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Abstract

This paper addresses the problem of global asymptotic and local exponential stabilization of a rigid body inside a viscous
incompressible fluid described by Navier-Stokes equations within a bounded domain in three dimensional space provided that
there is no collision between the rigid body and the boundary of the fluid domain. Due to consideration of less regular initial
values of the fluid velocity, the forces and moments induced by the fluid on the rigid body are not able to bound. Therefore, the
paper handles “fluid work and fluid power” on the rigid body in stability and convergence analysis of the closed-loop system.
The control design ensures global asymptotic and local exponential stability of the rigid body while the initial fluid velocity is
not required to be small and regular but only under no collision between the rigid body and the boundary of the fluid domain.

Key words: Rigid body; Stabilization; Navier-Stokes equations; Existence; Weak solution.

1 Introduction

Stabilization of a rigid body (e.g., an ocean vehicle), in
a viscous fluid has many practical applications in off-
shore engineering. The fluid loads on a rigid body are
usually considered by an approximation approach, see
[12,14,22,24] and references therein. In this approach,
the fluid loads on a rigid body are approximated and de-
coupled into two parts. The first part (related to added
mass) depends on the acceleration and velocity of the
rigid body. The second part depends on the fluid velocity
and is considered to be bounded in the Euclidean (point-
wise) norm. These approximations are overlooked from
the fundamental viewpoint of the fluid-structure inter-
action, which can be elaborated as follows. The require-
ment of the first part is oversimplified because it actually
depends on the fluid acceleration as shown in Section 5.
The requirement of the second part to be bounded in the
Euclidean norm requires a strong solution of the Navier-
Stokes equations (NSEs) for a viscous incompressible
fluid. Currently, existence of this strong solution is local
in either time or small initial values [25] under sufficient
regularity of initial values.

In comparison with the aforementioned approximation
approach, a fundamental NSE approach has been re-
cently considered. In this approach, fully coupled dy-
namics of both a rigid body and a fluid, where motion
of the rigid body is described by nonlinear ordinary dif-
ferential equations (ODEs) and motion of the fluid is
described by NSEs in three dimensional space, is ad-
dressed. This approach results in much more complex-
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ities but actualities in fluid-structure interactions be-
cause we have to deal with: i) existence of an appropri-
ate solution of the fluid and rigid body system; ii) time-
varying domain of the fluid; iii) bound of the forces and
moments induced by the fluid on the rigid body. There
are several works related to the fundamental NSE ap-
proach. Existence of a weak solution for a system of a
fluid and multiple rigid bodies was proved in [7-9, 13],
where dynamics of the fluid and rigid bodies is written
as a global fluid and the initial values of the fluid are
assumed in Hg (£2), which is the usual Sobolev space of
order 1 with compact support in the domain €2, because
an estimate of the fluid acceleration in a weak form is
needed for compactness argument in passing to the limit
due to the nonlinear convection term. A similar result
was obtained in [6,18,19,27,28] but using a coordinate
transformation to handle difficulty caused by the fluid
time-varying domain. In [29], a proportional and deriva-
tive control law was designed to stabilize a rigid ball in a
fluid with the initial values of the fluid are also assumed
in H} (). This allows to estimate the fluid acceleration
in a weak form so that the fluid force acting on the rigid
ball is bounded. Feedback stabilization of a rigid body
in 1D, 2D, and 3D under similar regularity of the initial
data was considered in [2—4], see also [15] for the case
of stabilizing a flexible body in a fluid. Stabilization of
a rigid ball in compressible fluid was considered in [26],
where the global-in-time existence of strong solutions for
the corresponding system under a smallness condition
on the initial velocities and on the distance between the
initial position of the center of the ball was proved, see
also [8,23].

In this paper, we consider the initial values of the fluid
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velocity in H(), see (7) for definition of this functional
space, which is less regular than H}(Q). This less regu-
larity of the initial values of the fluid velocity will result
in a global solution but will cause a major difficulty: no
information on bound of the fluid loads on the rigid body
because we do not have an estimate of the fluid accelera-
tion in a weak form for both compactness argument and
the bound of the fluid loads on the rigid body. To handle
this difficulty, we consider the effect of the “fluid work
and fluid power” (instead of the fluid forces and mo-
ments) on the rigid body, see discussion just below (39)
for detail of the “fluid work and fluid power”. Although
uniqueness of a weak solution is neither proved nor dis-
proved (this is also a problem for standard NSEs [30]),
we show that its boundedness in appropriate norms is
sufficient for ensuring global asymptotic and local ex-
ponential stability of the closed-loop system provided
that there is no collision between the rigid body and
the boundary of the fluid domain. Hence, in compari-
son with the existing works on the approximation ap-
proach [12, 14,22, 24] our control design does not suffer
from oversimplifications used in this approach, see the
first paragraph of this section. In comparison with the
fundamental NSE approach [6-9, 13,18, 19, 27, 28], our
work does not require existence of a strong solution be-
cause we only require the initial values of the fluid ve-
locity in H(2). This results in a global solution as long
as there is no collision between the rigid body and the
boundary of the fluid domain.

In Section 3, a control law is designed in an appropriate
form such that it can be amended to be inverse opti-
mal [20,21], and suitable for stability analysis of stabil-
ity of the closed-loop system in Section 5. In Section 4,
existence of at least one weak solution of the closed-loop
system is shown via a penalization approach. In Section
5, we prove global asymptotic and local exponential sta-
bility of the closed-loop system provided that there is
no collision between the rigid body and the boundary of
the fluid domain. We derive the affect of the fluid on the
rigid body via the “fluid work and fluid power”. This
enables us to consider a proper Lyapunov function for
stability analysis of the closed-loop system.

Notation: Let € be a open bounded set in R3, and
T > 0. LP(Q), where 1 < p < oo, denotes the stan-
dard Lebesgue space of measurable p-integrable func-
tions; L>°(§2) denotes the space of essentially bounded
functions; H'() is the usual Sobolev space of order 1,
see [1]; HE(Q) denotes H'(Q) with compact support;
L?(0,T; X), where 1 < p < oo and X is a Banach space
with the norm denoted by || - ||x, denotes a Brochner

space with the norm |[u| rro,r;x) = (fOT (w5 dt) /P,

We also use || - ||g to denote the Euclidean norm, i.e.,

x|z = Vo - with © -y = >, (2;y;). For a scalar, we
use | - |g to denote the absolute value.

Fig. 1. Domain definition

2 Problem statement

Let Q C R? be a C! domain occupied by a viscous in-
compressible fluid surrounding a rigid body represented
by Q(t), which is a bounded open connected subdomain
of 2, at time ¢, see Fig. 1, where the domain Q% () is de-
fined and used in Section 5. We assume that 2,(0) € €.
The fluid has density py > 0, dynamic viscosity p > 0,
pressure p, velocity u s, and is governed by the NSEs for
viscous incompressible fluids [30]:
pr(Ous+(up-Viuyp)—div(es) =0, in Qf(t)

1

div(uf) =0 in Qf(t), ( )
where the stress tensor of the fluid o is given by

oy = 2uD(ug)—ply (2)

with D(us) = 3(Vus + (Vuy)”) being the rate tensor
of the fluid (o7 denotes the transpose of e and it should
not be confused with the time constant T), Q¢(t) C Q2
being the fluid domain at time ¢ (the boundary (interface
between the fluid and the rigid body) of ¢ depends on
t), Is being the 3 x 3 identity matrix, and we assume
the body force is potential such as gravity, and hence is
merged to pressure p.

In what follows, we briefly describe equations of motion
of the rigid body in the incompressible fluid. For details
of derivation, the reader is referred to [7,13,17].

For the rigid body, we define the mass my, the density
ps > 0, the vector of the center of gravity @.(t) and its
velocity vector u.(t), the modified Rodrigues parame-
ter vector 7(t) representing the rigid body orientation,
see [32], (this vector is related to the principal axis e
and the principal angle v through n = etan(F), which
is well-defined for all eigenaxis rotations in the range
[0, 27); this range can be further relaxed by using quater-
nion as in [10], and should not be confused with global
stability in this paper), angular velocity vector w, the in-
ertial matrix Jg, the transformation matrix R, and the
velocity vector filed us by

Mg

_ _ 1
Ps = O Te = Tz Jo.o T
us(t, ) = uc(t)+w(t)xr(t) for x € Q4(t),
a’J.b = p, fQQ(O)(axr(t))T(bxr(t))V, a,beR?

2
R=3(I-S(n)+mm" -+ 1),

3)

T‘(t) = Cl‘:—il:c(t), (4)

where
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|Q:(t)| g denotes the volume of Q4(¢), S(n) denotes the
3 x 3 skew-symmetric matrix of n, and it holds that
n-Rw = 11+ |n|%4)n - w for all n,w € R3. Then,
equations of motion of the rigid body are given by

d;ll;c = Ug,
Cfi—? = Rw,
du. _ N
ms G = fBQS(t) ondr+) . Fi, (5)

Jde — —ux (Jsw)+ [oq, ) T(t) x (ayn)dT

+Zg:1 rFk:XFka
where n is the normal unit vector pointing outside of
the rigid body, Fj, is the control force, rr, denotes the
relative position vector of Fj with respect to x.(t) such
that p_, F € R? and Y5, 7pp x Fj, € R3, ie., the
rigid body is fully actuated.

We impose a homogeneous Dirichlet boundary condition
at the boundary 0QN9oQ,(t) and a continuous condition
of the velocity at the interface between the rigid body
and the fluid:
uf =0on 8Qﬂ6(2f(t), (6)
us =uy on 0Q(t).
In derivation of (5), we have used an interface condition
that the stress is continuous in normal direction, i.e,
o = osn on J), with oy being the Cauchy stress
tensor, i.e., —osn is the force applied by the rigid body
on the fluid.

From now onwards, we will drop the argument ¢ of {2,
Qs, and r when it does not lead to a confusion. For use
in the rest of the paper, we denote @ = (0,7) x 2, and
introduce the following function spaces:

V ={v € H}(Q),div(v) = 0},

H = {v e L?(Q),div(v) = 0,v-n|sq = 0},

K(t) ={v e V,3(v,,w,) € R3xR3 v|q, = v,+w, X7}

(7)
Note that the elements of IC(¢) are given by the rigid
body velocity in 5. One can prove the following lemma
on the space K(t), see [5,31].

Lemma 2.1 The space K(t) is equivalent to
Kt)={veV, D) =0 inQ}. (8)

In this paper, we address the following control objective.

Control Objective 2.1 Under the initial data:
2,(0) € @,
us(0,x) € H, 9)
(x:(0),1(0), uc(0),w(0)) € 2xD, xR3xR3,

where Q € Q and D, = (—o0,00)?, design the control

forces Zle F; and control moments Zivzl rre X Fy, to
globally asymptotically and locally exponentially stabilize
the rigid body at the origin provided that there is no colli-
sion between the rigid body and the boundary of the fluid
domain. Moreover, the designed control forces and con-
trol moments must ensure existence of the weak solution
of the closed-loop system consisting of both the rigid body

and the fluid, see Definition 4.1 in Section 4 for defini-
tion of the weak solution.

