of Dapor and Miotello [37] are indistinguish-

able from the CCC results for energies above 500 eV. The CCC calculations

exhibit a minimum at 1 eV, which is a Ramsauer-Townsend minimum.

Momentum-transfer cross sections for e+-F are presented in Fig. 10.8

for energies between 0.1 eV and 5000 eV. The current CCC calculation is

shown alongside the calculations of Dapor and Miotello [37]. Similar to the

elastic cross section, we find that these results are indistinguishable from

the CCC calculations for energies above 500 eV. The momentum-transfer
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Figure 10.7: Elastic cross sections for positron scattering from flourine. CCC
results are presented alongside the calculations of Dapor and Miotello [37]
and Tenfen et al. [130].

cross section also exhibits a minimum resulting from the s- and p-wave shifts

being equal, while higher-wave contributions are small, at ≈ 0.7 eV.

10
-2

10
-1

10
0

 0.1  1  10  100  1000

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

CCC

Dapor and Miotello

Figure 10.8: Momentum-transfer cross sections for positron scattering from
flourine. CCC results are presented alongside the calculations of Dapor and
Miotello [37].

10.4.6 Elastic differential cross sections

The elastic differential cross section for the positron-F scattering system is

shown in Fig. 10.9 for incident energies between 0.5 eV and 10 eV. The
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current CCC calculations are shown alongside the MCF-PG and MCF-PD

models of Tenfen et al. [130]. Compared to these two models, the current

CCC calculation follows the shape of the MCF-PD models for each of the

presented energies but with a higher magnitude. The MCF-PG model, on

the other hand, is larger than the CCC for all angles at 0.5 eV and below

40◦ for the other energies. This model also consistently finds the minimum

of the DCS to occur at a larger angle than the CCC and MCF-PD models

for the presented energies. The CCC and MCF-PD models are in agreement

for the location of these minima.

In Fig. 10.10, the differential cross section is presented for energies

0.0

1.0

2.0

0.5 eV

CCC
MCF-PG
MCF-PD

0.0

1.0

2.0

0 60 120

6 eV

D
if

fe
re

n
ti

al
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
0
2
)

3 eV

 0  60  120  180

10 eV

Scattering angle (deg)

Figure 10.9: Elastic differential cross section for positron scattering on flu-
orine for incident energies between 0.5 eV and 10 eV. CCC results are pre-
sented alongside the MCF-PG and MCF-PD models of Tenfen et al. [130].

between 50 eV and 1000 eV. The current CCC results are shown alongside

the MCF-PG model of Tenfen et al. [130] and the calculations of Dapor and

Miotello [37]. For 50 eV and 100 eV, we find good agreement between the

CCC calculation and the MCF-PG model for higher angles; however, very

different behaviour is found at the low angles. The MCF-PG is found to

have a dip at ≈ 10◦ before rising again towards 0◦. The CCC result, on

the other hand, smoothly increases to 0◦. As with the elastic cross section,



Chapter 10. Positron scattering from fluorine 181

we find very close agreement with the DCS of Dapor and Miotello [37] for

500 eV and 1000 eV.
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Figure 10.10: Elastic differential cross section for positron scattering on flu-
orine for incident energies between 50 eV and 1000 eV. CCC results are
presented alongside the MCF-PG model of Tenfen et al. [130] and the cal-
culations of Dapor and Miotello [37].

10.4.7 Low energy scattering

The elastic cross section from 10−5 eV to 5 eV is presented in Fig. 10.11.

This cross section is asymptotic for energies below 10−3 eV. Above 10−3 eV

the cross section decreases to the minimum at 1 eV. Using Eq. 2.66 we find

the scattering length of this system to be 1.108 a0.

In Fig. 10.12 we present the L-wave components of the elastic cross sec-

tion, where L is the orbital angular momentum of the incident positron. The

minimum in the s-wave component that results in the Ramsauer-Townsend

minimum can be observed at approximately 1.5 eV.
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Figure 10.11: Elastic CCC cross sections of positron scattering from flourine
for energies below 5 eV.
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Figure 10.12: Elastic CCC cross sections of positron scattering from fluorine
for energies below 5 eV.

10.4.8 Inelastic cross section

The total inelastic cross section and its components are presented in

Fig. 10.13 for the current calculation. Positronium-formation is the domi-

nant inelastic scattering process to 40 eV. Above 40 eV, direct ionisation is

the dominant inelastic process. Excitation of the bound-states is minimal

compared to the other scattering processes. The total inelastic cross section

has a maximum at 80 eV, between that of the positronium-formation and
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direct ionisation maximums.
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Figure 10.13: Total inelastic CCC cross sections of positron scattering
from fluorine The positronium-formation (PosF), direct ionisation, and total
bound-state excitation components are also shown.

10.4.9 Stopping power and mean excitation energy
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Figure 10.14: Stopping power for positron scattering from fluorine CCC
results are presented alongside the electron calculations of ESTAR [126].
The positronium-formation (PosF) component of the stopping power is also
presented.

In Fig. 10.14 the stopping power of a positron incident on fluorine is pre-

sented for energies between 10 eV and 5000 eV. The e+-F CCC-pot results

are presented alongside the e−-F results of the ESTAR database [126]. There
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is close agreement between the current CCC-pot calculation and the ESTAR

calculations for energies above 3000 eV. Below this energy, the ESTAR re-

sults are slightly lower. This is expected as, at lower energies, electrons have

a lower stopping power than positrons due to their decreased inelastic cross

sections.

The mean excitation energy for positron scattering from fluorine is shown

in Fig. 10.15. There is a sharp rise near the threshold due to the opening of

the positronium-formation channel. Above this, the mean excitation energy

steadily increases to 1000 eV. For energies over 1000 eV, the mean exci-

tation energy slightly decreases to 5000 eV. The CCC-pot calculations are

presented by themselves as there are no other theoretical or experimental

results for this quantity within the literature.
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Figure 10.15: CCC-pot results for the mean excitation energy for positron
scattering from fluorine

10.5 Chapter summary

An outline is given for the structure model and scattering calculations

utilised to calculate cross sections for the positron-fluorine scattering sys-

tem. The current target structure model for atomic fluorine is in excellent

agreement with the energy levels and weighted oscillator strengths of NIST

and previous theory. A comprehensive set of cross sections, including the

total, elastic, momentum-transfer, direct ionisation, positronium-formation,

electron-loss, inelastic, excitation, and stopping power cross sections, have

been calculated for energies between threshold and 5000 eV. Quantities
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such as the scattering length and the mean excitation energy were also

calculated.

Good agreement is observed between current results and previous

positron theory for the elastic and momentum-transfer cross sections for en-

ergies above 500 eV. There is disagreement between the current calculation

and other theoretical models for energies below the positronium-formation.

However, the CCC calculation is within the range of these models. For

ionisation, agreement is found for energies above 1000 eV with previous

electron calculations. For the stopping power, agreement was found between

the current positron calculation and previous electron results for energies

above 3000 eV.

As calculations have been conducted to high orbital angular momentum

and there is close agreement with excitation energies, oscillator strengths,

and multipole polarisabilities to previous results, we expect that errors

associated with structure will be within 5 %. We, therefore, expect that

elastic, momentum-transfer, elastic differential, and total bound-state

excitation cross sections will be within 5 % of their true results. The model

potential calculations are expected to have higher inaccuracies than the

CCC results. However, positronium-formation is fairly small for fluorine.

Therefore, we expect that the total cross section and direct ionisation cross

sections to have an uncertainty within 10 %. For the positronium-formation

cross section, we expect errors to be within 10 % to its maximum value and

20 % for energies above this.
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Molecules

To calculate positron scattering from complex molecular targets with ab-

initio close-coupling calculations, such as those completed for the consid-

ered atomic targets, would require extensive theoretical and code develop-

ment well outside the scope of this thesis. Furthermore, the computational

resources required for these calculations would also be considerable. A far

less intensive approach is to follow the independent atom modelling method

(CCC-SCAR) outlined in Chapter. 4. With the atomic cross sections cal-

culated within the preceding chapters and previous calculations for atomic

hydrogen, we can therefore calculate cross sections for molecules that con-

tain H, C, O, B, and F atoms with this method.

In this chapter, results are provided for the CCC-SCAR calculations of

positrons from C2, O2, CO, CO2, O3, H2O, CH4, and CF4. These molecules

were selected due to both their importance within biological, plasma, at-

mospheric, and astrophysical research and the existence of previous calcula-

tions and experiments. For each molecule, results are presented for the total,

elastic, total electronic excitation, direct ionisation, positronium-formation,

electron-loss, and total inelastic cross section from 0.1 eV to 5000 eV. Due

to the difficulties found in this approach for modelling molecules containing

H, the hydrogen-scaling method described in Section. 4.3 is utilised for the

H2O and CH4 molecular targets. Current results are compared to existing

positron theory and experiment and, where appropriate, electron theory and

experiment. Some sections in this chapter text or figures are adapted from

a published work by the candidate [4]. The publishers of this article (EDP

Sciences, Società Italiana di Fisica, and Springer Berlin Heidelberg) provide

186
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the right to use an article or a portion of an article in a thesis or dissertation

without requesting permission.

11.1 Molecular inelastic thresholds and geometri-

cal distances

For the CCC-SCAR method, we require the accepted values for the thresh-

olds of inelastic processes because molecular inelastic thresholds can differ

considerably from those of their constituent atoms. Once an inelastic cross

section is calculated, we can use these accepted thresholds to shift this cross

section to its correct molecular threshold, improving the accuracy of the

calculated results. Table. 11.1 presents the currently accepted direct ionisa-

tion and electronic excitation thresholds for several of the molecules consid-

ered within this chapter. Direct ionisation thresholds were obtained from

the CCCB database of NIST [368]. The source of the electronic excitation

thresholds are provided in Table. 11.1. For each molecule, the electronic

excitation, direct ionisation, positronium-formation, and electron-loss cross

sections were shifted according to these values. The geometrical distances

between atomic components within a molecule required to calculate the

screening coefficients for each molecular target (Eq. 4.3) were also obtained

from the CCCB database of NIST [368].

Table 11.1: Direct ionisation and electronic excitation threshold for some of
the considered molecules.

Threshold H2 C2 O2 CO CO2 O3 H2O CH4 CF4

Ion. [368] 15.43 11.40 12.07 14.01 13.78 12.53 12.62 12.61 14.70

Exc. 12.73 [13] 6.30 [386] 7.05 [56] 8.07 [387] 11.04 [141] 1.6 [388] 7.54 [389] 10.58 [390] 12.6 [391]

11.2 O2 scattering

11.2.1 Total cross section

The total cross section of a positron incident upon molecular oxygen

is presented in Fig. 11.1. CCC-SCAR calculations are lower than the

IAM-SCAR+I calculations of Ellis-Gibbings et al. [133], the IAM-SCAR

calculations of Chiari et al. [51], and the SCOP calculations of Singh et al.
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[33]. Close agreement is found between the CCC-SCAR and the experiment

of Chiari et al. [51] for energies between 1 eV and 10 eV. Although

the results of Chiari et al. [51] are not corrected for forward scattering

effects, as O2 is a non-polar molecule this correction is not expected to be

significant. Therefore, the CCC-SCAR agrees fairly well with the experi-

ment of Chiari et al. [51] but underestimates for energies below 1 eV. The

IAM-SCAR approach is of least accuracy at these low energies where the im-

pact of a molecule’s polarisability and structure are at their most significant.
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Figure 11.1: Total cross section for positron scattering on molecular oxygen.
Theoretical CCC-SCAR results are shown alongside calculations by Singh
et al. [33], Tenfen et al. [131], Pinheiro et al. [132], Ellis-Gibbings et al.
[133]. Experimental O2 results for positron scattering are from Charlton
et al. [50], Chiari et al. [51], and Dababneh et al. [52]. Electron O2 results
are by Garćıa et al. [53].

There is good agreement with the CCC-SCAR results and those of Ten-

fen et al. [131] and Pinheiro et al. [132] for energies between 1 eV and

the positronium-formation threshold. Both of these calculations utilised

model potential based approaches in which higher-order polarisabilities are

accounted for, with Pinheiro et al. [132] also including adiabatic corrections.

The calculations of Singh et al. [33], on the other hand, employed the SCOP

method, where the polarisation component of the potential is obtained via

the approach of Padial and Norcross [392]. It has been demonstrated by Jain

[393] that model correlation potentials which model electron impact, such as

the one utilised by Singh et al. [33], are inadequate to describe positron scat-
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tering, particularly at low energy. This is due to the fundamental differences

in the correlation between both projectiles, which are more pronounced at

lower energies. Chiari et al. [51] and Ellis-Gibbings et al. [133] calculations

also utilised the IAM-SCAR approach, with the underlying atomic cross

sections calculated through model potential calculations. These other the-

oretical calculations agree at 1 eV and are substantially higher than the

current results and those of Tenfen et al. [131] and Pinheiro et al. [132].

The CCC-SCAR results are in agreement with positron experiment for

energies up to 100 eV. In contrast, the other theoretical calculations predict

substantially higher cross sections in this energy range. Above 100 eV, the

CCC-SCAR results are slightly higher than the measurements of Dababneh

et al. [52] and much higher than those of Charlton et al. [50]. For energies

above 1000 eV, the current calculations are slightly below the electron mea-

surements of Garćıa et al. [53]. The results of Singh et al. [33] are above

this experiment, whereas the other calculations are below the CCC-SCAR

result.

11.2.2 Elastic cross section
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Figure 11.2: Elastic cross section for positron scattering on molecular oxy-
gen. Theoretical results include those of the CCC-SCAR, Reid and Wadehra
[32], Pinheiro et al. [132], Tenfen et al. [131], Ellis-Gibbings et al. [133], and
Chiari et al. [51] for positrons and Williart et al. [69] for the electron case.
Experimental results are from Chiari et al. [51], Dababneh et al. [52], and
Iga et al. [60] for the electron case.
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The elastic cross section for e+-O2 is shown in Fig. 11.2. CCC-SCAR re-

sults below the positronium-formation are equivalent to the TCS. The IAM-

SCAR+I calculations of Ellis-Gibbings et al. [133], the IAM-SCAR calcula-

tions of Chiari et al. [51], and the IAM calculations of Reid and Wadehra

[32] follow similar behaviours but at different magnitudes. The CCC-SCAR

results, however, are notably different, with a more gradual descent. Com-

pared to the experimental e− results of Iga et al. [60], our results lie within

the error bars of the 1000 eV measurement. The CCC-SCAR results are

also in close agreement with the theoretical e− calculations of Williart et al.

[69] for energies above 2000 eV. As e+ and e− scattering are expected to be

close for these high incident energies, with the e− results providing an upper

limit for the e+ result, this lends validity to our results at high energy.

11.2.3 Total electronic excitation cross section

The total electronic excitation cross sections for O2 are presented in

Fig. 11.3. The current CCC-SCAR results are lower than the experimental

data of Katayama et al. [135], which measures positron excitations to the

Schumann-Runge continuum, even if the CCC-SCAR reproduces well the

near-to-threshold resonant-like dependence of the cross section. This con-

tinuum represents excitations from the ground state X3Σ−g to the B3Σ−u

state. The other existing theoretical results of Ellis-Gibbings et al. [133] are

significantly larger than the CCC-SCAR results across the calculated energy

range.

To facilitate comparison with O2 excitations for incident electrons at

high energies, we present the summed theoretical and experimental results

of Suzuki et al. [134] and Newell et al. [136] for excitations to the Schumann-

Runge continuum and the longest band state. The longest band state rep-

resents excitations of O2 from the ground state to E3Σ−u . Compared to

this summed experiment, the positron measurements and current calcula-

tions are within error for all values in their measured range of 15 eV to

200 eV. The CCC-SCAR is higher than high-energy theoretical results of

Suzuki et al. [134] for energies above 100 eV. This difference is expected as

the CCC-SCAR should approximate the sum of all electronic excitations,

whereas the summed theoretical results of Suzuki et al. [134] contains only

two transitions.



Chapter 11. Molecules 191

10
-2

10
-1

10
0

10
1

 10  100  1000

e
+
-O2: Exc.

In
te

g
ra

te
d
 c

ro
ss

 s
ec

ti
o
n
 (

u
n
it

s 
o
f 

a
02
)

Incident energy (eV)

Theory

CCC-SCAR

Ellis-Gibbings et al

e
-
: Suzuki et al

Experiment

Katayama et al

e
-
: Suzuki et al

e
-
: Newell et al

Figure 11.3: Total electronic excitation cross section for positron scatter-
ing on molecular oxygen. Theoretical results include the CCC-SCAR and
the IAM-SCAR calculations of Ellis-Gibbings et al. [133] for positrons and
the calculations of Suzuki et al. [134] for electrons. Experimental results
for positrons are of excitations to the Schumann-Runge continuum from
Katayama et al. [135]. Electron experimental results are from Newell et al.
[136] and Suzuki et al. [134].

11.2.4 Electron-loss, direct ionisation and positronium-

formation cross section

In Fig. 11.4 the results for the positronium-formation cross section of e+-O2

are presented. The theoretical calculations of Singh and Antony [34] and

Ellis-Gibbings et al. [133] predict higher peaks than the CCC-SCAR. These

calculations also predict that σPs increases to a maximum and then steadily

decreases, smoothly in the case of Singh and Antony [34] and sharply in

that of Ellis-Gibbings et al. [133]. All theoretical methods agree for en-

ergies above 100 eV, however the CCC-SCAR results are lower than the

other theory for energies between 10 and 100 eV but in better agreement

with experiments of Marler and Surko [56], Archer et al. [57], and Laric-

chia et al. [137]. Compared to all of the experiments, the CCC-SCAR is

in good agreement for energies below 7 eV, with all experiment, and above

30 eV, with that of Marler and Surko [56]. Experimental results predict a

first maximum between 7-9 eV, which is expected to result from coupling

between the positronium-formation and excitation to the Schumann-Runge

continuum [137]. A second maximum is predicted by experiment to occur

at 30 eV. The CCC-SCAR results are in a qualitative agreement with more
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recent experiments.
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Figure 11.4: Positronium-formation cross section for positron scattering on
molecular oxygen. Theoretical results include CCC-SCAR and the calcula-
tions of Ellis-Gibbings et al. [133] and Singh and Antony [34]. Experimental
O2 measurements are from Marler and Surko [56], Archer et al. [57], Laric-
chia et al. [137], and Griffith [58].
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Figure 11.5: Direct ionisation cross section for positron scattering on molec-
ular oxygen. Theoretical results include CCC-SCAR, Ellis-Gibbings et al.
[133], Singh and Antony [34], Franz et al. [138], and Campeanu et al.
[139]. Experimental results for positrons are from Marler and Surko [56]
and Katayama et al. [135], electron results are from Krishnakumar and Sri-
vastava [140].

Results for the direct ionisation cross section for the e+-O2 system are
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shown in Fig. 11.5. Excellent agreement is found between the calculations

of Ellis-Gibbings et al. [133] and the CCC-SCAR results for energies above

150 eV. For energies above 500 eV, there is agreement between the CCC-

SCAR, [133], and Franz et al. [138] calculations. The calculations of Singh

and Antony [34], on the other hand, are almost double that of the other

calculations for incident energies above 500 eV. At lower energies, there

is no agreement between different theoretical methods, with all varying in

their magnitude. For energies below 20 eV, the results of the CCC-SCAR

and Ellis-Gibbings et al. [133] are within the range of experimental results.