Note that the initial values x.(0) € Q is imposed to be
compatible with Q,(0) € Q, and n(0) € D, is made
due to the domain of the modified Rodrigues parameter
vector 7).

3 Control design

For convenience, we denote the control force Fs and the
control moment M as follows

Es = Zivzl Fk7
MS = Zivzl TrE X Fk.
Since the rigid body dynamics (5) is of a second-order
system, we consider the following Lyapunov function
candidate to design the controls Fs and M:
Ul = %Hmcqu""_n;S klwc+u6||12‘_? (11)
+5 0%+ 3 (kan+w) " Js (kan+w),
where kq and k9 are constants to be chosen. It holds that
koi||Yall3 < Ur < kool Yal|3, (12)
where Y; = col(x, ue,m,w), and we chose k; and ko
such that
ko1 = % min ((1+m5k%—ms|k1|E), (ms—|k1|Ems),
(1+kg)‘m(*]5)_‘k2|E)‘M(JS))v
_ (Am(Ja)_|k2|E>\M(J9))) > O,
ko2 = % max ((1+m5k‘%+ms|kzl|E), (ms+|k1|gms),
(L+k3 A0 (T5)+ k2| B AN (T5)),
(At (T)+ k2| EAM (J5))),

(10)

(13)
with A\, (Js) and Aps(Js) being the minimum and max-
imum eigenvalue of J, respectively.

Differentiating (11) along the solutions of (5) yields
% = a:c~uc—|—(k1:cc+uc)-(mskluc—i—FS)—i—n-Rw
+(k2n+w)~(kQJSwawx(sz)JrMs)er,
where
w= (klwc—l—uc)fam ondr
+(k27l+w)'f39; rx(om)dr
= k12 faQs :BC(O'f’I’L)dT-l-kQ faQs ;cs(crfn)dT
+f695 us-(ofn)dr,

(14)

(15)
with
k12 = k1—ko,
Ty =T .+MNXT,
which satisfies div(zs) = 0.

(16)

From (14), we design the controls Fs and My as follows:
Fs = _kaC_k4(k1$C+uC)) (17)
M, = —ks(L+||nl)n—ke(1+[nl%) (ken+w),

where k;,© = 3,--- ,6 are positive constants to be cho-

sen. It is noted that instead of cancelling controls, we
designed the controls F; and M as in (17) so that they
can be written in the form:

o } — K (%", (18)

M, IY.
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where K is a positive definite matrix. This form means
that the controls Fs and M are inverse pre-optimal and
can be easily extended to be inverse optimal by multi-
plying themselves by a positive constant larger than 2,
see [20,21] for extending Fs and M given by (17) to in-
verse optimal controls, and many desired properties of
inverse optimal controls. However, we do not detail this
issue here as we focus on the fluid loads on the rigid body
in this paper.

Substituting (17) into (14) and using Young’s inequality

gives - - B B
5 < —killzelf —Re el —Fslnllh kw3 + =,
(19)
where we chose the constants k;,7 = 1,--- ,6 such that
1+k%m8—k‘3—2k‘1kz4 = 07
]_61 = k1k3+k%/€4 > 0,
TCQ = k‘4—]€1m5 > O, (20)

%—ngke-‘rk{) =0,

1233 = k57%k%)\M(Js)+k§k6 >0,

Tf4 =k —%k%)\]u(Js)—|k2|E/\M(Js) > 0.
It is easy to see that there exist constants k;,7 =1,--- |6
such that all the conditions in (20) and (13) hold, and

that k;,i = 1,--- ,4 are as large as required. From (17)
and (10), we can solve for the controls Fj, see Section 6.

Remark 3.1 At this point, we cannot conclude any
stability of the rigid body dynamics based on (11) and
(19) because we do not have a bound on the fluid force
Joq, ondT and the fluid moment [y, T x (osn)dr.
This means that we cannot use Young’s inequality to
bound the term w defined in (15). Therefore, we will
analyze stability of the rigid body dynamics and conver-
gence of its states in Section 5 after we show existence
of the weak solution of the whole system (i.e., both the
fluid and the rigid body) and consider the NSEs for the
fluid separately in Section 4.

4 Existence of a weak solution of the closed-loop
system

In this section, we show the closed-loop system consist-
ing of the fluid (1) and the rigid body (5) with Fj, ob-
tained from (17) and (10) has at least one weak solution.

4.1 Formulation of a weak solution

We define the characteristic function xq_(t, ) on Qs, a
global velocity u, and a global density p(t, x), and assign
a function h(t,x) to xq.(t,x) (for simplicity of presen-
tation and for penalization purpose later) as follows:

(1, ) 1 if xeQy
) w = .
X, 0 otherwise,
v uy in Qf

us in €,

p(t, 33) = PsXQs (t, w)+pf(1 —XQs (t’ :I:)),
h(t,x) = xa.(t, ).

(21)

Clearly, we have
Q(t) = {x e Qn(t,z) =1} (22)
Let us denote the initial data for those variables defined

in (21) as
o _Juys(0,2) in Qf(0)
uo = u(0,2) = {us(O,w) in Q4(0).
Po = p(O, a:) = PsXQ, (0’ w)+pf(1*XQs (07 :IJ)),
ho = h(O,oc) = XQ4(0) (O, :D)

Then, h(t,z) and p(t, x) satisfy transport equations [7]
in a weak form as

VY e CHQ),(T) =0:
I o (W22 fhu- V) dasdt+ [, ho (0) = 0, (24)
foT Jo (p%—f—i—pwvw)dazdt—&-fﬂ pot(0) = 0.

Next, we perform tedious but straightforward calcula-
tions from (1) and (5) to obtain

dx
ar = Yo

(23)

dn _
E—Rw,

VE € HYQ)NL2(0,T;K(t))
4 f pu-bdz = [, [+ (pucu—2uD(w)) : D(E)
+ 30001 (Bri ) €] de,

(25)
where d i, denotes the diagonal matrix of the dirac delta
function of @ — T gy with @ gy being the position of the
force Fy, i.e., xpr = . + rrr. We have included the
first two equations in (25) for convenience of referring
later. In derivation of (25), we have multiplied the first
equation in (1) by & € HY(Q) n L%(0,T;K(t)), then
calculated Jo, pu - €dz, and noted that

UE'FS+w§'Mg = Zf\il(vﬁ'Fk'FwE'(rFkXFk))
=31 fo, (0g-0pFytwe- (i x 85 F))da
= Zf\il fQ(UE'(stFk+w€~(’I'FkX(SFka))d:B
= Zf\il fQ €5Fkad.’13

(26)
Now, setting v = h? with ¢ > 1 in the first equation of
(24) and ¢ = p? with ¢ > 1 in the second equation of
(24) yields

p,h €C(0,T; L)), Yg=>1. (27)

Moreover, setting € = w in (26) and considering the
“energy” & defined by

€= Bllxclp+2kelnlf+3 fo pllull,  (28)

where 1%1 = k3 +kiks > 0 and 1%2 = ks + kokg > 0 under
conditions (20). Differentiating (28) along the solutions
of (25), we formally obtain:

4 = 20 Jo | D(w)[fdw—kams |l 3

29
(1 1] oo T 2

From (27), (28), and (29), we can derive that
x. € L*(0,T;R3), n € L>(0,T;R?), (30)

we L=(0,T; H)NL2(0,T; V).
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The above derivations motivate the following weak so-
lution definition.

Definition 4.1 Under the initial data (9), where
the initial data of global variables are given in (23),
(x(t),n(t), p(t, x), u(t, x), h(t, x)) is a weak solution of
the closed-loop system consisting of (1), (5), and (17) if
they satisfy (24), (25), (27), and (30).

The above definition of a weak solution is similar to a
definition of a weak solution to standard nonhomoge-
neous NSEs except for the fact that we take the con-
straint of rigidity into account. On the other hand, the
transport equation on p can be deduced from that of h
and the definition of py; however h is added for passing
the passage to the limit in the problem of penalization.

4.2 Penalized system

In order to find (x.(t), n(t), p(t, ), u(t,x), h(t,x)) such
that they satisfy Definition 4.1, we use a penalization ap-
proach. Due to Lemma 2.1, there are two methods to pe-
nalize the rigidity constraint: i) penalizing the difference
between the fluid velocity and rigid body velocity [5];
ii) penalizing the spatial derivative of the rigid body ve-
locity [31]. We use the first method due to its several
advantages (such as simpler calculations in proof, and
numerical computation) over the second method.

Let & > 0 be a penalized parameter. Given the initial
data
$c6(0) = wc(o)a 175(0) - T](O)a ’u,(;(()) = Uo,
ps(0) = po, hs(0) = ho,
we wish to find (z.5(t), ns(t), ps(t, ), us(t, x), hs(t, ),
ps(t,x)) such that they satisfy
Tes,Ms € L(0, T;R?); ps, hs € L2(Q);

(31)

wy € L0, T: H)AL2(0, T: V): ps € L2(Q), 3%
and are a solution to the penalized system:

05 (Orus+(us-V)us)—div(es)

+3pshs (s —ts )~ S 3o (8kFy) = 0,

div(us) =0, in Q

Orps+us-Vps =0, (33)

Oihs +us, s -Vhs =0,

in R?

o5 = 2uD(us)—psIs,
_ 1 -1
Uss = mr fQ p5’u,5h5d:c+(.]5 fQ PsTs XU§h5dil:> XTs,
Rs = (I-S(ns)+ T_1+Hn<s|\231)
) ) nNsNs D) 3)
(34)
with
Ts = T—Tes, Teg = m%s Jo pshsxda,
ms = [, pshsde, (35)
Js = [ ps(lrslpIs—rs@rs)hsda
In addition, we impose the homogeneous Dirichlet
boundary condition:

us =0 on (0,7)x09, (36)

and define QS = {x € Q, hs(t,x) = 1}. Several obser-
vations on the penalized system (33) are given in the
following remark.

Remark 4.1

e The penalized system (33) is based on [5], where action
of the controls Fy and M given by (17) are taken into
account.

e It is clear that |Q|g = [, hedx = |Q:(0)|p because
us,s s divergence free and hs vanishes on 0 as we
assume there is no collision between the rigid body and
0. We also have

mes = fo p5d$,
Js = Jos ps([Irsl| B I3 —rs@ms)da.

Hence, ms is positive (as ms > min(py, ps) [os d)

(37)

and Js is positive definite (as a - Jsa = fm psllrs x
a||3dx > min(pys, ps) [os |75 X al|fda for all a €
R\ {0}).

o In the first equation of (33), the term us s defined in

(84) is the projection of us onto the velocity fields which
are rigid on QO because one can prove that, see [5]:

fQ pghg(u(;—ug,s)(da: = 0, (38)
where ¢ is a rigid velocity field, i.e., there exist
(ve,we) € R3 x R3 such that ¢ = ve + we X r(t, @),
and us s is given by (34). Hence, the penalized term
%pgh(;(u(; — Us,5) in the first equation of (33) is the
difference between wug and its projection onto rigid
velocity fields in the rigid body domain, i.e., us s.

o The density is transported with the velocity field ws.
This eases calculations in estimating bounds for the
penalized system.