For energies between 20 and 60 eV, the experiments are typically between

the calculations of Singh and Antony [34] and Franz et al. [138] with these

calculations lying with the error of some points. For this same energy range,

the CCC-SCAR results are above the calculations of Singh and Antony [34]

and much lower than the calculations of Ellis-Gibbings et al. [133].
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Figure 11.6: Electron-loss cross section for positron scattering on molecular
oxygen. Theoretical results include CCC-SCAR and Singh and Antony [34],
and Ellis-Gibbings et al. [133] calculations. Experimental O2 measurements
are from Marler and Surko [56] and Laricchia et al. [137].

The electron-loss cross sections are presented in Fig. 11.6. The σEL

is equivalent to the direct ionisation cross section for high energies. The

CCC-SCAR results predict a similar shape to the experiments of Marler

and Surko [56] and Laricchia et al. [137] but have a larger magnitude for

energies above 7 eV. The local minima at 12 eV results from the positronium-

formation decreasing while the direct ionisation increases. The calculations
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of [34] are also higher than experiment but predict a very different shape.

The results of Ellis-Gibbings et al. [133] predict a rise in this cross section to

a peak at 30 eV, approximately 1.5 times larger than the other calculations

and experiment, followed by a rapid decrease after which there is excellent

agreement with the CCC-SCAR results for energies above 200 eV.

11.3 C2 scattering

11.3.1 Total cross section

The total cross section for a positron scattering on diatomic carbon is shown

in Fig. 11.7. Current CCC-SCAR results are compared to the results of

Singh et al. [33] and Reid and Wadehra [32]. For energies above 20 eV, good

agreement is found between the CCC-SCAR results and those of Singh et al.

[33]. Above 1000 eV, however, the results of Singh et al. [33] are slightly

above the CCC-SCAR results. For energies between 6 and 25 eV, the CCC-

SCAR results are larger than those of Singh et al. [33]. Below 6 eV, the

CCC-SCAR results are instead lower, and its minimum at 5 eV is lower

than that of Singh et al. [33] at 7 eV. The IAM calculations of Reid and

Wadehra [32] are significantly lower than the other calculations over its

entire range.
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Figure 11.7: Total cross section for positron scattering on diatomic carbon.
Theoretical results include the CCC-SCAR and those of Singh et al. [33]
and Reid and Wadehra [32].
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11.3.2 Elastic cross section

The elastic cross section for this system is presented in Fig. 11.8. The only

existing theoretical calculations are those of Reid and Wadehra [32]. As

with the total cross section, these results are significantly lower than the

CCC-SCAR results, except for energies below 100 eV.
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Figure 11.8: Elastic cross section for positron scattering on diatomic carbon.
Theoretical results include those of the CCC-SCAR and Reid and Wadehra
[32].

11.3.3 Total inelastic and electronic excitation cross section

For the total inelastic cross section for a positron scattering on diatomic

carbon, shown in Fig. 11.9, the CCC-SCAR results are presented with the

only other results of Reid and Wadehra [32]. Again, we find the calculations

of Reid and Wadehra [32] to be lower than the CCC-SCAR results, although

the differences between these results decrease with increasing incident en-

ergy. Also presented in this figure are the electronic excitation cross section

which, due to there being no previous theoretical or experimental work, are

presented without comparison.
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Figure 11.9: Total inelastic cross section for positron scattering on diatomic
carbon. Theoretical results include those of the CCC-SCAR and Reid and
Wadehra [32]. Also shown are the CCC-SCAR total electronic excitation
cross section (Exc.) for this scattering system.

11.3.4 Electron-loss, direct ionisation, and positronium-

formation cross sections

The positronium-formation cross section for positron scattering on diatomic

carbon is shown in the bottom segment of Fig. 11.10. CCC-SCAR results

are shown alongside the calculations of Singh and Antony [34]. Here, we find

the CCC-SCAR results to be much higher than those of Singh and Antony

[34] for energies below 35 eV. Above 35 eV, the CCC-SCAR results fall off

substantially faster than this approach.

For the direct ionisation cross section of this system, shown in the mid-

dle segment of Fig. 11.10, CCC-SCAR results are again shown alongside

those of Singh and Antony [34]. There is very close agreement between

these calculations for energies below 20 eV. Between 20 eV and 250 eV, the

CCC-SCAR results are higher and predict a larger peak than that of Singh

and Antony [34]. Above 250 eV, the CCC-SCAR results are lower than the

results of Singh and Antony [34] to 5000 eV.

In the top segment of Fig. 11.10 we present the σEL for both the CCC-

SCAR and Singh and Antony [34] results for e+-C2. The CCC-SCAR cal-

culations follow a similar shape to the calculations of Singh and Antony [34]

but with a substantially higher peak at 10 eV due to the higher positronium-

formation predicted by the CCC-SCAR. The second peak, resulting from the
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direct ionisation, is also higher in the CCC-SCAR calculation. For higher

energies, as with direct ionisation, the CCC-SCAR results for σEL are below

those of Singh and Antony [34].
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Figure 11.10: Electron-loss (top), direct ionisation (middle), and
positronium-formation (bottom) cross section for positron scattering on di-
atomic carbon. Theoretical results include CCC-SCAR and those of Singh
and Antony [34].

11.4 CO scattering

11.4.1 Total cross section

The total cross section for positron scattering on carbon monoxide is shown

in Fig. 11.11. The current CCC-SCAR calculations are shown alongside

the theoretical results of Billah et al. [143], which utilise the IAM-SCAR+I

approach, Gianturco et al. [142], that use the BF-VCC, and those of Singh

et al. [141]. Experimental results for electrons are from Karwasz et al. [148]

and Garćıa et al. [149] and for positrons are from Zecca et al. [144], Sueoka

and Mori [145], Coleman et al. [146], and Kwan et al. [147]. For energies
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below the positronium-formation, our results find similar behaviour to the

measurements of Zecca et al. [144] but at a larger magnitude. As CO is

polar it is likely that the results of Zecca et al. [144] underestimate due to

not accounting for forward scattering. The calculations of Billah et al. [143],

on the other hand, predict a minimum at 4 eV and are significantly lower

than the current result. The results of Gianturco et al. [142] were calculated

only below the positronium-formation threshold and have a similar shape to

the CCC-SCAR results but with a lower magnitude and steeper rise below

1 eV. For energies above the positronium-formation our results are between

the calculations of Billah et al. [143] and Singh et al. [141] to 60 eV. Above

this energy, the current results are larger than these theoretical approaches.

However, above 1500 eV, the current results are close to those of Singh

et al. [141]. Our calculations are generally above the positron measurements

across the calculated energy range. Agreement is found with the electron

measurements of Karwasz et al. [148] and the CCC-SCAR results for energies

between 200 eV and 1000 eV. Above 1000 eV, the results of Karwasz et al.

[148] underestimate the current results and the electron measurements of

Garćıa et al. [149]. Therefore, the current theory is expected to be more

reliable at high energies
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Figure 11.11: Total cross section for positron scattering on carbon monoxide.
Theoretical results include those of the CCC-SCAR and those of Singh et al.
[141], Gianturco et al. [142], and Billah et al. [143]. Experimental results for
positrons are from Zecca et al. [144], Sueoka and Mori [145], Coleman et al.
[146], and Kwan et al. [147]. For electrons the experimental measurements
are from Karwasz et al. [148] and Garćıa et al. [149].
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11.4.2 Elastic cross section
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Figure 11.12: Elastic cross section for positron scattering on carbon monox-
ide. Theoretical results include those of the CCC-SCAR, Singh et al. [141],
Billah et al. [143], Kothari and Joshipura [150], Reid and Wadehra [32], and
Gianturco et al. [142].

The elastic cross section for a positron incident on carbon monoxide is shown

in Fig. 11.12. CCC-SCAR results are shown alongside the theoretical cal-

culations of Billah et al. [143] and Singh et al. [141], and Gianturco et al.

[142]. Very close agreement is found with the calculations of Billah et al.

[143] above 100 eV. Below this energy, these results, and those of Gianturco

et al. [142], exhibit very different behaviour and are at a lower magnitude

than the CCC-SCAR calculation. The calculations of Reid and Wadehra

[32] are lower than the CCC-SCAR results for energies above 200 eV, and

at high energies, are in agreement with the calculations of Kothari and Jo-

shipura [150].

11.4.3 Total electronic excitation cross section

In Fig. 11.13, we present the e+-CO total electronic excitation cross section.

Current CCC-SCAR results are shown alongside the calculations of Kothari

and Joshipura [150] for the total excitation, the calculations of da Silva et al.

[151] for excitation to the A1Π state, and the measurements for excitation to

the A1Π state from Marler and Surko [56]. The calculations of Kothari and

Joshipura [150] are below the CCC-SCAR results across almost the entire

energy range. Over its calculated energies the SMC results of da Silva et al.
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Figure 11.13: Total electronic excitation cross section for positron scattering
on carbon monoxide. Theoretical results include those of the CCC-SCAR
and Kothari and Joshipura [150] for the total excitation and da Silva et al.
[151] for excitation to the A1Π state. Experimental results for excitation to
the A1Π state are from Marler and Surko [56].

[151] are slightly higher than the CCC-SCAR results. The current results,

and those of da Silva et al. [151], have a similar shape to the experiment of

Marler and Surko [56]. However, both theoretical results predict a maximum

that occurs at a higher energy, with the peak of the CCC-SCAR results is

20 eV above that predicted by this experiment. Towards threshold, the SMC

and CCC-SCAR results predict lower values than that of the experiment.

11.4.4 Electron-loss, direct ionisation, and positronium-

formation cross sections

The CCC-SCAR calculations for the e+-CO positronium-formation cross

section are presented in Fig. 11.14 alongside the theoretical calculations

of Singh and Antony [24] and experiment of Marler and Surko [56]. The

current results are in agreement with Singh and Antony [24] for energies

above 80 eV. For lower energies, the CCC-SCAR results, however, are

significantly higher. As with O2, agreement is found with experiment for

energies above 30 eV. Below 30 eV, the current results are significantly

larger than experiment.

For the direct ionisation cross section, presented in Fig. 11.15, the

CCC-SCAR results are larger than other theory and experiment for energies
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between 30 and 200 eV. Above 200 eV, the CCC-SCAR results lie within

the uncertainty of the experiment of Bluhme et al. [154] and is between

the calculations of Kothari and Joshipura [150] and Singh and Antony [24],

and those of Tóth et al. [152] and Campeanu et al. [153]. Below 30 eV, the

CCC-SCAR results are close to other presented theory and experiment.
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Figure 11.14: Positronium-formation cross section for positron scattering
on carbon monoxide. Theoretical results include CCC-SCAR and the cal-
culations of Singh and Antony [24]. Experimental measurements are from
Marler and Surko [56].

Due to the large values for positronium-formation in the CCC-SCAR

results, the σEL, shown in Fig. 11.16, features a first maximum not present

in other theory or experiment. For energies between 30 and 80 eV, the CCC-

SCAR results lie within the uncertainty of the experiment of Bluhme et al.

[154]. For higher energies, the CCC-SCAR results are above the experiment

of Bluhme et al. [154] and between the calculations of Billah et al. [143] and

Singh and Antony [24].
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Figure 11.15: Direct ionisation cross section for positron scattering on car-
bon monoxide. Theoretical results include CCC-SCAR, Singh and Antony
[24], Kothari and Joshipura [150], Tóth et al. [152], and Campeanu et al.
[153]. Experimental results are from Marler and Surko [56] and Bluhme
et al. [154].
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Figure 11.16: Electron-loss cross section for positron scattering on carbon
monoxide. Theoretical results include CCC-SCAR and Singh and Antony
[34], and Ellis-Gibbings et al. [133] calculations. Experimental O2 measure-
ments are from Marler and Surko [56] and Bluhme et al. [154].

11.4.5 Total inelastic cross section

The total inelastic cross section for e+-CO is presented in Fig. 11.17. As

there are no experimental results for this scattering process, we present

current CCC-SCAR results alongside the calculations of Singh et al. [141],



Chapter 11. Molecules 203

Billah et al. [143], Reid and Wadehra [32], and Kothari and Joshipura [150].

For energies above 1000 eV, there is excellent agreement between all of the

theoretical results, except for Billah et al. [143], which is lower than other

theory. Below this energy, the CCC-SCAR results are larger than other

theoretical results, except for below 70 eV, where the CCC-SCAR results

are between the other theoretical calculations and the results of Billah et al.

[143].
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Figure 11.17: Total inelastic cross section for positron scattering on carbon
monoxide. Theoretical results include those of the CCC-SCAR, Singh et al.
[141], Billah et al. [143], Reid and Wadehra [32], and Kothari and Joshipura
[150].

11.5 CO2 scattering

11.5.1 Total cross section

In Fig. 11.18, we present the results for the total cross section of e+-CO2.

Current CCC-SCAR results are presented alongside a several theoretical re-

sults [131, 141, 155, 156] and measurements for positrons [145, 147, 159, 160]

and electrons [158]. As was found for CO, the current calculations are larger

than the positron experiments, except below the positronium-formation en-

ergy where good agreement is found with the measurements of Zecca et al.

[160]. This discrepancy is likely a result of the experiments of Sueoka and

Mori [145], Kwan et al. [147], and Charlton et al. [159] having used strong

guiding magnetic fields. Therefore, their results will underestimate the true
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result as no corrections were made for forward scattering. For energies

above 400 eV, however, excellent agreement is found with the electron ex-

periment of Garćıa and Manero [158] and the theoretical calculations of

Lozano et al. [155]. For energies above 2500 eV, there is also close agree-

ment between these two calculations and those of Singh et al. [141]. Besides

these agreements, large discrepancies exist between the different theoretical

calculations, with all differing in magnitudes and behaviour.
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Figure 11.18: Total cross section for positron scattering on carbon dioxide.
Theoretical results include those of the CCC-SCAR, Lozano et al. [155],
Singh et al. [141], Billah et al. [156], Gianturco and Mukherjee [157], and
Tenfen et al. [131]. Experimental results for incident electrons are from
Garćıa and Manero [158] and for positrons are from Charlton et al. [159],
Zecca et al. [160], Sueoka and Mori [145], Kwan et al. [147].

11.5.2 Elastic cross section

The elastic cross section for carbon dioxide is shown in Fig. 11.19. The

current CCC-SCAR calculations are presented alongside the same theoreti-

cal calculations as the σtot and the experimental measurements of Charlton

et al. [159] and Zecca et al. [160]. Excellent agreement is found between the

CCC-SCAR results and the IAM-SCAR calculations of Billah et al. [156]

for energies above 100 eV. Good agreement is also found with the current

results and the SCOP calculations of Singh et al. [141] for energies between

20 and 80 eV. Outside of these cases, little agreement is found between the

different theoretical calculations.
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Figure 11.19: Elastic cross section for positron scattering on carbon dioxide.
Theoretical results include those of the CCC-SCAR, Lozano et al. [155],
Singh et al. [141], Billah et al. [156], Gianturco and Mukherjee [157], and
Tenfen et al. [131]. Experimental results for incident electrons are from
Charlton et al. [159] and Zecca et al. [160].

11.5.3 Total electronic excitation cross section
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Figure 11.20: Total electronic excitation cross section for positron scattering
on carbon dioxide. Theoretical results include those of the CCC-SCAR and
the recommended results of Lozano et al. [155].

In Fig. 11.20, the CCC-SCAR results and those of Lozano et al. [155] for

the total electronic excitation cross section are shown for e+-CO2. Both of

these calculations are in close agreement for energies above 300 eV. Below

this energy, different behaviour is found between the different calculations
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with that of Lozano et al. [155] exhibiting a much larger peak than the

CCC-SCAR at a slightly lower energy.

11.5.4 Electron-loss, direct ionisation, and positronium-

formation cross sections
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Figure 11.21: Positronium-formation cross section for positron scattering on
carbon dioxide. Theoretical results include the CCC-SCAR and the calcu-
lations of Singh and Antony [24] and Lozano et al. [155]. Experimental CO2

measurements are from Cooke et al. [161], Murtagh et al. [162], Laricchia
and Moxom [163], Griffith [58], and the lower limits of Kwan et al. [147].

In Fig. 11.21, the positronium-formation cross section is shown for e+-CO2.

Current CCC-SCAR results are presented with the calculations of Singh

and Antony [24] and the measurements of Cooke et al. [161], Murtagh et al.

[162], Laricchia and Moxom [163], Griffith [58], and Kwan et al. [147] (for

the lower limits). Close agreement is found between the CCC-SCAR and

the measurements from threshold to 8 eV. Beyond this, however, agree-

ment is only found again above 80 eV with the measurements of Griffith

[58]. The other presented measurements and the theoretical calculations of

Singh and Antony [24] predict a maximum at an energy 10 eV above that

of the CCC-SCAR and a much slower drop-off in this cross section. The

calculations of Lozano et al. [155] utilised an IAM-SCAR+I approach for

their calculations and have similar behaviour at high energies to the CCC-

SCAR results, with close agreement between these calculations for energies

above 50 eV. The large difference in their threshold for the results of Lozano
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et al. [155] and the other results is because they did not shift the threshold

of their inelastic processes as was done in the CCC-SCAR approach. The

discrepancies found between the current calculations and the experiments is

expected to result from the IAM-SCAR approach being insufficient to model

positronium-formation for CO2.
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Figure 11.22: Direct ionisation cross section for positron scattering on car-
bon dioxide. Theoretical results include CCC-SCAR, Singh and Antony
[24], Lozano et al. [155], Tóth et al. [152], Fedus and Karwasz [28], and
Campeanu et al. [153]. Experimental results are from Bluhme et al. [154].

The direct ionisation cross section for e+-CO2 is presented in Fig. 11.22.

Current CCC-SCAR results are shown alongside the theoretical calculations

of Singh and Antony [24], Lozano et al. [155], Tóth et al. [152], Fedus and

Karwasz [28], and Campeanu et al. [153]. The closest agreement is found

between the current calculations and those of Lozano et al. [155] for energies

above 100 eV, with these results slightly above the experiment of Bluhme

et al. [154] for energies above 500 eV. The results of Singh and Antony [24]

are in good agreement with this experiment, except for at high energies

where it is larger than both the experimental and the CCC-SCAR results.

The BEB results of Fedus and Karwasz [28] are between the CCC results

and those of Singh and Antony [24] for intermediate energies and are lower

than other theory above 700 eV. For these high energies, the IAM-SCAR

approach is equivalent to the IAM method, and therefore, the current high-

energy results are expected to be accurate. The calculations of Tóth et al.

[152] and Campeanu et al. [153] both utilise distorted-wave based models
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and predict similar behaviour to each other. However, this behaviour is very

different from the other presented theory.

The electron-loss cross section is shown in Fig. 11.23 for the e+-CO2

scattering system. The CCC-SCAR results are shown alongside the theo-

retical calculations of Singh and Antony [24] and Billah et al. [156] and the

experimental results of Bluhme et al. [154] and Laricchia and Moxom [163].

The CCC-SCAR results are higher than these experiments, except for en-

ergies near-threshold and at 40 eV. At higher energies, the CCC-SCAR is

between the results of Billah et al. [156] and Singh and Antony [24].
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Figure 11.23: Electron-loss cross section for positron scattering on carbon
dioxide Theoretical results are from the CCC-SCAR, Singh and Antony [24],
and Billah et al. [156]. Experimental measurements are from Bluhme et al.
[154] and Laricchia and Moxom [163].

11.5.5 Total inelastic cross section

In Fig. 11.24, the total inelastic cross section is shown for e+-CO2. CCC-

SCAR results are presented alongside the calculations of Singh and Antony

[24], Billah et al. [156], and Lozano et al. [155]. The results of all the

theoretical calculations except for Billah et al. [156] follow a similar shape

but at varying magnitudes. Between 50 eV and 300 eV, close agreement is

found between the CCC-SCAR and the calculations of Lozano et al. [155].