Existence of a weak solution (x.s(t), ns(t), ps(t,x),
us(t, ), hs(t,z), ps(t,x)) to the penalized system (33)
is stated in the following lemma.

Lemma 4.1 There is at least one weak solution (x.s5(t),
s (t): Ps (t7 .’IJ), Us (tv .’B), h5(t7 CI}), Ds (ta .’13)) to the penal-
ized system (83) that satisfies (32) for allt € [0, T, where
T is such that Q3 (t) € Q andns(t) € D, for allt € [0,T7.

Proof. Proof of this lemma principally follows the part
of a priori estimates and convergence arguments in proof
of Theorem 2.1 in [5]. The only main difference is that a
priori estimates should use the penalized energy &5 as in
(28) with (x.,m,u) being substituted by (s, ns, us)-
This is due to inclusion of (x.,n) and controls (Fs, M)
in this paper.

4.8 FExistence of a weak solution

Having obtained a weak solution of the penalized system
(33) in Lemma 4.1, existence of a weak solution stated
in Definition 4.1 is given in the following theorem.

Theorem 4.1 Let (x.5(t), ms(t), ps(t,x), us(t,x),
hs(t,x), ps(t,x)) be a weak solution to the penalized sys-
tem (33). Then, under the initial data (23) and (9), there
exists a subsequence of (xes(t), ms(t), ps(t, ), us(t, x),
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hs(t,x)) such that .5 — x. strongly in L°(Q); s — N
strongly in L>°((0,T) x Dy); ps — p, hs — h strongly in
C(0,T;LY(Q)); us — u strongly in L*(Q) and weakly in
L>(0,T; H) N L3(0,T; V) such that (z.,n, p,h,u) is a
weak solution of the closed-loop system consisting of (1),
(5), and (17) as defined in Definition 4.1. The constant
T is such that Q4(t) € Q and n(t) € D, for allt € [0,T].

Proof. Proof of this theorem can be readily obtained
from that of Theorem 2.1 in [5] with a note as in the
proof of Lemma 4.1.

5 Stability and convergence of the closed-loop
system

This section provides stability and convergence analysis
of the closed-loop system, which can be based on (11),
(19), (28), and (29) once we handle the term < in (15).

5.1 Detail of w

Since we already showed existence of a weak solution
of the closed-loop system (including both the fluid and
rigid body) in Theorem 4.1, the idea to handle the term
w is to multiply the first equation in (1) by appropriate
test functions to detail the terms:

A = faﬂs z. (om)dr,

Az = [oq, Ts-(aym)dT, (39)

As = faﬂs us-(ofn)dr,
where u; is defined in (3) and x; is defined in (16). We
refer A; and As to as fluid work as they are products of
the fluid force (o yn) with displacements x. and x,, and
Ajz to as fluid power as it is a product of the fluid force
with velocity w.

5.1.1 Detail of A1 and As

We define the domain Q%*(t), where the argument ¢ of
Q% is dropped for clarity henceforth, such that 2, C
Q¥ C Q, and the minimum distance between 0, and
0% denoted by k = infy>q dist(9Q,, Q%) is strictly
positive, see Fig. 1. There exists 27 such that this «
is strictly positive because we assumed Qs € 2. Let
X, (t,x) € L>(0,T; E), which represents either z, or
x,, we can extend X,(t,x) to X,(t,x) in Q* such that
X, = 00n 002 and div(X,) = 0 in ¥ using the smooth
step function introduced in [11] as follows. Let h(t, ) be
the smooth step function extended to three dimensional
space such that V x h =0 on 092 and V x h = X, on
0. Then, X, can be defined as X, = X in Q,, and
X, =V x hin Q. It is clear that div(X,) = 0 because

div(X) = 0 and div(V x h) = 0.
Now, multiplying the first equation in (1) by X, and
integrating over Q¥ yields
pf Jo: Oy Xodxtpy o (up-VupXoda
fﬂ* div(oy) - Xedz = 0.

Usmg integration by parts, the boundary condition
X, = 0 on 09}, and the interface condition given by

(40)

ER

the second equation in (6), we have
fQ: OupXdx = % fQ: uf'Xsdw—fQ: w0 X da
- fans (up-Xs)upndr,
Jo: (wpVup Xode = [oq (upXs)upndr
_fm(uf@)uf) : VXde,
Jo- div(ey)-Xde = fags.(afn)}zsd‘r
! _2,“[9; D(uy) : D(X)de.

(41)
Substituting (41) into (40) gives
IBQ; (oyn)-Xdr = 2#[9* (uy) : D(X,)dz
+pfdt fQ us-Xdr—py fQ* up- X,der (42)
—pf fQ* Uf®’lLf) VX.dz.

Letting :EE = X, for the case X, = . and &, = X, for
the case X, = :BS, we can detail the terms A4, and A5 as
A = QMIQ* UDE (mc)dm—&—pfdt fQ us-Zde

—ps fQ* uf & dx—py fQ* uf®uf) VZ.dz,

Ay =2p fQ* (wy) : (ws)dw—i—pf di fQ up-Zsd

—py fQ w0 Zdr—py [o. (uy@uy) : VEda,
(43)
where V&, = x(V?h)xz, and V&, = x(V2h)x, with
k(V?h) being a matrix depending on V2h. Since Q, C
OF C Q, xe = U, Oy = e + Rw x (x — (1))
because Oy(x — z.(t)) = 0 for & € Qg, and we have
proved (30), we can handle the terms [,,. uy - Oi&.dx

and [,. us - Oy dex in (43).

5.1.2  Detail of As

We perform a similar extension as for the terms A; and

As but the difference is that we set X, = wug in 0, and
choose Xy = uy on 0€2,. Now, the problem is that we will
not be able to handle the term [, us-0; X da. To fix this

problem, we proceed as follows. As fQ*. Ouy - Xodx =
fm uy - 0y X dx for this extension, we can write (41) as
2 Jo. OrupXodo = 5 4 [ upXodo— Joa lus|%upndr,
2]52* upVupXde = ]}Q* s |2 upndr
_fQ*, (uy@uy) : Vade,
fQ div(oy)Xsdx = [, (yn)usdr
-2 fQ: D(uy) : D(X)d,

where Vi = (k(V2h)uy).
Now, letting us = Xé7 we can detail the term Az as
Ag = 2;49* uy) : D(is)de+% 4 Jo wp-tsda
fQ* uf®uf) Viisdx.

(44)

(45)
5.1.3 Detail of w

With (39), (43), and (45), we can write w defined in (15)
as
w = lePf% fQ; “f'icdw+p7f% fQ ug-Ugdx

- 46
-‘rk‘pr% Jo. wg-Esdx+w*, (46)
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where
wt = 2:uk12 fQ* f) : D(i:C)dx
+2pko fﬂ* uy) : D(&s)dw
+2p fQ* f) D(u;)dx

—]ﬂ12pf[fﬂ* us- Oy de
+fs2* uf®uf) V. dx]
—k‘gpf[fﬂ* up-O&sdx
+fQ* Uf®Uf) V:I:de]
fQ* uf®uf) Vidr.

We now derive the bound of @w*. Due to the extensions
., s, and ug, we can use Holder’s inequality to obtain:

|w*| e <2u(|ki2| k2| per1+0 (2 )fQ
+209(5) fo.
+2plk12| 5Y(5) | |zl %
+aplko|p9(5) (lzel3+r2 nl%)
+l|k12|EPfo*
+3lk12l2or Q5 5O() [uell
+§|k2‘Epf fszg |uf||Edm
+|k2|EPf\Q*|E79(1)(\|uc\|E+7“2Hw\|E) 1
+ki2lposI(5 )|Q*|EH$C||E(IQ* ug|pdx)?
+lka|mpsd(; )|Q*|E(Hﬁﬂc||E
+rsllnlle) ( Jos ||UfHEda7)
+109E) (Jos s lbd) * (o, lugllhdz)
(48)

where ry = supq,_ [|#—x.(t)|| 5 and J(1) is an increasing

(47)

(uf ||Edw

Uf“Edw

uyg||pdz

1
2

function of 1, and |Q7| g denotes the volume of Q.

We now use the embedding V' C (L°(Q7))3
to write (48) as

C (L*(93))?

@ |s < b: teslmelE+evallmllE)

b teallzel[pten|nlitesludly  (49)

(611 +era|uy
Jlug

+eal|w|| G425 |uy

2
Qs
where
€11 = C(2M(\k12|E+|k2|E+ﬂ(l))+iﬂf19( )
+|k2\EPf79( )|Q*|E+ k12l ps0(5) %1 R),
€12 = zepri (),
1
e13 = c(3lkal Py (4 )|Q*|E+ k2| eps0(5) % E),
€14 = c2|k:2|Epf19( )|Q*|Ers,
€21 = 2plk1a| p(+ )|Q*|E+4/~L\k2|E19( ),
€22 = 4ﬂ‘k2|E19(K) 59
eo3 = ka|pps Q| E0(5) + 5 k2| Bos |95 BO(5),
eoa = |ka|mps| Q| E0(;)72,
ea5 = 201(|k12l g+ 5 k12l mps+ 5 k2l 2oy
(50)
with ¢ being the embedding constant depending on only

Q*

s

5.2 Convergence of the closed-loop system

With w detailed by (46), we consider the following Lya-
punov function candidate for the closed-loop system:

U = U1+€015—|—€%252—|—U2, (51)
where U is given by (11), £ is given by (28), €01 and €2
are positive constants to be chosen, and

U2 = (kl—kz)pf fQ: Uf-iicdw
7p7f fQ: ’u,f/l‘lsdwfk‘gpf fQ: ujjjsdﬂf
Using Holder’s inequality, we can find the bound of U, as
Usle < estll@elli+eszlnllE+esspplusld.. (53)
where

(52)

es1 = py (5lkn2l B+ k2| 102 E),
€30 = |kao|Epy Q| T2, (54)
slki2|e+19(5).
Since prlugld. < [ pllullz due to QF C Q and defini-
tion of w in (21), we can find the bound for U as:
U1+601€+ 60252 <UK< U1+6015+ 6025
a0 (& el 3+ 1nl3+3 o pllwlE) +ho [ Yal13,
(55)
where Y is defined just below (12), and we choose a
sufficiently large €y; such that

€33

IA

by ks
€01 = min (o1 5 63176017—632, Teo1—ess) >0,

€01 = max (601 5 +e31, €012 2 +€32, 3€01+€33) > 0.
(56)
Differentiating (51) along the solutions of (19), (29), us-
ing (46), and noting that |us|3. < |ul? and |jus|3. <
|| due to Qf C Q and definition of w in (21), we have
% = %4’(6014’6025) (fif‘i’dUQ
—gkullzel|f = gkelluclf - 5ksnlE -
—5(cor+e028) (£ Jo P D (w)|[Hda+kams|uc|;
+ho(L+ [nl3)w-Jw) +o,

ghkallw|%

(57)
where
wo = —skilec]| — Shallucly — skslnllE — Skallwl
—5(cor+e028) (£ Jo P D (w)|[Hda+kams|uc|;
Fho(1+ 0| %)w- Jow) +oo.