For energies above 1000 eV, the CCC-SCAR is slightly higher than the other

theoretical approaches.
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Figure 11.24: Total inelastic cross section for positron scattering on carbon
dioxide. Theoretical results are from CCC-SCAR, Singh and Antony [24],
Billah et al. [156], and Lozano et al. [155].

11.6 O3 scattering

11.6.1 Total cross section
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Figure 11.25: Total cross section for positron scattering on ozone. Theoret-
ical CCC-SCAR results are shown alongside the calculations of Reid [164].
Electron theoretical results are from Bharadvaja et al. [165] and Joshipura
et al. [166] and electron experimental results are from De Pablos et al. [167].

The total cross section for positron scattering on ozone is presented in

Fig. 11.25. Current CCC-SCAR results are shown alongside the only other
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positron results of Reid [164], which is an IAM calculation. We also present

theoretical results by Bharadvaja et al. [165] and Joshipura et al. [166] and

experimental results from De Pablos et al. [167] for electron scattering on

ozone at high energies. Close agreement is found between the current cal-

culations and the electron experiment for energies above 2000 eV. Below

this energy, the electron experimental and theoretical results are larger than

the positron calculations. The CCC-SCAR results feature a local maximum

at 10 eV, followed by a second maximum at 30 eV. The CCC-SCAR then

smoothly decreases for energies above 100 eV, similar to the calculations of

Reid [164] but at a slightly higher magnitude.

11.6.2 Elastic cross section

The elastic cross section for a positron scattering on ozone is shown in

Fig. 11.26. There are substantial differences between the current calcu-

lations and the IAM results of [164], with the CCC-SCAR almost an order

of magnitude higher. The electron theoretical and experimental results are

higher than the CCC-SCAR for the entire energy range but become rela-

tively close by 5000 eV.
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Figure 11.26: Elastic cross section for positron scattering on ozone. Theoret-
ical CCC-SCAR results are shown alongside the calculations of Reid [164].
Electron theoretical results are from Bharadvaja et al. [165] and Patel and
Joshipura [168] and electron experimental results are from De Pablos et al.
[167].
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11.6.3 Total electronic excitation cross section

In Fig. 11.27, the CCC-SCAR results for the total electronic excitation cross

section for e+-O3 are shown alongside the calculations of Bharadvaja et al.

[165] for e−-O3. Both of these calculations find very different behaviour for

this cross section. The electron calculations predict a rapid decrease in this

cross section after 5 eV. The CCC-SCAR results feature a peak at 10 eV

and decrease far slower than the electron calculation.
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Figure 11.27: Total electronic excitation cross section for positron scattering
on ozone. Theoretical CCC-SCAR results are shown alongside the electron
theoretical results of Bharadvaja et al. [165].

11.6.4 Electron-loss, direct ionisation, and positronium-

formation cross section

The positron-impact direct ionisation cross section for ozone is shown in

Fig. 11.28. As there are no existing positron measurements or calculations,

the CCC-SCAR is compared to existing electron-impact theory and exper-

iment. These include the calculations of Bharadvaja et al. [165] and Jo-

shipura et al. [166] and the experiments of Newson et al. [169] and Siegel

[170]. For energies above 1000 eV and below 30 eV, we find good agreement

with the calculations of Bharadvaja et al. [165]. The electron experiments

are significantly lower than the electron and positron theoretical results.

As there is no existing theory or experiment for positronium-formation or

electron-loss for positron scattering on ozone, we present these cross sections

alongside the direct ionisation cross section in Fig. 11.29. At high energies,
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the electron-loss cross section is equivalent to the direct ionisation cross

section, so the comparisons with electron theory and experiment will be the

same here. The positronium-formation features a peak at 10 eV, followed

by a smooth descent to 200 eV where it becomes minimal.
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Figure 11.28: Direct ionisation cross section for positron scattering on ozone.
Theoretical CCC-SCAR results are shown alongside the electron calculations
of Bharadvaja et al. [165] and Joshipura et al. [166]. Electron experimental
results are from Newson et al. [169] and Siegel [170].
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Figure 11.29: CCC-SCAR calculation of electron-loss, positronium-
formation, and direct ionisation cross section for positron scattering on
ozone.
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11.6.5 Total inelastic cross section

The total inelastic cross section for positron scattering on ozone is shown in

Fig. 11.30. The CCC-SCAR results are compared against the only existing

theoretical calculations of Reid [164]. The two calculations follow a similar

shape above 300 eV, with the CCC-SCAR slightly lower.
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Figure 11.30: Total inelastic cross section for positron scattering on ozone.
Theoretical CCC-SCAR results are shown alongside the calculations of Reid
[164].

11.7 H2O scattering

11.7.1 Total cross section

In Fig. 11.31 the total cross section for positron scattering on H2O is shown.

Current CCC-SCAR and CCC-SCAR+ROT results are presented alongside

the theoretical results of Blanco et al. [171], Baluja et al. [394], and Sinha

et al. [172]. Experimental results for positrons are from Makochekanwa

et al. [173], Sueoka et al. [175], Kimura et al. [174], Loreti et al. [176], and

Zecca et al. [177]. For energies above 50 eV, we also present the electron

experimental results of Muñoz et al. [178]. Similar to the process taken for

our H2 results, we have scaled the H component of the current calculations

to give agreement with the high energy σtot of Muñoz et al. [178]. This

approach is described in detail in Section. 4.3.
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Figure 11.31: Total cross section for positron scattering on H2O. Theoretical
CCC-SCAR and CCC-SCAR+ROT results are shown alongside the calcu-
lations of Blanco et al. [171] and Sinha et al. [172]. Experimental results for
positrons are from Makochekanwa et al. [173], Kimura et al. [174], Sueoka
et al. [175], Loreti et al. [176], and Zecca et al. [177]. For incident electrons
the experimental results of Muñoz et al. [178] are shown.

The rotational cross section must be accounted for to calculate the total

cross section of H2O accurately. This results from this molecule being both

polar and non-linear, which results in it having an extra degree of freedom.

The impact of this cross section is most notable at low energies, where the

calculations of Blanco et al. [171] found it to represent almost 99% of their

total cross section. In our CCC-SCAR+ROT calculations, we have summed

the rotational cross sections that were obtained from the Born calculations

of Blanco et al. [171] to our CCC-SCAR calculation.

For energies above 40 eV, excellent agreement is found between the cur-

rent CCC-SCAR+ROT calculations and those of Sinha et al. [172]. The

CCC-SCAR+ROT results are almost equivalent to the results of Blanco

et al. [171] to 10 eV, lower between 30 eV and 150 eV, and then higher

above 150 eV. Compared to the positron experiment, the current calcula-

tions are close to most of the experimental results for energies below 7 eV

and above 40 eV. Between 7 eV and 40 eV, the current results are higher

than the presented experiment.
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11.7.2 Elastic cross section

The elastic cross section for e+-H2O is shown in Fig. 11.32. There are

large discrepancies between the theoretical results for low and intermediate

energies. There is also little agreement observed between the positron ex-

periments. At 1000 eV, the CCC-SCAR and the calculations of Aouchiche

et al. [181] and Sinha et al. [172] are within the error bars of the measure-

ment of Katase et al. [183]. Above 1000 eV, these three theoretical methods

are also in close agreement.
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Figure 11.32: Elastic cross section for positron scattering on H2O. Theo-
retical CCC-SCAR results are shown alongside the calculations of Blanco
et al. [171], Sinha et al. [172], Baluja et al. [179], Arretche et al. [180], and
Aouchiche et al. [181]. Experimental results are from Tattersall et al. [182]
and Loreti et al. [176] for positrons and Katase et al. [183] for electrons.

11.7.3 Total electronic excitation cross section

The total electronic excitation cross section for e+-H2O is presented in

Fig. 11.33. CCC-SCAR results are presented alongside the theoretical re-

sults of Blanco et al. [171] and Arretche et al. [302] and the experiment of

Tattersall et al. [182]. The current results are significantly higher than the

previous theory by almost a factor of four. Good agreement, however, is

observed with the experiment of Tattersall et al. [182] to 10 eV.
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Figure 11.33: Total electronic excitation cross section for positron scattering
on H2O. Theoretical CCC-SCAR results are shown alongside the calcula-
tions of Blanco et al. [171] and Arretche et al. [184]. Experimental results
for Tattersall et al. [182] are shown for energies below the direct ionisation
threshold.

11.7.4 Electron-loss, direct ionisation, and positronium-

formation cross section
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Figure 11.34: Positronium-formation cross section for positron scattering on
H2O. Theoretical CCC-SCAR results are shown alongside those of Blanco
et al. [171]. Experimental results are from Makochekanwa et al. [173] and
Murtagh et al. [162].

The positronium-formation cross section for the e+-H2O scattering system

is shown in Fig. 11.34. The CCC-SCAR and Blanco et al. [171] theoretical
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calculations are shown alongside the experimental results of Murtagh et al.

[9] and Makochekanwa et al. [173]. The current results are within the range

of experiment below 7 eV and above 35 eV. Between these energies, the CCC-

SCAR results are significantly higher than experiment and the calculations

of Blanco et al. [171]. The calculations of Blanco et al. [171] are slightly

higher than the CCC-SCAR for energies above 50 eV.

In Fig. 11.35, the direct ionisation cross section is shown for e+-H2O.

Current CCC-SCAR results are shown alongside the calculations of Blanco

et al. [171] and the Coulomb plus plane waves with full energy range (CPE)

and electron-screening (ES) distorted-wave models of Tóth et al. [152].

There are no positron experimental results for direct ionisation. Therefore,

results are shown alongside the e−-H2O experiments of Bolorizadeh and

Rudd [186], Khare and Meath [187], Muñoz et al. [178], Straub et al. [188],

and Rao et al. [189]. For energies above 150 eV, there is excellent agreement

between the different theoretical methods. Below 150 eV, the current

results are in closest agreement with the ES model of Tóth et al. [152] with

the other theoretical results lower. There is excellent agreement between

the measurements of Bolorizadeh and Rudd [186] and the CCC-SCAR

results from 150 eV to 5000 eV.
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Figure 11.35: Direct ionisation cross section for positron scattering on H2O.
Theoretical CCC-SCAR results are shown alongside those of Blanco et al.
[171] and Tóth et al. [185]. Experimental results for electrons are from
Bolorizadeh and Rudd [186], Khare and Meath [187], Muñoz et al. [178],
Straub et al. [188], and Rao et al. [189].
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The electron-loss cross section is shown in Fig. 11.36 for e+-H2O. The

CCC-SCAR results are shown with the calculations of Blanco et al. [171] and

the electron experiments that were presented for the direct ionisation cross

section [178, 186–189]. Below 150 eV, the CCC-SCAR results are larger than

the calculations of Blanco et al. [171]. This results mainly from the larger

positronium-formation cross sections found within the current calculation.
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Figure 11.36: Electron-loss cross section for positron scattering on H2O.
Theoretical CCC-SCAR results are shown alongside those of Blanco et al.
[171]. Experimental results for electrons are from Bolorizadeh and Rudd
[186], Khare and Meath [187], Muñoz et al. [178], Straub et al. [188], and
Rao et al. [189].

11.7.5 Total inelastic cross section

The total inelastic and direct inelastic cross section are shown in Fig. 11.37

for positron scattering on H2O. The total inelastic cross section is the sum

of the direct ionisation, total electron excitation, and positronium-formation

cross sections. The direct inelastic cross section, on the other hand, is the

sum of the total electron excitation and direct ionisation cross sections.

As with the total electron excitation cross section (Fig. 11.33) the direct

inelastic results are significantly larger than the calculations of Blanco et al.

[171]. For this cross section, the current CCC-SCAR calculations follow a

similar shape to the results of Tattersall et al. [182], however, have a higher

magnitude. For the total inelastic cross section, the current results are close

to those of Blanco et al. [171] for energies above 100 eV. Below 100 eV,

different behaviour is found between both of these calculations.
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Figure 11.37: Total inelastic and direct inelastic cross section for positron
scattering on H2O. Theoretical CCC-SCAR results are shown alongside the
calculation of Blanco et al. [171] and the direct inelastic experiment of Tat-
tersall et al. [182].

11.8 CH4 scattering

11.8.1 Total cross section

The total cross section for positron scattering on CH4 is shown in Fig. 11.38.

CCC-SCAR results are shown alongside the theoretical results of Singh et al.

[141], Baluja and Jain [190], Rawlins et al. [193], Zecca et al. [192], Jain and

Gianturco [191], and De-Heng et al. [194]. The measurements of Charlton

et al. [195], Sueoka and Mori [196], Zecca et al. [192], and Dababneh et al.

[52] and the high-energy results from the recommended results of Song et al.

[197] are also included. As was done for H2O, the H components of the CCC-

SCAR calculations have been scaled to give agreement with the high-energy

electron results of Song et al. [197]. The CCC-SCAR results are close to

those of Singh et al. [141] for energies between 100 eV and 500 eV. Above

500 eV, the CCC-SCAR follows a similar shape as the results of Singh et al.

[141] but with a higher magnitude. The SMC results of Zecca et al. [192] and

the model potential results of Jain and Gianturco [191] are both significantly

lower than the current calculation for energies above 0.4 eV. Compared

to the calculations of Baluja and Jain [190] the CCC-SCAR is larger for

energies below 50 eV and above 500 eV. For the results of De-Heng et al.

[194] the CCC-SCAR results are larger for energies above 500 eV and lower
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for energies under 500 eV. The CCC-SCAR results are in good agreement

with experiment for energies below 1 eV [192] and above 80 eV [52].
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Figure 11.38: Total cross section for positron scattering on CH4. Theoretical
CCC-SCAR results are shown alongside the calculations of Singh et al. [141],
Baluja and Jain [190], Jain and Gianturco [191], Zecca et al. [192], Rawlins
et al. [193], and De-Heng et al. [194]. Experimental results for positrons
are from Charlton et al. [195], Sueoka and Mori [196], Zecca et al. [192],
and Dababneh et al. [52]. The recommended results of Song et al. [197] for
electron scattering on methane are also given.

11.8.2 Elastic cross section

The elastic cross section for e+-CH4 is shown in Fig. 11.39. CCC-SCAR

results are presented alongside the calculations of Jain [198], Zecca et al.

[192], and Rawlins et al. [193]. For energies below the positronium-formation

threshold, the σtot experimental results of Charlton et al. [195], Zecca et al.

[192], and Dababneh et al. [52] are also shown. The measurements for elec-

trons of Sakae et al. [199], which were conducted for energies up to 700 eV,

have also been included. For energies above 200 eV, excellent agreement

is found between the CCC-SCAR results and those of Jain [198]. Below

200 eV, the results of Jain [198] are lower than the CCC-SCAR results.

The experimental results of Sakae et al. [199] have not been completed to

high enough energies for the electron and positron elastic scattering to be-

come equivalent. However, the results follow a similar shape to the current

calculations, and differences decrease with increasing energy.
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Figure 11.39: Elastic cross section for positron scattering on CH4. Theoret-
ical CCC-SCAR results are shown alongside the calculations of Jain [198],
Zecca et al. [192], and Rawlins et al. [193]. Experimental results for elec-
trons are from Sakae et al. [199] and for positrons are from Charlton et al.
[195], Zecca et al. [192], and Dababneh et al. [52].

11.8.3 Electron-loss, direct ionisation, and positronium-

formation cross section
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Figure 11.40: Positronium-formation cross section for positron scattering
on CH4. Theoretical CCC-SCAR results are shown alongside the results
of Singh and Antony [24] and the upper and lower limit measurements of
Kauppila et al. [200].

The CCC-SCAR results for the positronium-formation cross section of e+-

CH4 are shown in Fig. 11.40 alongside the calculations of Singh and Antony
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[24] and upper and lower limit measurements of Kauppila et al. [200]. The

CCC-SCAR calculations are within the experimental limits for energies be-

low 10 eV. The calculations of Singh and Antony [24] are smaller than the

CCC-SCAR results to 30 eV. Above 30 eV, these calculations are higher

than the CCC-SCAR results.

Results for the direct ionisation cross section are shown in Fig. 11.41.

This cross section has had the most theoretical investigation for this molecule

with CCC-SCAR results shown alongside the calculations of Singh and

Antony [24], Tóth et al. [152], Campeanu et al. [201], and Fedus and Kar-

wasz [28]. No measurements have been conducted for positron scattering

for this process; therefore, we also present the recommended electron results

of Song et al. [197]. For energies between 100 eV and 300 eV, the cur-

rent CCC-SCAR calculations are lower than other theoretical results. From

300 eV to 700 eV, the CCC-SCAR results are in close agreement with the

calculations of Tóth et al. [152] but are higher for energies above 700 eV.

From threshold to 25 eV, there is good agreement between the CCC-SCAR

and the results of Singh and Antony [24]. Between 15 eV and 300 eV, the

different theoretical calculations are in disagreement for the magnitude of

this cross section. The experimental results of Song et al. [197] are above

the current CCC-SCAR results for energies above 100 eV.
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Figure 11.41: Direct ionisation cross section for positron scattering on CH4.
The CCC-SCAR results are shown alongside the theoretical results of Singh
and Antony [24], Tóth et al. [152], Campeanu et al. [201], and Fedus and
Karwasz [28]. Experimental results for incident electrons are from Song
et al. [197].
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Figure 11.42: Electron-loss cross section for positron scattering on CH4.
Theoretical CCC-SCAR results are shown alongside the results of Singh
and Antony [24].

In Fig. 11.42, the electron-loss cross section for e+-CH4 is shown. Cur-

rent CCC-SCAR results are shown alongside the calculations of Singh and

Antony [24] and the recommended electron results of Song et al. [197]. For

energies above 50 eV, the CCC-SCAR follows a similar shape to the calcula-

tions of Singh and Antony [24] but are lower. Below 30 eV, the CCC-SCAR

results are larger than those of Singh and Antony [24] and have a maximum

at 15 eV, whereas the results of Singh and Antony [24] have a maximum at

25 eV.

11.8.4 Total inelastic and excitation cross section

The e+-CH4 total inelastic cross section is shown in Fig. 11.43. The current

CCC-SCAR results are shown alongside those of Singh et al. [141]. Simi-

lar shapes are found for both calculations, but the CCC-SCAR results are

significantly higher than those of Singh and Antony [24] for energies above

15 eV. Also shown in this figure is the CCC-SCAR total electronic excita-

tion cross section, due to the absence of previous theoretical or experimental

work these are presented without comparison.
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Figure 11.43: Total inelastic cross section for positron scattering on CH4.
Theoretical CCC-SCAR results are shown alongside the results of Singh
et al. [141]. The CCC-SCAR total electronic excitation cross section (Exc.)
is also shown.

11.9 CF4

11.9.1 Total cross section

The total cross section for positron scattering on CF4 is shown in Fig. 11.44.

Current CCC-SCAR results are shown alongside the positron calculations of

Baluja and Jain [190] and experiment of Sueoka et al. [202]. Experimental

results for e−-CF4 by Zecca et al. [203] are also shown for energies above

150 eV. The CCC-SCAR results are higher than the calculations of Baluja

and Jain [190] for energies above 10 eV, with differences between the two

calculations increasing with increasing energy. Good agreement is found

with the experiment of Sueoka et al. [202] for energies between 6 eV and

10 eV and above 100 eV. At sufficiently high incident energies, the cross

sections for electrons and positrons are expected to become equal as the

Born approximation becomes valid. This occurs above 1000 eV, with close

agreement between the CCC-SCAR and the electron experiment of Zecca

et al. [203] for these energies.