(58)

Substituting the bound of w* in (49) into (58), and
choosing

ki > ear, ko >eas, k3> em, ki e, (59)

which is always feasible because we can choose k;,i =

,6 such that k;,¢ = 1,--- ,4 are as large as re-
quired, see the paragraph just under (20), and suffi-
ciently large €g; and €po, we can use the Poincaré in-
equality to ensure that

wo < 0. (60)
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Substituting (60) in to (57) yields
G < —skillaelE— ke luclly — ksl %~
—5(cor+e02€) (£ Jo pID(w)|[Hda+kams|lucl
+hs(1+[nl|E)w- Jsw).

skallwll?;

(61)
Integrating (61) from 0 to oo yields
Iy [SRllwelld+ Shallucld+ 3k I3+ Srallwl:
L (co1+€0€) (£ fo ol D)+ kams e}
(L[]} )w-Jow) | dt < U(0) U ()

< U(0).
(62)
Since we have already proved existence of the solution
of the closed-loop system consisting of (1), (5), and (17),
the inequality (62) implies that

Ji [l + ROl + )
+gkallwl|F+ 3 (€01 +e02E) (pf Jo PIID(u(t))]Zd

Fham|luc(t)|E +ke (14 n() | F)w(t)-
(63)
which shows global asymptotic stability of the closed-
loop system. We now show local exponential stability
of the closed-loop system, i.e. T(¢t) < S(¢,Y(0)), where
Y(t) =z O+ n@OlE+ [ lut, @)lfde, 5(-,-) isa
class KLo-function. When (., we, n,w, [, p|| D
are small in magnitude (i.e., when the closed-loop sys-
tem evolutes for a sufficiently long time, say t > t¢ for
some tg > 0), we obtain from (61), 55), (11), and (28)
that
4 < —coU, Vt>1>0 (64)
where ¢q is a positive constant. From (64), it holds that
U(t) < U(tg)e (%) and hence local exponential sta-
bility of the closed-loop system is ensured.

We summarize the main results in the following theorem.

Theorem 5.1 Under the initial data (9), the controls
Fy,, which are obtained from (17), solves Control Objec-
tive 2.1 for allt € [0,T], where T is such that Q5 (t) € Q.
In particular, the closed-loop system consisting of (1),
(5), and (17) has at least one weak solution, which is de-
fined in Definition 4.1 for allt € [0,T] such that

x. €, n €Dy, pheL>®Q),

u e L®(0,T; H)NL*(0,T;V), p € L*(Q),
where (p, h,u) are defined in (21). Moreover, the closed-
loop system is globally asymptotically and locally stable

at the origin provided that there is no collision between
the rigid body and the boundary of the fluid domain, i.e.,

T(t) < B(t,7(0)), (66)
where T(t) = |lzc()|E + InIE + [ lult, =)|Lde,
B(-,-) is a class KL -function, and if Y(tg), where tg >
0, is sufficiently small, then Y(t) < Y(to)e colt—to)
where cq is a positive constant.

(65)

Jw(t)] =0,

(u)|[fdz)

6 Simulations

In this section, we perform a simulation to illustrate the
effectiveness of the control law given by (17). We take
a rectangular prism as the domain 2 with dimensions
[L1xLyx Lg) = [—3m, ix]lmx[— 17, 2nlmx[— 37, 27]m.
For the fluid, we take water as the fluid with p = 1.793 x
10~3kg/ms and ps = 980kg/m3. For the rigid body,
we take the physical shape of a rectangular prism with

dimensions: Zm x Zm x 2fm and the mass: my; =

10 10 10
10kg, which give J, = diag(0.1645, 0.1645, 0.8225)kgm?.
We approximate all the sharp corners of Q2 and Qg by
rounding them off to make 92 and 9€Q; Lipschitz. We
assume that there are six forces Fy, k = 1,--- ,6 located
at six locations Ry, which are configured as

; 5 0 0 0 0
F, 2[0] , :[01 ; F3=[f31 , F4=[f4] , Fs 2[01 ) FGZ[O] ,
0 0 0 0 f5 fe

[01 [01 [0] [O] [ﬂ [ﬂ

Ry =r1|, Ry=|r2|, R3=|0|, R4=|0|, R5=|0|, Rg=|0/|.
0 T3 T4 0 0

(67)

Then we can write (10) as

_1 | Fs
f:Ql[MJ (68)
where f = col(fy, -+, fs) and
110000
T35L8
Q= 0 0rgry 00 (69)
00 0 0 rsmrg
rrs 00 00

The determinant Q is det(Q) TIT3TE — TiT3Tg —
T1T4Ts — T'oT3Ts + r17aTe + rarsre + rorars — rorare and
can be made nonzero to make @ invertible by a simple
choice: 1y = —r9 £ 0, r3 = —r4 # 0 and r5 = —1rg # 0.
This choice yields det(Q) = 8r1r31"5, which is nonzero
due to rp, # 0 for all ¥ = 1,---,6. In the simula-
tions, we choose 11 = —ry = {zm, r3 = —r4 = zm,
rs = —rg = 35m. The formula (68) is to calculate the
individual forces Fj as Fs and M, are given by (17).
We pre-eliminate the difference between buoyancy and
gravity forces before applying (17).

We will use the semi-Galerkin method to the penalized
system (33) to obtain a numerical weak solution, where
we approximate

wy(t, ) =31 f (Hau(z), (70)
where ¢]'(t) are scalar functions of time, a;(x) are
eigenfunctions of the Stokes operator. We substitute
(70) into the first equation of (33) and multiply it by
¢ = Spann{a;(x);l = 1,---,n} to obtain a system
of ODEs for ¢}'(t), which is numerically solvable. The
transport equations (the third and fourth equations of
(33)) are solved by using the characteristic method.
Next, we choose the penalized parameter as § = % We
now need to derive eigenfunctions for our domain €.
To do so, we need the following lemma [16, Theorem
I11.2.3].
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Lemma 6.1 IfQ is a bounded open set in R? with Lip-
schitz boundary, then H coincides with the space of di-
vergence free functions in L*(Q) such thatu -n = 0 on
0, where n is the normal unit vector to OS).

With this lemma, eigenfunctions of the Stokes problem
are equivalent to those of the Laplace operator with the
condition w-mn = 0 on 92 as we consider a weak solution
in H. Hence, we look for a; such that

i) Aa; = —-Nay, div(a;) =0in Q; a; - n =0 on 99,
ii) a; is an orthornormal basis of H(2),

iii) a; is an orthogonal basis of V(2),

iv) 0 <A <X <---and \j = 0 as | — oc.

A nontrivial calculation gives a; (we neglect the round

off corners), which satisfies all the above properties, as

follows:
Ly cos(lyz) sin(laxe) sin(l3x3)

a; = ;\f Lo sin(lyz1) cos(laxe) sin(lzxs)| , (71)

L3 sin(llxl) Sin(lgl‘) COS(Z3$3)

where

Ly = B3+ (Ia—13), Ly = —(I3+H3+Ho(11+3)),

_ / 8?2

A = B3+,

for (I1,l2,13) € Z3 such that I> = [ + 13 + I3, which
are taken into account to have summing combination in
calculating (70). We perform two simulations. In both
simulations, we choose the control gains as follows: k1 =
0.05, ks = 8, ka = 0.1, and kg = 3. This choice gives
ks =1.825,ks = 0.1, ky =0.11, ky = 7.5, k3 = 0.13, and
k4 = 2.92 according to (20). Clearly, the conditions in
(13) and (20) hold. Moreover, we choose n = 10%, which
gives § = 1078,

In the first simulation, for the initial values of the
fluid velocity we take ¢]'(0) to be random num-
ber in -5[-1,1]. The initial values of the rigid
body are taken as x.(0) = col(0.2,—0.2,0.4)m,
n(0) = col(1.6,0.4,2.5), which yields a principal
axis/angle pair e = ¢0l(0.4782,0.2050,0.8540) and
~v = 4.9665 rad. The initial values of the velocities u.(0)
and w(0) of the rigid body are determined via (31), (23),
and the interface condition given by the second equation
in (6), where (0, z) is substituted by u (0, x).

The position vector x., orientation vector n, linear ve-
locity vector u., angular velocity vector w, and H-norm
of the global velocity [, |u||%da are plotted in Fig. 2.
The control force vector Fy, control moment vector M,
and control forces fx,k=1,---,6, see (68), are plotted
in Fig. 3. It is seen from these figures that all the states
T, M, e, and w, [u| = (f;, |[u]%dz)?; and the controls
F, M, and fj, converge to zero. It is noted that conver-
gence of the rigid body states x., 17, u., and w to zero
is affected by that of |u| due to the fluid forces and fluid
moments on the rigid body.
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Fig. 2. First simulation - states: x., m, u., w, and

lul = (f, llulbde)?.
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Fig. 3. First simulation - controls: F.s, M, and fx.

To illustrate the robustness/performance of the pro-
posed stabilization controller under the same control
gains, we perform the second simulation with the ini-
tial values x.(0) = col(0.4,—0.4,0.8)m while all other
initial values and parameters are taken the same as in
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the first solution. Simulation results are plotted in Fig.
4 and Fig. 5. Explanation of Fig. 4 and Fig. 5 is similar
to that of Fig. 2 and Fig. 3. Comparing Fig. 2 and Fig.
4; Fig. 3 and Fig. 5 shows that the proposed stabiliza-
tion controller stabilizes the rigid body very well under
different positions of the rigid body.
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Fig. 4. Second simulation - states: ®., M, u., w, and
1
lul = (f;, lullpd)?.

7 Conclusions

Global asymptotic and local exponential stabilization of
a rigid body in an incompressible viscous fluid under po-
tential body force with the fluid velocity us(0,z) € H
was solved in this paper under an assumption that there
is no collision between the rigid body and the boundary
of the fluid domain. Since the fluid forces and fluid mo-
ments on the rigid body are not able to bound in an Eu-
clidean norm due to us(0,x) € H, the “fluid work and
fluid power” on the rigid body can be bound and should
be used for stability and convergence analysis. Future
work is to extend to stabilization of a rigid body in mul-
tiple fluids to cover practical cases such as floating rigid
bodies.
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Abstract

This paper addresses the problem of global asymptotic and local exponential stabilization of a rigid body inside a viscous
incompressible fluid described by Navier-Stokes equations within a bounded domain in three dimensional space provided that
there is no collision between the rigid body and the boundary of the fluid domain. Due to consideration of less regular initial
values of the fluid velocity, the forces and moments induced by the fluid on the rigid body are not able to bound. Therefore, the
paper handles “fluid work and fluid power” on the rigid body in stability and convergence analysis of the closed-loop system.
The control design ensures global asymptotic and local exponential stability of the rigid body while the initial fluid velocity is
not required to be small and regular but only under no collision between the rigid body and the boundary of the fluid domain.