For energies below 6 eV, there is markedly different behaviour between

the current calculation and the experiment of Sueoka et al. [202]. This ex-

periment was not corrected for the forward angle scattering effect, which

can result in measured cross sections undercounting the true result [248].
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Furthermore, for energies below 30 eV, these positron measurements are

not expected to be accurate as they exhibit an unphysical energy depen-

dence [248]. These errors are likely the source of the discrepancy between

the current results and this experiment.
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Figure 11.44: Total cross section for positron scattering on CF4. Theoretical
CCC-SCAR results are shown alongside the calculations of Baluja and Jain
[190] and the measurements of Sueoka et al. [202] for positrons, and Zecca
et al. [203] for electrons.

11.9.2 Direct ionisation cross section
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Figure 11.45: Direct ionisation cross section for positron scattering on CF4.
Theoretical positron CCC-SCAR results are shown alongside the electron
calculations of Antony et al. [204] and Karwasz et al. [205], and the mea-
surements of Nishimura et al. [206].
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In Fig. 11.45, we present direct ionisation cross sections for e+-CF4. As

no other positron theory or experiment exist, the current CCC-SCAR

results are shown alongside the theoretical calculations of Antony et al.

[204] and Karwasz et al. [205], and the experiment of Nishimura et al.

[206] for e−-CF4. For direct ionisation, the differences between positron

and electron results will be similar to that of atomic fluorine, with results

for both projectiles being similar at low and high incident energies and

positron results higher in between. As expected, the current CCC-SCAR

is in close agreement with the electron theory and experiment for energies

above 200 eV, and is larger than the electron results at lower energies.

11.9.3 Inelastic cross sections

In the absence of other calculations or experiments to compare against,

we have presented the total inelastic cross section and its components in

Fig. 11.46. The positronium-formation has a peak at 15 eV and is the major

component of inelastic scattering to 25 eV. Above 25 eV, direct ionisation

is the major component to 5000 eV. The total electronic excitation cross

section has its maximum at 20 eV.
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Figure 11.46: CCC-SCAR total inelastic cross section and the positronium-
formation (PosF), total electronic excitation (Exc), and direct ionisation
components for positron scattering on CF4.
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11.10 Chapter summary

In this chapter CCC-SCAR calculations are presented for positron scatter-

ing from the H2, C2, O2, CO, CO2, O3, H2O, CH4, and CF4 molecules.

In general, good agreement is found with the current results and previ-

ous theory and experiment. The current results were generally within the

range of positron experiment and theory for intermediate to high energies

and in agreement with electron measurements and theory for high energies.

Significant differences, however, were found for the positronium-formation

cross section for energies up to 30 eV, with the current approach generally

considerably higher than other calculations and experiments for this energy

range. Other discrepancies between theoretical results were found for the

total electronic excitation cross sections of several molecules, for which there

is a notable absence of experimental results.

In this case, we have applied the IAM-SCAR method to cross sections

that were first demonstrated to be accurate for the corresponding atomic

systems. Through the provision of the obtained cross sections for the wide

range of considered molecules, we aim to provide results from which more

advanced theoretical approaches can follow. It is recommended that fur-

ther work is undertaken for the results in which significant disagreements

exist between different methods and experiment, such as the positronium-

formation and total electronic excitation cross sections.

The present work has demonstrated the advantages and limitations of

using the IAM-SCAR approach to model positron collisions with molecules.

The current modified IAM-SCAR approach produces accurate molecular

cross sections at intermediate and high energies, especially when the under-

lying atomic cross sections are of high accuracy. This methodology however,

is less accurate in the low-energy regime, most notably below 1 eV, where the

impact of the molecule’s structure has the most influence. Furthermore, the

current approach systematically overestimates the positronium-formation

cross section for energies below 30 eV. Further progress in improving the

accuracy of the collision data, particularly at low projectile energies, has to

come from a complete treatment of the molecular target as a whole.
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Conclusions

This thesis has presented single-centre CCC results for positron scattering

on carbon, oxygen, neon, argon, boron, and fluorine atomic targets. Apart

from neon and argon, this is the first time the CCC method has been applied

to positron scattering from these targets. To validate the structure models

utilised for each atom the results for oscillator strengths, excitation energies,

and multipole polarisabilities are directly compared to previous theoretical

and experimental values. For each of these targets, cross sections of all

major elastic and inelastic scattering transitions have been computed. For

most transitions, good agreement has been observed between current re-

sults and previous theory and experiment. Large discrepancies, however,

have been found between current and previous results for some atom’s low-

energy, elastic, positronium-formation, and direct ionisation cross sections.

We hope that the current results will spur further theoretical and experi-

mental work to address these discrepancies.

To conduct these calculations the frozen-core atomic CCC code has been

extended to allow for scattering on targets with any number of active elec-

trons. This code was validated through comparisons between frozen-core

calculations with this new code and the existing CCC code for a range

of different target atoms, angular momenta, and spin. To calculate the di-

rect ionisation and positronium-formation cross sections a new approach has

been developed in which the results of complex model potential calculations

are scaled directly to those of the single-centre CCC. Through comparison

with existing two-centre calculations this method is found to be reasonably

accurate for the considered transitions.

228
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The IAM-SCAR approach has also been applied to the cross sections

calculated within this thesis and previous results for atomic H. Through

comparisons with single- and two-centre CCC calculations of positron scat-

tering on H2 we have modified this approach to produce better agreement

with these molecular calculations. These CCC-SCAR calculations have then

been completed for positron scattering from the O2, CO, CO2, O3, H2O,

CH4, and CF4 molecules. Through the provision of the obtained cross sec-

tions for the wide range of considered molecules, we aim to provide results

from which more advanced theoretical approaches can follow.

12.1 Data availability

The positron-atom cross sections calculated within this thesis are avail-

able online at the atomic CCC database: https://atom.curtin.edu.au/CCC-

WWW/.

12.2 Future work

The next steps for this project will be to calculate cross sections from

other important light atoms such as nitrogen, calcium, phosphorous, and

sulphur. The obtained cross sections for these atoms can then be utilised

alongside existing results to calculate positron scattering from important

biomolecules, such as the bases of DNA, with the IAM-SCAR method.

For positron scattering, extensions can be made to the methodology to

allow calculation of annihilation. The current positron code could also be

extended to electron scattering through the addition of exchange V -matrix

elements. Calculations for electron scattering can use the same structure

models as for the positron case and, therefore, could be readily undertaken

for all atomic targets considered within this thesis. Furthermore, GPU

acceleration can be implemented into the current CCC code to increase its

speed and allow for larger scattering calculations to be conducted.

https://atom.curtin.edu.au/CCC-WWW/
https://atom.curtin.edu.au/CCC-WWW/
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Computational

implementation

A.1 Input files

A description is provided here of the input files utilised by the current code

to provide a better understanding of the code.

A.1.1 Calculation data

The file “data.in” includes a range of different values required for the calcu-

lation. This includes structure information such as the Z value, the number

and ` of the core orbitals, the incident energy of the positron, and the energy

of the ion. It is from this inputted ion energy and the calculated energy of

the states from which the ionisation threshold is calculated.

The Laguerre basis functions are also listed with the value of N` and

α` given for each considered `. Other inputs include the maximum total

angular momentum J the calculation is conducted to and the k-grid utilised

within the calculation.

A.1.2 Configurations

Configurations to be included in the calculation are listed in a file named

“conf.inp” as shown below for the example of argon. Here, frozen orbitals

are listed in the first line and in subsequent lines configurations containing

active orbitals are listed. The numbers in brackets for these active orbitals

230
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represent the number of active electrons present within each orbital. The

“99” term generates all possible orbitals based on the limits of the Laguerre

basis, .e.g. in the case of N` = 30 for each ` then all possible configurations

with n up to n = 30 will be included in the calculation.

Ar

1s 2s 2p

3s(2) 3p(6)

3s(2) 3p(5) 99s(1)

3s(2) 3p(5) 99p(1)

3s(2) 3p(5) 99d(1)

A.1.3 F5 file

The “F5” file allows you to list all states that will be included in the cal-

culation. In the below example for Ar we see that 30 s states, 25 p states,

and 20 d states will be included in the calculation. This file can be edited

to include a range of states of different spins, `max, and parity.

1 ! iSmax number of spin values target: Ar

0 ! spin values

2 ! Lmaxst

30 0 20 ! nstate(...) par = +1, spin 0

0 25 0 ! nstate(...) par = -1, spin 0

A.1.4 Input wavefunctions

When using the HF or MCHF code, wavefunctions are output into a file

called “wfn.inp”. This file is stored in binary and read by the current code

during the structure calculations.
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A.2 CCC code outline

The CCC code used to calculate positron scattering from atomic targets in

this thesis is written in Fortran and utilises the OpenMP and MPI paralleli-

sation processes to increase computational efficiency. On a supercomputer

calculations are completed on nodes, which contain one or more CPUs and

an attachment of memory. These CPUs contain a number of CPU cores

which can be run in parallel. With the use of OpenMP, sections of a com-

puter code can be parallelised up to the maximum number of available pro-

cesses on a node. This parallelisation is limited to one node and cannot be

distributed between different nodes. MPI parallelisation, on the other hand,

runs a copy of the code on each available node and, therefore, by distributing

a calculation across nodes can perform calculations utilising the combined

memory of available nodes. OpenMP can be utilised alongside MPI par-

allelisation to parallelise a calculation to all the processes on all available

nodes.

Due to the shared memory and speed increases resulting from this par-

allelisation scheme, the feasible size of atomic scattering calculations that

can be completed is significantly increased. During code development, the

current code was further optimised with the Arm MAP profiler to identify

bottlenecks and other inefficiencies. Furthermore, this code has been tested

and ran on a number of different machines which required different profilers.

In the following outline of the code, we have split the CCC code into

the structure and scattering components. In practise, these two sections

are connected and directly after the completion of structure calculations the

code moves onto the scattering calculations.