Key words: Rigid body; Stabilization; Navier-Stokes equations; Existence; Weak solution.

1 Introduction

Stabilization of a rigid body (e.g., an ocean vehicle), in
a viscous fluid has many practical applications in off-
shore engineering. The fluid loads on a rigid body are
usually considered by an approximation approach, see
[12,14,22,24] and references therein. In this approach,
the fluid loads on a rigid body are approximated and de-
coupled into two parts. The first part (related to added
mass) depends on the acceleration and velocity of the
rigid body. The second part depends on the fluid velocity
and is considered to be bounded in the Euclidean (point-
wise) norm. These approximations are overlooked from
the fundamental viewpoint of the fluid-structure inter-
action, which can be elaborated as follows. The require-
ment of the first part is oversimplified because it actually
depends on the fluid acceleration as shown in Section 5.
The requirement of the second part to be bounded in the
Euclidean norm requires a strong solution of the Navier-
Stokes equations (NSEs) for a viscous incompressible
fluid. Currently, existence of this strong solution is local
in either time or small initial values [25] under sufficient
regularity of initial values.

In comparison with the aforementioned approximation
approach, a fundamental NSE approach has been re-
cently considered. In this approach, fully coupled dy-
namics of both a rigid body and a fluid, where motion
of the rigid body is described by nonlinear ordinary dif-
ferential equations (ODEs) and motion of the fluid is
described by NSEs in three dimensional space, is ad-
dressed. This approach results in much more complex-
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ities but actualities in fluid-structure interactions be-
cause we have to deal with: i) existence of an appropri-
ate solution of the fluid and rigid body system; ii) time-
varying domain of the fluid; iii) bound of the forces and
moments induced by the fluid on the rigid body. There
are several works related to the fundamental NSE ap-
proach. Existence of a weak solution for a system of a
fluid and multiple rigid bodies was proved in [7-9, 13],
where dynamics of the fluid and rigid bodies is written
as a global fluid and the initial values of the fluid are
assumed in H{ (), which is the usual Sobolev space of
order 1 with compact support in the domain €2, because
an estimate of the fluid acceleration in a weak form is
needed for compactness argument in passing to the limit
due to the nonlinear convection term. A similar result
was obtained in [6,18,19,27,28] but using a coordinate
transformation to handle difficulty caused by the fluid
time-varying domain. In [29], a proportional and deriva-
tive control law was designed to stabilize a rigid ball in a
fluid with the initial values of the fluid are also assumed
in H} (). This allows to estimate the fluid acceleration
in a weak form so that the fluid force acting on the rigid
ball is bounded. Feedback stabilization of a rigid body
in 1D, 2D, and 3D under similar regularity of the initial
data was considered in [2—4], see also [15] for the case
of stabilizing a flexible body in a fluid. Stabilization of
a rigid ball in compressible fluid was considered in [26],
where the global-in-time existence of strong solutions for
the corresponding system under a smallness condition
on the initial velocities and on the distance between the
initial position of the center of the ball was proved, see
also [8,23].

In this paper, we consider the initial values of the fluid
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velocity in H(), see (7) for definition of this functional
space, which is less regular than H}(Q). This less regu-
larity of the initial values of the fluid velocity will result
in a global solution but will cause a major difficulty: no
information on bound of the fluid loads on the rigid body
because we do not have an estimate of the fluid accelera-
tion in a weak form for both compactness argument and
the bound of the fluid loads on the rigid body. To handle
this difficulty, we consider the effect of the “fluid work
and fluid power” (instead of the fluid forces and mo-
ments) on the rigid body, see discussion just below (39)
for detail of the “fluid work and fluid power”. Although
uniqueness of a weak solution is neither proved nor dis-
proved (this is also a problem for standard NSEs [30]),
we show that its boundedness in appropriate norms is
sufficient for ensuring global asymptotic and local ex-
ponential stability of the closed-loop system provided
that there is no collision between the rigid body and
the boundary of the fluid domain. Hence, in compari-
son with the existing works on the approximation ap-
proach [12, 14,22, 24] our control design does not suffer
from oversimplifications used in this approach, see the
first paragraph of this section. In comparison with the
fundamental NSE approach [6-9, 13,18, 19, 27, 28], our
work does not require existence of a strong solution be-
cause we only require the initial values of the fluid ve-
locity in H(£2). This results in a global solution as long
as there is no collision between the rigid body and the
boundary of the fluid domain.

In Section 3, a control law is designed in an appropriate
form such that it can be amended to be inverse opti-
mal [20,21], and suitable for stability analysis of stabil-
ity of the closed-loop system in Section 5. In Section 4,
existence of at least one weak solution of the closed-loop
system is shown via a penalization approach. In Section
5, we prove global asymptotic and local exponential sta-
bility of the closed-loop system provided that there is
no collision between the rigid body and the boundary of
the fluid domain. We derive the affect of the fluid on the
rigid body via the “fluid work and fluid power”. This
enables us to consider a proper Lyapunov function for
stability analysis of the closed-loop system.

Notation: Let € be a open bounded set in R3, and
T > 0. LP(Q), where 1 < p < oo, denotes the stan-
dard Lebesgue space of measurable p-integrable func-
tions; L°(£2) denotes the space of essentially bounded
functions; H'() is the usual Sobolev space of order 1,
see [1]; HE(Q) denotes H'(Q) with compact support;
L?(0,T; X), where 1 < p < oo and X is a Banach space
with the norm denoted by || - ||x, denotes a Brochner

space with the norm |[u| rro,r;x) = (fOT (w5 dt) /P,

We also use || - ||g to denote the Euclidean norm, i.e.,

x|z = Vo - with © -y = >, (2;y;). For a scalar, we
use | - |g to denote the absolute value.

Fig. 1. Domain definition

2 Problem statement

Let Q C R? be a C! domain occupied by a viscous in-
compressible fluid surrounding a rigid body represented
by Q(t), which is a bounded open connected subdomain
of 2, at time ¢, see Fig. 1, where the domain Q% () is de-
fined and used in Section 5. We assume that 2,(0) € €.
The fluid has density py > 0, dynamic viscosity p > 0,
pressure p, velocity u s, and is governed by the NSEs for
viscous incompressible fluids [30]:
pr(Ous+(up-Viuyp)—div(es) =0, in Qf(t)

1

div(uf) =0 in Qf(t), ( )
where the stress tensor of the fluid o is given by

oy = 2uD(ug)—ply (2)

with D(us) = 3(Vus + (Vuy)”) being the rate tensor
of the fluid (o7 denotes the transpose of e and it should
not be confused with the time constant T), Q¢(t) C Q2
being the fluid domain at time ¢ (the boundary (interface
between the fluid and the rigid body) of ¢ depends on
t), Is being the 3 x 3 identity matrix, and we assume
the body force is potential such as gravity, and hence is
merged to pressure p.

In what follows, we briefly describe equations of motion
of the rigid body in the incompressible fluid. For details
of derivation, the reader is referred to [7,13,17].

For the rigid body, we define the mass my, the density
ps > 0, the vector of the center of gravity @.(t) and its
velocity vector u.(t), the modified Rodrigues parame-
ter vector 7(t) representing the rigid body orientation,
see [32], (this vector is related to the principal axis e
and the principal angle 7 through i = etan(3), which
is well-defined for all eigenaxis rotations in the range
[0, 27); this range can be further relaxed by using quater-
nion as in [10], and should not be confused with global
stability in this paper), angular velocity vector w, the in-
ertial matrix Jg, the transformation matrix R, and the
velocity vector filed us by

Mg

_ _ 1
Ps = O Te = Tz Jo.o T
us(t, @) = uc(t)+w(t) xr(t) for & € Q4(t),
a’J.b = p, fQQ(O)(a,><7'(t))T(b><r(t))V7 a,beR?

2
R=}(I-S(n)+mm"—+E 1),

3)

T‘(t) = ll‘:—ilic(t), (4)

where
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|Q:(t)| g denotes the volume of Q4(¢), S(n) denotes the
3 x 3 skew-symmetric matrix of n, and it holds that
n-Rw = 11+ |n|%4)n - w for all n,w € R3. Then,
equations of motion of the rigid body are given by

d;ll;c = Ug,
Cfi—? = Rw,
du. _ N
ms G = fBQS(t) ondr+) . Fi, (5)

Jde — —ux (Jsw)+ [oq, ) T(t) x (ayn)dT

+Zg:1 rFk:XFka
where n is the normal unit vector pointing outside of
the rigid body, Fj, is the control force, rr, denotes the
relative position vector of Fj with respect to x.(t) such
that p_, F € R? and Y5, 7pp x Fj, € R3, ie., the
rigid body is fully actuated.

We impose a homogeneous Dirichlet boundary condition
at the boundary 0QN9oQ,(t) and a continuous condition
of the velocity at the interface between the rigid body
and the fluid:
uf =0on 8Qﬂ6(2f(t), (6)
us =uy on 0Q(t).
In derivation of (5), we have used an interface condition
that the stress is continuous in normal direction, i.e,
o = osn on J), with oy being the Cauchy stress
tensor, i.e., —osn is the force applied by the rigid body
on the fluid.

From now onwards, we will drop the argument ¢ of {2,
Qs, and r when it does not lead to a confusion. For use
in the rest of the paper, we denote @ = (0,7) x 2, and
introduce the following function spaces:

V ={v € H}(Q),div(v) = 0},

H = {v e L?(Q),div(v) = 0,v-n|sq = 0},

K(t) ={v e V,3(v,,w,) € R3xR3 v|q, = v,+w, X7}

(7)
Note that the elements of IC(¢) are given by the rigid
body velocity in 5. One can prove the following lemma
on the space K(t), see [5,31].

Lemma 2.1 The space K(t) is equivalent to
Kt)={veV, D) =0 inQ}. (8)

In this paper, we address the following control objective.

Control Objective 2.1 Under the initial data:
2,(0) € @,
us(0,x) € H, 9)
(x:(0),1(0), uc(0),w(0)) € 2xD, xR3xR3,

where Q € Q and D, = (—o0,00)?, design the control

forces Zle F; and control moments Zivzl rre X Fy, to
globally asymptotically and locally exponentially stabilize
the rigid body at the origin provided that there is no colli-
sion between the rigid body and the boundary of the fluid
domain. Moreover, the designed control forces and con-
trol moments must ensure existence of the weak solution
of the closed-loop system consisting of both the rigid body

and the fluid, see Definition 4.1 in Section 4 for defini-
tion of the weak solution.

Note that the initial values x.(0) € Q is imposed to be
compatible with Q,(0) € Q, and n(0) € D, is made
due to the domain of the modified Rodrigues parameter
vector 7).

3 Control design

For convenience, we denote the control force Fs and the
control moment M as follows

Es = Zivzl Fk7
MS = Zivzl TrE X Fk.
Since the rigid body dynamics (5) is of a second-order
system, we consider the following Lyapunov function
candidate to design the controls Fs and M:
Ul = %Hmcqu""_n;S klwc+u6||12‘_? (11)
+5 0%+ 3 (kan+w) " Js (kan+w),
where kq and k9 are constants to be chosen. It holds that
koi||Yall3 < Ur < kool Yal|3, (12)
where Y; = col(x, ue,m,w), and we chose k; and ko
such that
ko1 = % min ((1+m5k%—ms|k1|E), (ms—|k1|Ems),
(1+kg)‘m(*]5)_‘k2|E)‘M(JS))v
_ (Am(Ja)_|k2|E>\M(J9))) > O,
ko2 = % max ((1+m5k‘%+ms|kzl|E), (ms+|k1|gms),
(L+k3 A0 (T5)+ k2| B AN (T5)),
(At (T)+ k2| EAM (J5))),

(10)

(13)
with A\, (Js) and Aps(Js) being the minimum and max-
imum eigenvalue of J, respectively.

Differentiating (11) along the solutions of (5) yields
% = a:c~uc—|—(k1:cc+uc)-(mskluc—i—FS)—i—n-Rw
+(k2n+w)~(kQJSwawx(sz)JrMs)er,
where
w= (klwc—l—uc)fam ondr
+(k27l+w)'f39; rx(om)dr
= k12 faQs :BC(O'f’I’L)dT-l-kQ faQs ;cs(crfn)dT
+f695 us-(ofn)dr,

(14)

(15)
with
k12 = k1—ko,
Ty =T .+MNXT,
which satisfies div(zs) = 0.

(16)

From (14), we design the controls Fs and My as follows:
Fs = _kaC_k4(k1$C+uC)) (17)
M, = —ks(L+||nl)n—ke(1+[nl%) (ken+w),

where k;,© = 3,--- ,6 are positive constants to be cho-

sen. It is noted that instead of cancelling controls, we
designed the controls F; and M as in (17) so that they
can be written in the form:

o } — K (%", (18)

M, IY.
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where K is a positive definite matrix. This form means
that the controls Fs and M are inverse pre-optimal and
can be easily extended to be inverse optimal by multi-
plying themselves by a positive constant larger than 2,
see [20,21] for extending Fs and M given by (17) to in-
verse optimal controls, and many desired properties of
inverse optimal controls. However, we do not detail this
issue here as we focus on the fluid loads on the rigid body
in this paper.

Substituting (17) into (14) and using Young’s inequality

gives - - B B
5 < —killzelf —Re el —Fslnllh kw3 + =,
(19)
where we chose the constants k;,7 = 1,--- ,6 such that
1+k%m8—k‘3—2k‘1kz4 = 07
]_61 = k1k3+k%/€4 > 0,
TCQ = k‘4—]€1m5 > O, (20)

%—ngke-‘rk{) =0,

1233 = k57%k%)\M(Js)+k§k6 >0,

Tf4 =k —%k%)\]u(Js)—|k2|E/\M(Js) > 0.
It is easy to see that there exist constants k;,7 =1,--- |6
such that all the conditions in (20) and (13) hold, and

that k;,i = 1,--- ,4 are as large as required. From (17)
and (10), we can solve for the controls Fj, see Section 6.

Remark 3.1 At this point, we cannot conclude any
stability of the rigid body dynamics based on (11) and
(19) because we do not have a bound on the fluid force
Joq, ondT and the fluid moment [y, T x (osn)dr.
This means that we cannot use Young’s inequality to
bound the term w defined in (15). Therefore, we will
analyze stability of the rigid body dynamics and conver-
gence of its states in Section 5 after we show existence
of the weak solution of the whole system (i.e., both the
fluid and the rigid body) and consider the NSEs for the
fluid separately in Section 4.

4 Existence of a weak solution of the closed-loop
system

In this section, we show the closed-loop system consist-
ing of the fluid (1) and the rigid body (5) with Fj, ob-
tained from (17) and (10) has at least one weak solution.

4.1 Formulation of a weak solution

We define the characteristic function xq_(t, ) on Qs, a
global velocity u, and a global density p(t, x), and assign
a function h(t,x) to xq.(t,x) (for simplicity of presen-
tation and for penalization purpose later) as follows:

(1, ) 1 if xeQy
) w = .
X, 0 otherwise,
v uy in Qf

us in €,

p(t, 33) = PsXQs (t, w)+pf(1 —XQs (t’ :I:)),
h(t,x) = xa.(t, ).

(21)

Clearly, we have
Q(t) = {x e Qn(t,z) =1} (22)
Let us denote the initial data for those variables defined

in (21) as
o _Juys(0,2) in Qf(0)
uo = u(0,2) = {us(O,w) in Q4(0).
Po = p(O, a:) = PsXQ, (0’ w)+pf(1*XQs (07 :IJ)),
ho = h(O,oc) = XQ4(0) (O, :D)

Then, h(t,z) and p(t, x) satisfy transport equations [7]
in a weak form as

VY e CHQ),(T) =0:
I o (W22 fhu- V) dasdt+ [, ho (0) = 0, (24)
foT Jo (p%—f—i—pwvw)dazdt—&-fﬂ pot(0) = 0.

Next, we perform tedious but straightforward calcula-
tions from (1) and (5) to obtain

dx
ar = Yo

(23)

dn _
E—Rw,

VE € HYQ)NL2(0,T;K(t))
4 f pu-bdz = [, [+ (pucu—2uD(w)) : D(E)
+ 30001 (Bri ) €] de,

(25)
where d i, denotes the diagonal matrix of the dirac delta
function of @ — T gy with @ gy being the position of the
force Fy, i.e., xpr = . + rrr. We have included the
first two equations in (25) for convenience of referring
later. In derivation of (25), we have multiplied the first
equation in (1) by & € HY(Q) n L%(0,T;K(t)), then
calculated Jo, pu - €dz, and noted that

UE'FS+w§'Mg = Zf\il(vﬁ'Fk'FwE'(rFkXFk))
=31 fo, (0g-0pFytwe- (i x 85 F))da
= Zf\il fQ(UE'(stFk+w€~(’I'FkX(SFka))d:B
= Zf\il fQ €5Fkad.’13

(26)
Now, setting v = h? with ¢ > 1 in the first equation of
(24) and ¢ = p? with ¢ > 1 in the second equation of
(24) yields

p,h €C(0,T; L)), Yg=>1. (27)

Moreover, setting € = w in (26) and considering the
“energy” & defined by

€= Bllxclp+2kelnlf+3 fo pllull,  (28)

where 1%1 = k3 +kiks > 0 and 1%2 = ks + kokg > 0 under
conditions (20). Differentiating (28) along the solutions
of (25), we formally obtain:

4 = 20 Jo | D(w)[fdw—kams |l 3

29
(1 1] oo T 2

From (27), (28), and (29), we can derive that
x. € L*(0,T;R3), n € L>(0,T;R?), (30)

we L=(0,T; H)NL2(0,T; V).
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The above derivations motivate the following weak so-
lution definition.

Definition 4.1 Under the initial data (9), where
the initial data of global variables are given in (23),
(x(t),n(t), p(t, x), u(t, x), h(t, x)) is a weak solution of
the closed-loop system consisting of (1), (5), and (17) if
they satisfy (24), (25), (27), and (30).

The above definition of a weak solution is similar to a
definition of a weak solution to standard nonhomoge-
neous NSEs except for the fact that we take the con-
straint of rigidity into account. On the other hand, the
transport equation on p can be deduced from that of h
and the definition of py; however h is added for passing
the passage to the limit in the problem of penalization.

4.2 Penalized system

In order to find (x.(t), n(t), p(t, ), u(t,x), h(t,x)) such
that they satisfy Definition 4.1, we use a penalization ap-
proach. Due to Lemma 2.1, there are two methods to pe-
nalize the rigidity constraint: i) penalizing the difference
between the fluid velocity and rigid body velocity [5];
ii) penalizing the spatial derivative of the rigid body ve-
locity [31]. We use the first method due to its several
advantages (such as simpler calculations in proof, and
numerical computation) over the second method.

Let & > 0 be a penalized parameter. Given the initial
data
$c6(0) = wc(o)a 175(0) - T](O)a ’u,(;(()) = Uo,
ps(0) = po, hs(0) = ho,
we wish to find (z.5(t), ns(t), ps(t, ), us(t, x), hs(t, ),
ps(t,x)) such that they satisfy
Tes,Ms € L(0, T;R?); ps, hs € L2(Q);

(31)

wy € L0, T: H)AL2(0, T: V): ps € L2(Q), 3%
and are a solution to the penalized system:

05 (Orus+(us-V)us)—div(es)

+3pshs (s —ts )~ S 3o (8kFy) = 0,

div(us) =0, in Q

Orps+us-Vps =0, (33)

Oihs +us, s -Vhs =0,

in R?

o5 = 2uD(us)—psIs,
_ 1 -1
Uss = mr fQ p5’u,5h5d:c+(.]5 fQ PsTs XU§h5dil:> XTs,
Rs = (I-S(ns)+ T_1+Hn<s|\231)
) ) nNsNs D) 3)
(34)
with
Ts = T—Tes, Teg = m%s Jo pshsxda,
ms = [, pshsde, (35)
Js = [ ps(lrslpIs—rs@rs)hsda
In addition, we impose the homogeneous Dirichlet
boundary condition:

us =0 on (0,7)x09, (36)

and define QS = {x € Q, hs(t,x) = 1}. Several obser-
vations on the penalized system (33) are given in the
following remark.

Remark 4.1

e The penalized system (33) is based on [5], where action
of the controls Fy and M given by (17) are taken into
account.

e It is clear that |Q|g = [, hedx = |Q:(0)|p because
us,s s divergence free and hs vanishes on 0 as we
assume there is no collision between the rigid body and
0. We also have

mes = fo p5d$,
Js = Jos ps([Irsl| B I3 —rs@ms)da.

Hence, ms is positive (as ms > min(py, ps) [os d)

(37)

and Js is positive definite (as a - Jsa = fm psllrs x
a||3dx > min(pys, ps) [os |75 X al|fda for all a €
R\ {0}).

o In the first equation of (33), the term us s defined in

(84) is the projection of us onto the velocity fields which
are rigid on QO because one can prove that, see [5]:

fQ pghg(u(;—ug,s)(da: = 0, (38)
where ¢ is a rigid velocity field, i.e., there exist
(ve,we) € R3 x R3 such that ¢ = ve + we X r(t, @),
and us s is given by (34). Hence, the penalized term
%pgh(;(u(; — Us,5) in the first equation of (33) is the
difference between wug and its projection onto rigid
velocity fields in the rigid body domain, i.e., us s.

o The density is transported with the velocity field ws.
This eases calculations in estimating bounds for the
penalized system.