A.2.1 Structure

The section of the code that calculates the structure of the target atom is

described here and is depicted as a schematic in Fig. A.1. This section of

the code is completed on the first process of each available node. First, the

input file “data.in” is read to establish the required data for the calculation.

Following this, the HF/MCHF wavefunctions are read from “wfn.inp,” and

the local potential is constructed. The Laguerre basis is produced and diag-

onalised to produce an orthonormal basis of one-electron functions, and cor-

responding one-electron Hamiltonian matrix elements, which are stored in
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an object file. This basis is then combined with the HF/MCHF radial func-

tions and relevant one-electron Hamiltonian matrix elements are recalcu-

lated. This final basis is stored in the Orbitals object. The Gramm-Schmidt

orthogonalisation procedure is then utilised to ensure orthonormality of the

final basis.

Figure A.1: Schematic of the program start and structure component of
current CCC code.

Using the configurations listed in “conf.inp,” the configuration functions

are created from the one-electron basis and stored in the TargetConfigs

object. The target Hamiltonian matrix is then calculated through use of

the BSR subroutines and one-electron basis. OpenMP parallelisation and

an archive that stores the two-electron radial integral (Eq. 2.19) are utilised

to speed up the calculation of this matrix. The target Hamiltonian matrix

is then diagonalised by using the rsg subroutine (from the eispack package)

to obtain the CI coefficients, target states, and energy of the target states.

The target states and all associated information is stored in the TargetStates
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object.

The target atom’s oscillator strengths and dipole/quadrupole/octupole

polarisabilities can then be calculated with these target states. The calcu-

lation of these values is optimised by applying OpenMP parallelisation to

existing loops and an archive that stores the overlaps between one-electron

orbitals. These results are then written to file.

A.2.2 Scattering

Following the structure calculations, we describe here the scattering com-

ponent of the code through to the end of the program. This process is also

shown as a schematic in Fig. A.2. First, analytical Born cross sections are

calculated, printed to file, and saved for use in the analytical Born com-

pletion near the end of the calculation. The angular coefficients that are

calculated during this process by the BSR subroutines are stored, as they

are also used in the V -matrix calculation. After this, a loop is begun over

the total angular momentum J and parity. For each loop, a list of scatter-

ing channels are produced and the required continuum waves are calculated.

All of these calculations are completed on the first process of each available

node. Consequently, the continuum wavefunctions and target wavefunctions

are stored on each of the nodes utilised in the calculation.

Due to the large number of states included in the calculations completed

in this thesis, the V -matrix elements require significant memory and time to

be computed. The memory requirements are far beyond that available on a

single node, and therefore, MPI parallelisation is utilised to distribute this

calculation among a set of nodes. Furthermore, by increasing the number of

nodes in the calculation the time taken by the calculation is also reduced.

The V -matrix calculation for the current J is therefore distributed equally

between the available nodes. OpenMP parallelisation is used on each node

to further parallelise the calculation of the V -matrix elements distributed to

that node.

After calculating the V -matrix elements, the partial-wave Lippmann-

Schwinger equations are solved with the ScaLAPACK routines for the cur-

rent scattering symmetry. These routines utilise openMP and MPI paral-

lelisation to distribute the calculation among every process on every node.

The partial-wave T -matrix elements and other required observables are then

obtained on the first node. Once the loop over total angular momentum and



Appendix A. Computational implementation 235

parity is complete, the final cross sections and observables are calculated and

printed to file by the first node.

Figure A.2: Schematic of scattering component to end of program of the
current CCC code. The section labelled as MPI is where MPI parallelisation
is used to distribute the calculation among each of the available nodes.
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Scaled Born cross sections

Once an accurate structure model is obtained Born calculations can be com-

pleted with relative ease. Through the scaling approach of Kim [272], ac-

curate results for the total ionisation cross section for electrons can then be

obtained. The accuracy of these scaled Born calculations is directly related

to the accuracy of the structure used to calculate them [124]. The structure

model of each Born calculation is the largest model described in the relevant

chapters. Below, we provide results for the atomic targets considered within

this thesis.

B.1 Carbon

In Fig. B.1 we present the Born and scaled Born cross section for electron

scattering for carbon alongside existing theory and experiment. For energies

above 200 eV, the scaled Born results are within the error of the experiment

by Brook et al. [35]. For the range 30 eV to 200 eV, these scaled Born

results are marginally larger than this experiment, and below 30 eV, they

are somewhat lower. The unscaled results are significantly larger than this

experiment for energies below 500 eV. Above 200 eV, the BEB results are

in close agreement with the scaled Born results. The experimental results

of Wang and Crawford [36] significantly overestimate the current and BEB

results, with it in closer agreement with the Born result.

236
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Figure B.1: Born and scaled Born calculations for the total ionisation cross
section of an electron scattering on carbon. These results are compared
against the BEB calculations [45] and the measurements by Brook et al.
[35] and Wang and Crawford [36].

B.2 Oxygen

We compare the scaled Born cross section for oxygen with that of existing

experiment and theory for electron scattering in Fig. B.2. This is a useful

test as the accuracy of this approach is directly related to the accuracy of

the model used [272]. We find excellent agreement with the measurements

of Thompson et al. [55], with our scaled Born result within error for most

measured points. The peak of our scaled cross section lies within the un-

certainty of the measurements of Thompson et al. [55], above that of the

other experiments. The BEB calculation also lies within the uncertainty

of Thompson et al. [55]. The discontinuity observed in the measurements

of Thompson et al. [55] below 90 eV is due to a lack of O2+ data at low

energies [395].
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Figure B.2: Total ionisation cross section for electron scattering on oxygen.
Theoretical results include Born, Scaled Born, and BEB [45] calculations.
Experimental results are from Zipf [54], Brook et al. [35], and Thompson
et al. [55].

B.3 Neon

In Fig. B.3, we present our scaled Born calculations for the total ionisation

cross section of electrons incident on neon. Compared to the experimental

results, we find the closest agreement with those of Rejoub et al. [208],

with the current calculation within the uncertainty of these results from

threshold to 1000 eV. Above 1000 eV, our calculation is higher than

the experiment of Sorokin et al. [210], but in close agreement with the

calculations of Montanari and Miraglia [118]. At lower energies, the

calculation of Montanari and Miraglia [118] is significantly higher than our

scaled Born calculation. The BSR calculation of Zatsarinny and Bartschat

[207] is in excellent agreement with the current calculation to 30 eV and is

slightly lower above this energy.
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Figure B.3: Total ionisation cross section for electron scattering on neon.
The current scaled Born calculations are shown alongside the calculations
of Montanari and Miraglia [118] and Zatsarinny and Bartschat [207]. Mea-
surements are from [208], Krishnakumar and Srivastava [209], and Sorokin
et al. [210].

B.4 Argon

In Fig. B.4, we present our scaled Born calculations for the total ionisation

cross section of electrons incident on argon. Close agreement is found with

the experiment of Krishnakumar and Srivastava [209] for energies above

60 eV to 1000 eV. Compared to the experimental results, the current cal-

culation is significantly lower below 60 eV but is similar in magnitude to

the BSR calculation of Zatsarinny et al. [211] for this energy range. The

calculation of Montanari and Miraglia [118] is significantly higher than our

scaled Born calculation to 300 eV, above which excellent agreement is ob-

served to 1000 eV. Above 1000 eV, this calculation is slightly lower than

our scaled Born result. The BSR calculation is significantly lower than the

current scaled Born calculation for energies above 50 eV.
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Figure B.4: Total ionisation cross section for electron scattering on argon.
The current scaled Born calculations are shown alongside the calculations of
Montanari and Miraglia [118] and Zatsarinny et al. [211]. Measurements are
from Rejoub et al. [208], Krishnakumar and Srivastava [209], and Sorokin
et al. [210].

B.5 Boron

In Fig. B.5, we present our scaled Born calculations for the total ionisation

for electron scattering on boron alongside the calculations of Wang et al.

[123] and Kim and Stone [124]. Our current scaled Born results are above

other results for energies between 20 eV and 200 eV. Below 20 eV, all cal-

culations are in close agreement to the ionisation threshold. For energies

above 200 eV, there is close agreement with the current scaled Born results

and those of Kim and Stone [124].

B.6 Fluorine

In Fig. B.6, we present our scaled Born calculations for the total ionisation

cross section of electrons incident on fluorine. There is excellent agreement

with the results of Joshipura et al. [332] and those of the scaled Born across

the presented energy range. The BSR calculations of Gedeon et al. [127] are

lower than the other theory, except near threshold. The electron theoretical

results are within the uncertainty of experiment over its measured range.
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Figure B.5: Total ionisation cross sections for electron scattering from boron.
The scaled Born calculation is presented alongside the theoretical results for
the incident electron by Wang et al. [123] and Kim and Stone [124].
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Figure B.6: Total ionisation cross sections for electron scattering from flu-
orine. The scaled Born calculation is presented alongside the theoretical
results of Joshipura and Limbachiya [128] and Gedeon et al. [127]. Mea-
surements for electron scattering are from Hayes et al. [129].
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[130] W. Tenfen, J. de Souza Glória, and F. Arretche, The Journal of

Physical Chemistry A 126, 7901 (2022).

[131] W. Tenfen, E. P. Seidel, M. V. Barp, and F. Arretche, Journal of

Electron Spectroscopy and Related Phenomena 255, 147160 (2022).

[132] J. G. Pinheiro, D. Assafrão, L. A. Poveda, and J. R. Mohallem, The

European Physical Journal D 77, 184 (2023).

[133] L. Ellis-Gibbings, F. Blanco, and G. Garćıa, The European Physical
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[297] A. Zecca, L. Chiari, G. Garćıa, F. Blanco, E. Trainotti, and

M. Brunger, New Journal of Physics 13, 063019 (2011).

[298] A. S. Barbosa, F. Blanco, G. Garćıa, and M. H. Bettega, Physical
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