Existence of a weak solution (x.s(t), ns(t), ps(t,x),
us(t, ), hs(t,z), ps(t,x)) to the penalized system (33)
is stated in the following lemma.

Lemma 4.1 There is at least one weak solution (x.s5(t),
s (t): Ps (t7 .’IJ), Us (tv .’B), h5(t7 CI}), Ds (ta .’13)) to the penal-
ized system (83) that satisfies (32) for allt € [0, T, where
T is such that Q3 (t) € Q andns(t) € D, for allt € [0,T7.

Proof. Proof of this lemma principally follows the part
of a priori estimates and convergence arguments in proof
of Theorem 2.1 in [5]. The only main difference is that a
priori estimates should use the penalized energy &5 as in
(28) with (x.,m,u) being substituted by (s, ns, us)-
This is due to inclusion of (x.,n) and controls (Fs, M)
in this paper.

4.8 FExistence of a weak solution

Having obtained a weak solution of the penalized system
(33) in Lemma 4.1, existence of a weak solution stated
in Definition 4.1 is given in the following theorem.

Theorem 4.1 Let (x.5(t), ms(t), ps(t,x), us(t,x),
hs(t,x), ps(t,x)) be a weak solution to the penalized sys-
tem (33). Then, under the initial data (23) and (9), there
exists a subsequence of (xes(t), ms(t), ps(t, ), us(t, x),



O©CoO~NOOOITA~AWNPE

hs(t,x)) such that .5 — x. strongly in L°(Q); s — N
strongly in L>°((0,T) x Dy); ps — p, hs — h strongly in
C(0,T;LY(Q)); us — u strongly in L*(Q) and weakly in
L>(0,T; H) N L3(0,T; V) such that (z.,n, p,h,u) is a
weak solution of the closed-loop system consisting of (1),
(5), and (17) as defined in Definition 4.1. The constant
T is such that Q4(t) € Q and n(t) € D, for allt € [0,T].

Proof. Proof of this theorem can be readily obtained
from that of Theorem 2.1 in [5] with a note as in the
proof of Lemma 4.1.

5 Stability and convergence of the closed-loop
system

This section provides stability and convergence analysis
of the closed-loop system, which can be based on (11),
(19), (28), and (29) once we handle the term < in (15).

5.1 Detail of w

Since we already showed existence of a weak solution
of the closed-loop system (including both the fluid and
rigid body) in Theorem 4.1, the idea to handle the term
w is to multiply the first equation in (1) by appropriate
test functions to detail the terms:

A = faﬂs z. (om)dr,

Az = [oq, Ts-(aym)dT, (39)

As = faﬂs us-(ofn)dr,
where u; is defined in (3) and x; is defined in (16). We
refer A; and As to as fluid work as they are products of
the fluid force (o yn) with displacements x. and x,, and
Ajz to as fluid power as it is a product of the fluid force
with velocity w.

5.1.1 Detail of A1 and As

We define the domain Q%*(t), where the argument ¢ of
Q% is dropped for clarity henceforth, such that 2, C
Q¥ C Q, and the minimum distance between 0, and
0% denoted by k = infy>q dist(9Q,, Q%) is strictly
positive, see Fig. 1. There exists 27 such that this «
is strictly positive because we assumed Qs € 2. Let
X, (t,x) € L>(0,T; E), which represents either z, or
x,, we can extend X,(t,x) to X,(t,x) in Q* such that
X, = 00n 002 and div(X,) = 0 in ¥ using the smooth
step function introduced in [11] as follows. Let h(t, ) be
the smooth step function extended to three dimensional
space such that V x h =0 on 092 and V x h = X, on
0. Then, X, can be defined as X, = X in Q,, and
X, =V x hin Q. It is clear that div(X,) = 0 because

div(X) = 0 and div(V x h) = 0.
Now, multiplying the first equation in (1) by X, and
integrating over Q¥ yields
pf Jo: Oy Xodxtpy o (up-VupXoda
fﬂ* div(oy) - Xedz = 0.

Usmg integration by parts, the boundary condition
X, = 0 on 09}, and the interface condition given by

(40)

ER

the second equation in (6), we have
fQ: OupXdx = % fQ: uf'Xsdw—fQ: w0 X da
- fans (up-Xs)upndr,
Jo: (wpVup Xode = [oq (upXs)upndr
_fm(uf@)uf) : VXde,
Jo- div(ey)-Xde = fags.(afn)}zsd‘r
! _2,“[9; D(uy) : D(X)de.

(41)
Substituting (41) into (40) gives
IBQ; (oyn)-Xdr = 2#[9* (uy) : D(X,)dz
+pfdt fQ us-Xdr—py fQ* up- X,der (42)
—pf fQ* Uf®’lLf) VX.dz.

Letting :EE = X, for the case X, = . and &, = X, for
the case X, = :BS, we can detail the terms A4, and A5 as
A = QMIQ* UDE (mc)dm—&—pfdt fQ us-Zde

—ps fQ* uf & dx—py fQ* uf®uf) VZ.dz,

Ay =2p fQ* (wy) : (ws)dw—i—pf di fQ up-Zsd

—py fQ w0 Zdr—py [o. (uy@uy) : VEda,
(43)
where V&, = x(V?h)xz, and V&, = x(V2h)x, with
k(V?h) being a matrix depending on V2h. Since Q, C
OF C Q, xe = U, Oy = e + Rw x (x — (1))
because Oy(x — z.(t)) = 0 for & € Qg, and we have
proved (30), we can handle the terms [,,. uy - Oi&.dx

and [,. us - Oy dex in (43).

5.1.2  Detail of As

We perform a similar extension as for the terms A; and

As but the difference is that we set X, = wug in 0, and
choose Xy = uy on 0€2,. Now, the problem is that we will
not be able to handle the term [, us-0; X da. To fix this

problem, we proceed as follows. As fQ*. Ouy - Xodx =
fm uy - 0y X dx for this extension, we can write (41) as
2 Jo. OrupXodo = 5 4 [ upXodo— Joa lus|%upndr,
2]52* upVupXde = ]}Q* s |2 upndr
_fQ*, (uy@uy) : Vade,
fQ div(oy)Xsdx = [, (yn)usdr
-2 fQ: D(uy) : D(X)d,

where Vi = (k(V2h)uy).
Now, letting us = Xé7 we can detail the term Az as
Ag = 2;49* uy) : D(is)de+% 4 Jo wp-tsda
fQ* uf®uf) Viisdx.

(44)

(45)
5.1.3 Detail of w

With (39), (43), and (45), we can write w defined in (15)
as
w = lePf% fQ; “f'icdw+p7f% fQ ug-Ugdx

- 46
-‘rk‘pr% Jo. wg-Esdx+w*, (46)
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where
wt = 2:uk12 fQ* f) : D(i:C)dx
+2pko fﬂ* uy) : D(&s)dw
+2p fQ* f) D(u;)dx

—]ﬂ12pf[fﬂ* us- Oy de
+fs2* uf®uf) V. dx]
—k‘gpf[fﬂ* up-O&sdx
+fQ* Uf®Uf) V:I:de]
fQ* uf®uf) Vidr.

We now derive the bound of @w*. Due to the extensions
., s, and ug, we can use Holder’s inequality to obtain:

|w*| e <2u(|ki2| k2| per1+0 (2 )fQ
+209(5) fo.
+2plk12| 5Y(5) | |zl %
+aplko|p9(5) (lzel3+r2 nl%)
+l|k12|EPfo*
+3lk12l2or Q5 5O() [uell
+§|k2‘Epf fszg |uf||Edm
+|k2|EPf\Q*|E79(1)(\|uc\|E+7“2Hw\|E) 1
+ki2lposI(5 )|Q*|EH$C||E(IQ* ug|pdx)?
+lka|mpsd(; )|Q*|E(Hﬁﬂc||E
+rsllnlle) ( Jos ||UfHEda7)
+109E) (Jos s lbd) * (o, lugllhdz)
(48)

where ry = supq,_ [|#—x.(t)|| 5 and J(1) is an increasing

(47)

(uf ||Edw

Uf“Edw

uyg||pdz

1
2

function of 1, and |Q7| g denotes the volume of Q.

We now use the embedding V' C (L°(Q7))3
to write (48) as

C (L*(93))?

@ |s < b: teslmelE+evallmllE)

b teallzel[pten|nlitesludly  (49)

(611 +era|uy
Jlug

+eal|w|| G425 |uy

2
Qs
where
€11 = C(2M(\k12|E+|k2|E+ﬂ(l))+iﬂf19( )
+|k2\EPf79( )|Q*|E+ k12l ps0(5) %1 R),
€12 = zepri (),
1
e13 = c(3lkal Py (4 )|Q*|E+ k2| eps0(5) % E),
€14 = c2|k:2|Epf19( )|Q*|Ers,
€21 = 2plk1a| p(+ )|Q*|E+4/~L\k2|E19( ),
€22 = 4ﬂ‘k2|E19(K) 59
eo3 = ka|pps Q| E0(5) + 5 k2| Bos |95 BO(5),
eoa = |ka|mps| Q| E0(;)72,
ea5 = 201(|k12l g+ 5 k12l mps+ 5 k2l 2oy
(50)
with ¢ being the embedding constant depending on only

Q*

s

5.2 Convergence of the closed-loop system

With w detailed by (46), we consider the following Lya-
punov function candidate for the closed-loop system:

U = U1+€015—|—€%252—|—U2, (51)
where U is given by (11), £ is given by (28), €01 and €2
are positive constants to be chosen, and

U2 = (kl—kz)pf fQ: Uf-iicdw
7p7f fQ: ’u,f/l‘lsdwfk‘gpf fQ: ujjjsdﬂf
Using Holder’s inequality, we can find the bound of U, as
Usle < estll@elli+eszlnllE+esspplusld.. (53)
where

(52)

es1 = py (5lkn2l B+ k2| 102 E),
€30 = |kao|Epy Q| T2, (54)
slki2|e+19(5).
Since prlugld. < [ pllullz due to QF C Q and defini-
tion of w in (21), we can find the bound for U as:
U1+601€+ 60252 <UK< U1+6015+ 6025
a0 (& el 3+ 1nl3+3 o pllwlE) +ho [ Yal13,
(55)
where Y is defined just below (12), and we choose a
sufficiently large €y; such that

€33

IA

by ks
€01 = min (o1 5 63176017—632, Teo1—ess) >0,

€01 = max (601 5 +e31, €012 2 +€32, 3€01+€33) > 0.
(56)
Differentiating (51) along the solutions of (19), (29), us-
ing (46), and noting that |us|3. < |ul? and |jus|3. <
|| due to Qf C Q and definition of w in (21), we have
% = %4’(6014’6025) (fif‘i’dUQ
—gkullzel|f = gkelluclf - 5ksnlE -
—5(cor+e028) (£ Jo P D (w)|[Hda+kams|uc|;
+ho(L+ [nl3)w-Jw) +o,

ghkallw|%

(57)
where
wo = —skilec]| — Shallucly — skslnllE — Skallwl
—5(cor+e028) (£ Jo P D (w)|[Hda+kams|uc|;
Fho(1+ 0| %)w- Jow) +oo.

(58)

Substituting the bound of w* in (49) into (58), and
choosing

ki > ear, ko >eas, k3> em, ki e, (59)

which is always feasible because we can choose k;,i =

,6 such that k;,¢ = 1,--- ,4 are as large as re-
quired, see the paragraph just under (20), and suffi-
ciently large €g; and €po, we can use the Poincaré in-
equality to ensure that

wo < 0. (60)
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Substituting (60) in to (57) yields
G < —skillaelE— ke luclly — ksl %~
—5(cor+e02€) (£ Jo pID(w)|[Hda+kams|lucl
+hs(1+[nl|E)w- Jsw).

skallwll?;

(61)
Integrating (61) from 0 to oo yields

I3 [EFallwel+ o el + Shslinl+ 3hallw]:
+5(cor+e02€) (£ Jo Il D (u
o (1+ ]} )w-Jow) | dt < U(0) U ()

< U(0).

M Edw+kams|uc|E

(62)
Since we have already proved existence of the solution
of the closed-loop system consisting of (1), (5), and (17),
the inequality (62) implies that
Jim [1%1||wc<t>|\%+l%z||uc<t>||%+l/%3un<t>||%

+gkallwllE+ 3 (o1 +He02f) (£ [ pll D(u(t)) | Eda

Fhamg|[uc(t)| %+ ke (14 ()| 2 )w(t)- sz(t))] =0,

(63)
which shows global asymptotic stability of the closed-
loop system. We now show local exponential stability
of the closed-loop system, i.e. T(¢t) < B(¢,Y(0)), where
Y(t) = lzcOIE+nOlE+ [ lut, @)lfde, 5( ) isa
class KLoo-function. When (., we, n,w, [, p||D(u
are small in magnitude (i.e., when the closed-loop sys-
tem evolutes for a sufficiently long time, say ¢ > t¢ for
some tg > 0), we obtain from (61), 55), (11), and (28)
that

< —coU, Vt>ty>0 (64)

where ¢ is a positive constant. From (64), it holds that

U(t) < U(tg)e (%) and hence local exponential sta-
bility of the closed-loop system is ensured.

We summarize the main results in the following theorem.

Theorem 5.1 Under the initial data (9), the controls
Fy,, which are obtained from (17), solves Control Objec-
tive 2.1 for allt € [0,T], where T is such that Q5 (t) € Q.
In particular, the closed-loop system consisting of (1),
(5), and (17) has at least one weak solution, which is de-
fined in Definition 4.1 for allt € [0,T] such that

x. €, n €Dy, pheLXQ),

u e L®(0,T; H)NL*(0,T;V), p € L*(Q),
where (p, h,u) are defined in (21). Moreover, the closed-
loop system is globally asymptotically and locally stable

at the origin provided that there is no collision between
the rigid body and the boundary of the fluid domain, i.e.,

T(t) < B(t,7(0)), (66)
where T(t) = |lzc()|E + InIE + [ lult, z)|Lde,
B(-,-) is a class KL -function, and if Y(tg), where tg >
0, is sufficiently small, then Y(t) < Y(to)e colt—to)
where cq is a positive constant.

(65)

) Zda)

6 Simulations

In this section, we perform a simulation to illustrate the
effectiveness of the control law given by (17). We take
a rectangular prism as the domain 2 with dimensions
[L1xLyx L3) = [— 37, i7]mx [—i7, Inlmx[— 37, 37]m.
For the fluid, we take water as the fluid with p = 1.793 x
10~3kg/ms and ps = 980kg/m3. For the rigid body,
we take the physical shape of a rectangular prism with

dimensions: Zm x Zm x 2fm and the mass: my; =

10 10 10
10kg, which give J, = diag(0.1645, 0.1645, 0.8225)kgm?.
We approximate all the sharp corners of Q2 and Qg by
rounding them off to make 92 and 9€Q; Lipschitz. We
assume that there are six forces Fy, k = 1,--- ,6 located
at six locations Ry, which are configured as

! 75 0 0 0 0
F1:[O‘|7F2:[017F3:[f317F4:[f4‘|7F5:[017F6:[O]1
0 0 0 0 5 fo

[01 [01 [0] [O] [ﬂ [ﬂ

Ry =r1|, Ry=|r2|, R3=|0|, R4=|0|, R5=|0|, Rg=|0/|.
0 3 T4 0 0

(67)

Then we can write (10) as

_1 | Fs
f:Ql[MJ (68)
where f = col(fy, -+, fs) and
110000
T35L8
Q= 0 0rgry 00 (69)
00 0 0 rsmrg
rrs 00 00

The determinant Q is det(Q) TIT3TE — TiT3Tg —
T1T4rs — Tor3rs + r1rarg + rorsrg + rorars — rorarg and
can be made nonzero to make @ invertible by a simple
choice: 1y = —r9 £ 0, r3 = —r4 # 0 and r5 = —1rg # 0.
This choice yields det(Q) = 8r1r3r5, which is nonzero
due to rp # 0 for all & = 1, ,6. In the simula-
tions, we choose 11 = —ry = {zm, r3 = —r4 = zm,
rs = —rg = 35m. The formula (68) is to calculate the
individual forces Fj as Fs and M, are given by (17).
We pre-eliminate the difference between buoyancy and
gravity forces before applying (17).

We will use the semi-Galerkin method to the penalized
system (33) to obtain a numerical weak solution, where
we approximate

uy(t,@) =371, f (Hau(), (70)
where ¢]'(t) are scalar functions of time, a;(x) are
eigenfunctions of the Stokes operator. We substitute
(70) into the first equation of (33) and multiply it by
¢ = Spann{a;(x);l = 1,---,n} to obtain a system
of ODEs for ¢}'(t), which is numerically solvable. The
transport equations (the third and fourth equations of
(33)) are solved by using the characteristic method.
Next, we choose the penalized parameter as § = % We
now need to derive eigenfunctions for our domain €.
To do so, we need the following lemma [16, Theorem
I11.2.3].
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Lemma 6.1 IfQ is a bounded open set in R? with Lip-
schitz boundary, then H coincides with the space of di-
vergence free functions in L*(Q) such thatu -n = 0 on
0, where n is the normal unit vector to OS).

With this lemma, eigenfunctions of the Stokes problem
are equivalent to those of the Laplace operator with the
condition w-mn = 0 on 92 as we consider a weak solution
in H. Hence, we look for a; such that

i) Aa; = —-Nay, div(a;) =0in Q; a; - n =0 on 99,
ii) a; is an orthornormal basis of H(2),

iii) a; is an orthogonal basis of V(2),

iv) 0 <A <X <---and \j = 0 as | — oc.

A nontrivial calculation gives a; (we neglect the round

off corners), which satisfies all the above properties, as

follows:
Ly cos(lyz) sin(laxe) sin(l3x3)

a; = % Lo sin(lyz1) cos(laxe) sin(lzxs)| , (71)

L3 sin(llxl) Sin(lgl‘) COS(Z3$3)

where

Ly = B3+ (Ia—13), Ly = —(I3+H3+Ho(11+3)),

_ / 82

A = B3+,

for (I1,l2,13) € Z3 such that I> = [ + 13 + I3, which
are taken into account to have summing combination in
calculating (70). We perform two simulations. In both
simulations, we choose the control gains as follows: k1 =
0.05, ks = 8, ka = 0.1, and kg = 3. This choice gives
ks =1.825,ks = 0.1, ky =0.11, ky = 7.5, k3 = 0.13, and
k4 = 2.92 according to (20). Clearly, the conditions in
(13) and (20) hold. Moreover, we choose n = 10%, which
gives § = 1078,

In the first simulation, for the initial values of the
fluid velocity we take ¢]'(0) to be random num-
ber in -5[-1,1]. The initial values of the rigid
body are taken as x.(0) = col(0.2,—0.2,0.4)m,
n(0) = col(1.6,0.4,2.5), which yields a principal
axis/angle pair e = ¢0l(0.4782,0.2050,0.8540) and
~v = 4.9665 rad. The initial values of the velocities u.(0)
and w(0) of the rigid body are determined via (31), (23),
and the interface condition given by the second equation
in (6), where (0, z) is substituted by u (0, x).

The position vector x., orientation vector n, linear ve-
locity vector u., angular velocity vector w, and H-norm
of the global velocity [, |u||%da are plotted in Fig. 2.
The control force vector Fy, control moment vector M,
and control forces fx,k=1,---,6, see (68), are plotted
in Fig. 3. It is seen from these figures that all the states
T, M, e, and w, [u| = (f;, |[u]%dz)?; and the controls
F, M, and fj, converge to zero. It is noted that conver-
gence of the rigid body states x., 17, u., and w to zero
is affected by that of |u| due to the fluid forces and fluid
moments on the rigid body.
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Fig. 2. First simulation - states: x., m, u., w, and

lul = (f, llulbde)?.
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Fig. 3. First simulation - controls: F.s, M, and fx.

To illustrate the robustness/performance of the pro-
posed stabilization controller under the same control
gains, we perform the second simulation with the ini-
tial values x.(0) = col(0.4,—0.4,0.8)m while all other
initial values and parameters are taken the same as in
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the first solution. Simulation results are plotted in Fig.
4 and Fig. 5. Explanation of Fig. 4 and Fig. 5 is similar
to that of Fig. 2 and Fig. 3. Comparing Fig. 2 and Fig.
4; Fig. 3 and Fig. 5 shows that the proposed stabiliza-
tion controller stabilizes the rigid body very well under
different positions of the rigid body.

a) b)
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0 N
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t[s] ts]
(9 d
) 0_5| )
— 04 -
3 = f\\ \\-.»/7
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TOOf— * 05 \
0 20 40 60 0 20 40 60
t [s] t [s]
e)
0.6 T T T T T
04} 1
3
02} .
0 ! I !
0 10 20 30 40 50 60

t[s]

Fig. 4. Second simulation - states: ®., M, u., w, and
1
lul = (Jq lulbde)2.

7 Conclusions

Global asymptotic and local exponential stabilization of
a rigid body in an incompressible viscous fluid under po-
tential body force with the fluid velocity us(0,z) € H
was solved in this paper under an assumption that there
is no collision between the rigid body and the boundary
of the fluid domain. Since the fluid forces and fluid mo-
ments on the rigid body are not able to bound in an Eu-
clidean norm due to us(0,x) € H, the “fluid work and
fluid power” on the rigid body can be bound and should
be used for stability and convergence analysis. Future
work is to extend to stabilization of a rigid body in mul-
tiple fluids to cover practical cases such as floating rigid
bodies.
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